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A NEW TECEFETIUM SULPHIDE COLLOID
WITH COFPER AB A CARRIER

Abdul Mumim Al-Hilli, Adel F. ROOIIJI. And 8. Al-Murab

ABBTRACT

A mew formulation for Technetium Sulphide Colloid, had been
adopted using Cu II as a carrier,

The characteristics of 77™Pc- eluates used inm the preparation
together with the method of preparing the colloid have been mentioned.

The choice of favourable comditioms to secure the stability of
!ezs'? formed in the reaction mixture, and the radiochemical yield of
the product had been imvestigated.

INTRODUCTION

The desirable physical characteristics of 99™Pe, which are low
gamma radiatiom emergy (140 Kev), short halr-lir‘o (6 hours) and the
abgence of beta-radiation (1], potentiate the use of this radionuclide
as amexcellenttool for brain scamning. This however is not due to the
selectivity of braim tissue to this nuclide, but to the capability of
using a relatively larger amounts of activity, compared with other
nuclides previously used. Its use will result im a decrease in scanning
time and improved percisiom. Since the benefit of 99‘!!'.'0 in brain
scanning depemds om its exclusion from mormal brain tissue ().

Chemical review of 99"1‘c show that, this element has mamny cxidation
states, but the most stable are the tetravalent and heptavalent states
in aquoeus solutioa m. The heptavalent state is the most important
for preparing the labelled compounds.

L]

Chemistry Department, College of Science, University of Al-Mustansiriyah,
e B o B e R L B e
Al-Nusteansiriyah Journal of Science Vol.5 , No.2,(1980 ).



The useful application-of 99Mpe_ pertechnetrate in the eluates
of the generator for preparation of the labelled conpounds. is 1arse1y
dependant on the quality of the eluates, which are rather variable
from onme generator to another, though these eluates should have a
certain requirements to fulfil the purpose: a high radionuclidic
purity, which puts the limit on the presénce of lomg lived radis~
muclides, mainly 22Mo from the possible breakthrough the gemerator =~
column (ﬂ,_ig/e:_w case 99}10, should be less tham 0.1 uci/1 mei 99"1c
ia the eluate [2,), since its presence in lavger smounts will edd to.
the aetivity o& the 'prodﬁct andhlater ‘to tﬁe dose received by the :
patient, besides that it will migrate to other sites in tHe body e
rather thin thé desirabie orgdn. Mofever I9M0¢ 'in the eluates should:
be at least 95% in the heptavaleamt state otherwise fébelling would mot
be efficient and radiochemical ingm{;{t_ieus_ will appear in the product.

Different formmlations had jbeen-asdopted for the préparation:of
99'!e-sulp'hide’tc,olloid, whereas in all of them; techmetium heptasulphide
and ‘the stebility of ‘the :colloid ‘ave the most important -amd “could “be= "=
summerized ‘as Lollowge® swon ziET sylessss wisyd ol londdusiisimedsd

1. The selection of'a proper source of sulphide ions. —

2. ‘The 1ncorporat10n ‘of a suita‘ble metal 1on as 8 carrier .f.or >
'teehxetiul ;heptasulphide. e v e

e V '.!he uee of a eertain hydrophilic stabllizer for the collo:.d.

4, !he ed;}ustnent or the ﬁnal pH ‘by a suitable buffer:lngw system "
- to, safeguard stability of the colloidal preparatioms cwsis

Rease:ts. : = = :
All the chemicals-used -in- prepering the reegentf eolutions werTe—

of analytieal grade.. PRV il S SRR Ny JEsRIRIeS U



Solution No. 1
0(1012 I &3+3a% = Fg/nl

Gelatine 33.2 ng/ml

The gelatine soaked im cold distilled wéﬂ:er, then heated on water
bath to complete dissolution and passed through sintered glass (G.4)

while hot. CuCl, dissolved to the fimal volume with distilled water.
The two solutions were mixed together and completed.

Solution No. 2

Na8,05  12.750 mg 1
ra2c63 ' 0.125 mg/ml

Solution Fo. 3

HC1 2 K.

Solution No. 4

Sodium citrate 143.8 gn/ml
Citric acid 29.3 mg/ml
NaOH 40.0 mg/ml

ABBATY

Assay of the previously piopu-ed solutions were performed
according to the conveht!lonil anﬁlrtical-uthodl, while the comcentra-
tion of copper in solution No. 1 had been determined coloi-imétﬁcally.,
by forming a colored complex with sodium diethyldithiocarbamate in an

ammoniacal solution.

A modified method from procedures of laboratory applicatiom, pye
umicam on the determimation of copper im food stuffs.



The total citrate in the buffer solution No. 4 had been
determined alkalimetrically after retaining the Na* present in the

solution by Dowex-50 in a column.

Preparation of the Colloid:

5 ml of copper gelatine solutiom in 30 ml capacity viél, was
placed in a lead container, then 5 ml 99"Tc pertechnetate eluate had
been delivered to the vial by means of a pipette, mixed well, foll-

owed by the addition of 2 M1 thiosulphate solution and 2ml HCL solution
respectively, by means of two new pipettes, shaked well and left to stand

for 5 minutes to initiate the reaction. The vial was taken from the
container an& placed in a hot water bath for 1.5 minute, then cooled
in a stream of cold water. The vial was returned to the lead
container, 5 ml of the citrate buffer was added at the end of the
preparation and the colloid mixed thoroughly to imsure homogenity.

cte tic f the final product:

Volume 19 ml
Colour brown
Teco4™ < 5%
pH 5.2-5.7

Radiochemical purity investigation:

8ix techmetium sulphide colloidal solutions had been prepared
from eluates of two different generators during two successive weeks

(three preparations a week from one generator eluates).

An ascending paper chromatographic runs had been carried out of
sample aliquots om three whatman No. 1 paper strips, for each
preparation. 85% methanol in water was used as a solvent, the
development time of the chromatograms was 3 hours. The separated
radiocactivity were counted after iutoradiography, in a well-type
scintillation detector comnected to 512-channels pulse Height analyser
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(Nuclear chicago), where the activity of the sulphide was expressed
as percentage of the total activity of the chromatogram. The Rf.

of the separated activity on the strips were: zero for 10287 colloid
and 0.5 - 0.6 for mco; (radiochemical impurities).

Another eight heptasulphide colloids were prepared by the
previously mentiomed method from eluates of ome generator, but the
buffer added to each preparatiom im the final step contains variable
concentrations of NaOH, which gave a different pH values to the final
colloids ranging from 4.4 - 6.2. Radiochemical purity run for each
colloid was determined by ascending paper chromatography amd the pH
of each solution was measured by a calibrated pH-meter (Radiometer-
Copenhagen, type 26) with a combined glass-calomel electrode assembly.
A graph was obtained showing the effect of pH variation on the
radiochemical purity (Fig. 1).

RESULTS AND DISCUSSION

The usefulness of Techmetium sulphide preparation for liver
scanning purposes is greatly depemdant om the colloid characters of
the product, since the presence of millicurie quantities of perte-
chnetate in the gemerator eluates, involve such a minute amounts of
99Mpe in the order of 1.153 x 107 atoms/10 millicuries, that chem-
ically T0257 formed in the reaction mixture does notrrcrn a precipitate
or even an opalescence in the usual sense. Therefore the use of a
carrier becomesan important factor to secure the colloidal properties
of the preparation. Moreover Tcas? alone without a carrier hydro-

lyzes easily to soluble pertechnetate in aqueous solutions (e).

Patton et al [7), have introduced Techmetium sulphide colloid
for clinical use by acid reduction of thiosulphate in presence of

thenium in form of perrhenate as a carrier, since it has resemblance
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in chemical propertiga_tqIteghnetium. This Technique was devised
for the coﬁrecipitation of Tcas7 with Ee237, whare-the 1attar present
work we have tr;ed Cull in rorm of CuCl2 as an alternativo to Re
carrier.‘ The Tces? rormed had been coprecipitated with CuS where te
the latter acts as a collector (8] for the heptasulphide of
technetium.
4 Furthermore we would like to poimt out that traces of copper ..
are not harmful to the_living body and evem essential for mnormal . .
growth, [J) while rhemium.are Bob« ... .oi o fasu seciivlos fo solies
“*"pHe resuits of radiochemical purity iiveéfigﬁﬁioid have showm
that highér tHan 95% of the redicactivity was in the sulphide 'rd:-i, :

“uhiéh réveals a 'good indicatica for the stability of '.!czs.? “ta the

prephrﬂtion and & high' radidchemical ‘yield been ‘obtained im the

“product.” “Althéugh the prasence‘or ‘gélatime in ‘the mixture cam serve

as a hydrophilic stabilizer for the colloid amd prevents coalescence.

i efipiats had besn madé with polyviynlpyrrélidone (PVE) as’a
sitbatitite ‘of gelatine, since PVP ig s safe ‘and ‘compatable chemical
to body fluids; with & powersul hydrophilic properties. * The biolo-
logical characters ‘of PVP stabilized colloids seem to be ‘equal or
better siited for ¢linical -applicatién [10). ‘The results were
unsuccessful, since the yield of Fadioactivity in the sulphide form
was 10w,lwhera thla stabilizer intorrere uith the rorlntion ot

Tc257. It hns been Iound that thu more povartul the stnbilizor tho
“more diatinct is thn etrect [S]

.+ .The rTegults obtained im Fig. 1~ Have dhows ‘that at pH lower tham
‘55 part of TosS, formed in the mixture had been ‘easily hydrolyszed to -
solubleé pertechnetate giving a relatively lowradiochemical yield.
While at higher pH approching 6, direolutian of the colloidal particles
had been noticed amd a clear soluti_s resulving im a short period of

time.
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Experimental rumns have indicated that best results were
obtained at pH 5.2 - 5.7 which give a favourable stability of the
colloid and a high radiochemical yield, without appreciable hydrolysis.

CONCLUSION

Techmetium sulphide colloid prepared with a copper carrier
giving a promisimg results, mainly the !cas? formed in the product have
shown a good stability for a reasonable length of time. The concen-
tration of solutioms used im the reactiom mixture had been chosea from
the study of kinetics of the reactiom betweea the primcipal reactamts
without leaving am excess im the product. The order of mixiamg the
reagent solutions im a certaim sequence (as memtiomed umder preparation
of the colloid) is am importamt factor to safeguard the radiochemical
yield, since the additiom of the reagent solutions in any other sequamce
give a poor yield.

The reagent solutions used im the preparation should not be kept
more than one month otherwise deterioration of some of their comstitu-
ents will takes place and the product mot be satisfactory, especially
the thiosulphate solutiom which impart a bluish coloratiom to the
product when stored for a lomg time, Overheating the reaction mixture

gives the same result and should be avoided.

From the work mentiomed im this Paper, it has beem shown that,
the prepared technetium sulphide colloid, accordimg to this formulation,
has passed the chemical control satisfactorily but still mot advised
for routine application until it would satisfy the biological comtrol,
in particular the distribution and localizatiom of radioactive material
in the living oxgenism, which will be considered in the mear future.
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RECENT FORMINIFERIDA FROM THE SEA SHORES
OF YEMEN ARAB REPUBLIC PART 2
THE GENUS TRILOCULINA

H. A. EL-NAKHAL'

ABSTRACT

More than 100 foraminiferidal species have been recorded from
four sandy samples collected from different localities along the
pearshore some of the southeastern Red Sea, Yémen Arab Republic.

Twenty six species of these belong to the genus Quincueloculine which

" 'were discussed in part 1 (El-Nakhal, in press), and twenty one species

belong to the genus Triloculina. The remaining forms which belong

to the other foraminiferidal genera, will be treated in part 3.

The present part is mainly concerned with the Triloculine

species of which I. reversaformis is described as a new species. The

name T. neoinflate is suggested as a new name for I. inflata

Deshayes [ 1) , which was preoccupied by T. inflata d'Orbigny, Bl I

INTRODUCTION
The present work is a reconnaissance study aimed at recording
the existing foraminiferida in the nearshore zone of the southeastern
Red Sea, Yemen Arab Republic. Limited by the nature of the samples,
no attempt has been made to explain the enviromental factors affecting
the distribution of the recorded forms. Literature survey shows that
no similar studies have been previously carried out on this part of

the Red Sea.

A11 the recorded species are discussed in three succéssiﬁg parts

as follows:

* Department of Geology, University of Sana's, Yemen Arab Republic.

Al-Mustansiriysh Journal of Science, Vol. 5, No. 2, (1980).
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Sample no, 1

n
A

Zabeed

;
g

Species \ Locality

]

T. affinis

b

brongniartiana

UL ]

howchini

inflata

linnkiana

litteralis

LI A AL AN

longidentata

nindenonsis

necinflata

AR R AR R

oblonga

AR RL BB ]

peroblonga

gquadrata

reversaformis

retunda

subgranulata

suttuensis

terquemiana

tricarinata

AR LA R T

$rigonula

LR R R T AT I

trihedra

B b bt e e | | R (b [ (B | K|k (e

LR R AR IR A T

tubiformis

Table 1: The frequency of the recorded species in the studied
localities.

R = Rare: 1-4 specimens.
F = Frequent: 5-15 specimens.
A = Abundant: over 15 specimen.
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Part 1: congerned with the genus Quincueloculina d'Orbigny
(El-Nakhal, in presg).
Part 2: (The present part): is devoted to the genus Triloculina
4'Orbigny.
Part 3: Will treat the remaining genera. -

METHODS OF STUDY

Pour sandy samples were collected during the period February-
April 1978, from the sea shore at Salif, Hudaydah, Zabeed and lMukha
(Fig. 1). These samples were collected from nearshore areas at
about 1.5 m depth. One hundred grams of each of the original sandy
pamples were treated for studying their ;oraminiferidal content
and they were hand picked under the binocular microscope. Several
species were identified by using the catalogue of foraminifera.[S] .
A1l the recorded species were drawn by the author from camera lucida.
The frequency of these forms in the dirrerént localities, is shown
in' (Fig. 1). The illustrated gpé¢imens are deposited in.the Depart-
. ment of Geology, University of Samna'a.

BYSTEMATIC DESCRIPTIONS
The systematic position of the genus Triloculina d4'Orbigny is
according to the classification of Loeblich and Tappan [4]

Order Foraminiferida Eichwald, 1830
Suborder Hiliolina Delage and Hercuard, 1896 a
Superfapily Miliolacea Ehrenberg, 1839
: Family Miliolidae Ehrenberg, 1839
Subfamily Quinqueloculininae d'Orbigny 1826
Genus Triloculina d4'Orbigny, 1826

Triloculine affinis d'Orbigny

s Pl. 2, figa. 5-8
'Triloculina affinis D'ORBIGNY, [2)P. 133 (299) mom.mud, 4
Triloculina affinis D'ORBIGNY,[$]P. 161, P1. 1, fig. 1.
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5

Figs.

5-8 LI.

affinis d

6

Orbigny, from Zabeed

PLare2

sSean

7

ghore,

X 105,

PR
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Iriloculina Baldai Bermudez and Seiglie, BROOKS, [6] , P. 406, Fl.
&, tigs. 5, 10.
Triloculina affinis D'ORBIGNY, HUGHES,[7] , P. 48 (no figs.).

Remarks:

T. affinis was described from the Tertiary of France [5] . It
was later recorded from the Recent deposits of Solomon Islands [7] .
The form which was figured by Brooks [67) as T. Baldai, most probably
belongs to the present species. In Yemen, T. affinis occurs in the

four studied localities.

Triloculina Brongniatiana D'Orbigny
Pl. 4, figs. 10-12

Triloculina brongniartii D'Orbigny, [2] , p. 300

Triloculina brongniartiasna D'Orbigny, Brooks, [G],p. 406, pl. 6,
figs. 3-4.

Remarks:

D(Orbigny [2] described T. brongniartiana as a fossil form
as well as from the Recent deposits of Italy. It was later recorded
from the southern coast of Puerto Rico (Brooks, [6] ). In the
present study, T.brongniartianna has peen recorded as a rare form
in both Rudaydah and Zabeed sea shores.

. Iriloculina howchini Schlumberger
Pl. 3, figs. 13-16
Triloculina howchini SCHLUMBERGER, [8) , p. 119, pl. 3, fig 6;
text-figs. 1,2.
Triloculina bicarinata D'Orbigny, BROCKS,[6) , p. 406, pl. 6,
figs. 11, 12.
Remarks:

T.howchini was described from the Late Eocene of Australia

and Phifippine Islands, [8) . It was later recorded from the Recent

LJ
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10

Figs.

10-12

.
X

1 12

brongniartiana d'Orbigny, from Iludaydah sea shore
55.
PLATE4
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Figs.

14 15

13=-16 T. howchini Schlumberger, from Hudaydoah seashore, X 90.

pLATE 3

44
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deposits of Puerto Rico, as T.bicarinata d'Orbigny [6] . In the
studied localities, T.howchini occurs as a rare form in Hudaydah

and Zabeed sea shores.

Triloculina inflata d'Orbigny
Fl. 1, tigs. 7=9
Iriloculina inflata d4'Orbigny, [2) , p. 300, pl. 8, fig. 16;
pl. 17. figs. 13-15
Non Triloculina inflata Deshayes [1] . -. 251, pl. 4,figs. 1-3.

Iriloculina inflata d'Orbigny, (9] , p. 130, pl. 2, fig. 18
Triloculina sp. (6] , p. 402, pl. 3, figs. 4-6.
Remarks:

The present species was recorded from Italy and France as a
fossil and from the Recent sediments of the Mediterranean Sea. It
was later recorded from the coasts of western North America [9] ,
and Puerto Rico [6] . In the present study. T. inflata occurs in
the four localities

Iriloculina linneiana d'Orbigny
Pl. 4, figs. 7-9
Iriloculina linneiana [10] , p. 173, pl. 9 figs 11-13.
Iriloculina linneiana d'Orbigny, [6] , p. 408, pl. 7, figs. 3,4.

Iriloculina linneiana d'Orbigny, [7] y P- 48 (no figs.).

Remarks:

I.linneiana was described from the Recent deposits of Cuba
and Jamaica [36] - It was later recorded from the southern coast
coast of Puerto Rico [6] and from Solomon Islands [7] . The present

species occurs in the four studies samples.
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Figs. + 7-9 I. inflata d'Orbigny, from Zabeed sea shore, X 85.

PLATE 1

.
‘ n‘ ’.
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ana d'Orbigny, from Mukha Sea shore,

PLATE 4
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Triloculina litteralis Collins
Pl. 4, figs. 4-6

Triloculina littoralis (11] , p. 369, pl. 3, fig. 12.

Bemarks:

The present form was originally described from the Recent
deposits of the Great Barrier Reef of Australia Gaal T.littoralis
is abundant in Hudaydah sea shore and frequent in the remaining three
localities.

Triloculina longidentata Bandy

Fl. 3, Figs. 1-3

Triloculina inornata d'Orbigny var. longidentata 28] ; ». 178,
pl. 21, fig. 2.

Remarks:
I.longidentata was recorded from the shallow water off the mouth
. ;
of the Tijuana River, San Diego Country, California [jé] « In Yemen,

P.longidentata occurs as an abundant form in Hudaydah and Zabeed,
Whereas it is frequent in Salif and Mukha sea shores.

Triloculina nindemansis Howe
pl. 1, fige. 13-15

Iriloculina mindenensis [13] , p. 37, pl. 3, figs. 11-13.

Remarks:
Howe [ﬁj] described T.mindenensis from the Eocene of Louisiana,
U.5.A. In Yemen, T.mindenensig occurs as a rare form in Hudaydah,

Zabeed and Mukha sea shores.

Triloculina meoinflata new name for
Triloculina inflata Deshayeé, 1833
pls 1, Tige. 10=12
non Triloculina 1nziata (2] » ». 300, p1. 8, rig. 16; pi. 17, figs.
13=-15,
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Figs.

4

4-6 T. littoralis Collins, from Hudaydah seashore, X €0.

PLATE 4



Figs.

< 3

1-3 [T. longidentata Bandy, from Hudaydah sea shore, X 65.

PLATE 3

82
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Triloculina inflata DESHAYES E’l] 2 Pe 250, Ble 4, Tiga. 1=b;

Remarks:
Deshayes E1j described T.inflata from the Eocene of France.
ok -to-the Zast €hets the name T.inflata Deshayes [1) was preoccu-
pied by z.inflata[;?] » the new name T.meoinflata is suggested in
the present study for Deshayesfs form. In Yemen, T.meoinflata occurs

as a rare form in the four stduied localities.

Triloculina oblonga (Montagu)

rl. 1, figs. 1-3
Vermiculum oblongum MONTAGU, 1803, p.522, pl. 14, fig. 9.
Triloculina sp. of. T.oblonga (Montagu), [14] , p. 35.(no figs.).
Triloculina oblonga (Montagu), EIE] y P. 485 (no figs.).

Triloculina oblonga (Montagu), [16] , p. 414, pl. 1, fig 13.

Triloculina oblonga (Montagu), E?],p. 48, (no figs.)
Triloculina oblonga (Montagu), El?] s D 120, Pl 2, figs 17, 18,

Remarks:

I. Oblonge was described from the Recent deposits of Devonshire,
England (Montagu, 1803). It was later recorded from southeastern
Louisiana, U.S.A. [14] , the English Channel [i5) , eastern coast of
India (7€) , Solomon Islands [7] and the Central Arctic Ocean [17] .
The present species occurs as a frequent form in Budaydah sea shore
and rene in Salif, Zabeed and Mukha.

Triloculina percblonga Cushmar
pl. 1, figs. '16-18
Triloculina peroblonga (18] , p. 143, pl. 34, figs. &4, 5.

Remarks:

T. peroblonga was originally described from the Early Oligocene
of Marianna Limestone E‘IG] « In Yemen, T. percblonga has been recorded
as a rare form in Hudaydah sea shore.
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Figs. 1-3 T. oblonga (Montagu), from Zabeed sea shore, X 65.
PLATE 1
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Figs.

18

17

16-18 TI. peroblonga Cushman, from Zabeed ser shore, X €5.

PLATE 1
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Triloculina quadrate Colline
pl. 3, figs. 7-9

Priloculina guadrata [11]} , p. 369, pl. 3, figs. 13.

an

Remarks:

Collins C‘I‘I] described the present species from the Recent
deposits of the Great Barrier Reef of Australia. In the studied

s

localities, T. guadrata occurs as a rare form in Salif and Hudaydah

and Mukha whereas, it is frequent in Zabeed sea shore.

Triloculina reversaformis sp.nov.

pl. 4, figs. 1-3

Description:

Test free, large, elongate, ovate in outline; equatorial
periphery Ptriangulnr, axial periphery rounded; chambers three at the
last whorl, arranged in a triloculine manner, subcrescertic, the
last chamber projects into a neck at the pertural end; sutures cmed,
‘slightly depressed; aperture subcircular, termingl at the end of a
short prominent apertural neck, with bifid tooth;. wall calcareous,
prorcelansous; surface ornamented by longitudinal costae which are

slightly oblique.

Remarks:

T. reverseaformis sp. nov. most closely resemles both T. reversa
d'Orbigny and T. littoralis Collins. It differs from T. reversa
in having shorter and lesé oblique apertural neck. T. littoralis has
compressed chambers and acute axiazl periphery, whereas the present
species has inflated chambers and rounded periphery.

I. reversaformis occurs as an abundant form in all of the studies

localities in Yemen. It has been previously recorded as T. sp. of. T
2. reversa, in the Recent deposits of northern Arabian Guls (Shoblagq,

unpublighed study, Kuwait University, personal communications).
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Figs.

-~

7-9 1.

guadrata Collins, from Zabeed sea shore, X 60.
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Type locality: Nearshore zone, about four kms south Hudaydah port.
Type specimens: Holotype and paratypes are deposited in the Depart-

ment of Geology, University of Sana'a.

Distribution: Occurs as an abundant form in the nearshore zone of
Salif, Hudaydah, Zabeed and Mukha.
Age: Recent.

Dimentions of the holotype: Length 0.57 mm.
Width 0.31 mm.
Thickness 0.18 mm.

The species name refers to the resembls-ce to T. reversa.

Triloculina rotunda d'Orbigny
pl. 4, figs. 13-15

Triloculina rotunda [2]), p. 299 (nom.mud.).

Triloculina rotunda [10] , p. 64. [19]

Triloculina of. rotunda d'Orbigny, [jQ] D18, Pl 2, ME- 1
Triloculina rotuda d'Orbigny, [6) , p. 402, pl. 3, figs. 1-3.

Triloculina rotunda d'Orbigny, [17] , p. 120, pl. 1, fig. 21.

Remarks:

T. rotunda was originally described from the Recent deposits
the Adriatic Sea, Italy [?] ,[3@] . It was later recorded from the
shore sands of western India [19) , the coast of Puerto Rico[6] ,
and the Central Arctic Ocean [ﬁﬁ] « In Yemen, T. rotunda occurs in
all of the studied samples.

Triloculina subgranulata Cushman
Fl. 3, rigs. 10-12
Triloculina subgranulata [26] s De 290, 1. 96, g, A,
Triloculina subgranulata Cushman, [ﬁ] s Do 48 (no figs.).

Remarks:

Cushman [?Q] described the present species from the Recent

deposits of the Great Barrier Reef, Australia. It was later recorded
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Figs. 13-15 T. rotunda d'Orbigny, from Zabecd sea shore, X 95.

PLATE 4
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10 1 12

Figs. 10-12 T. subramulata Cushman, from Zabeed sea shore, X 55.

PLATE 3
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from Honiara Bay, Solomon Islands, soufhwest Pacific Ocean [i] o

In the present study T. subgranulata oceurs in the four localities.

Triloculina suttuensis Asano
pl. 2, figs. 1-4

[

Triloculina suttuensis [21] , p. 621, pl. 33, fig. 2.

Remarks:

Originally this species was recorded from the Neogene of
Japan [?f] . In Yemen, T. suttuensis is frequent in Zabeed sea

shore where as it is rare in the other three localities.

Triloculina terquemiana (Brady)

pl. 4, figs. 16-19

Miliolina terquemiana (22 , p. 166, pl. 14, fig. 1.

Triloculina terquemiana (Brady), [hé] e b T PSR e

Remarks:

Brady §2] described T. terguemiana from the shallow water of

Ceylon and Madagascar. It was later recorded from the shore sands
i

of western India [ﬁé] . The present species occurs in all of the

studied samples.

Triloculina tricarinata d'Orbigny

pl. 2, figs. 9=-12.

Triloculina tricarinata [?] » D. 299, No. 94.

Iriloculina tricarinata d'Orbigny, [19] , p. 19, pl. 1, fig. 16.

Triloculina tricarinata d'Orbigny, [23] , p. 86, (no figs.).

L]

Triloculina tricarinats d'Orbigny,-[?] sy D« 48, pl. 3, figs. 59, 60.

Remarks:
I. tricarinata was described from the Red Sea [}i] « It was
later recorded from western coast of India [3q3 y the deposits of

the Grand Banks, Newfoundland [?j] , and Solomon Islands, southwest
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Figs.

1 2 X, <

1-4 T. suttensis Asano, from Zabeed sea shore, X 60.

PLATE 2
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Figs. 16-19 [I. terquemiana (Brady), from Hudaydah sea shore, 80.

PLATE 4

44
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9 10 1 12

Figs. 9-12 T. tricarinata d'Orbigny, from Hudaydah sea shore,
X 58,

PLATE2
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Pacific Ocean [?] . T. tricarinata is frequent in Salif seashore

and abundant in the remaining localities.

Triloculina trigonula (Lamarck)

pl. 2, figs. 13-20

Miliolites trigonula EE‘Q s P 350, pls A7, figs B,
Triloculina trigonula (Lamarck) [25) , p. 17 (no figs.).
Triloculina trigonula (Lamarck) [26]) , p. 416 (no figs.).
Triloculina trigonula (Lamarck) [157, p. 485 (no figs.).
Triloculina trigonula (Lamarck) [27:] s Da 197, Dl 20, T3 4.

Triloculina trigonula (Lamarck) [:63, p. 400, pl. 2, figs. 13-16.

Iriloculina trigonula (Lamarck),[9])p. 130, pl. 2, fig. 17.
Remarks: 4

This comsmopolitan form was described from the Eocene of France
EEII-J + It was later recorded from the Recent deposits of several
parts of the world such as: the Gulf of California [25:] , the Atlantic
Continental Shelf, U.S.A. [:26] , the English Channel (Murray, 15),
east India EE'?:] , western North America and south Puerto Rico CB] .
In the present study, T. trigonula has been recorded as an abundant

form in the four localities.

Triloculina trihedra Loeblich and Tappan

pl. 3, figs. 4-6
Triloculina trihedra (28] , p. 45, pl. 4. fig. 10.
Triloculina trihedra Loeblich and Tappan, [ﬁ?] s De 1204 e Ty Tapge 105

Remarks:

Loeblich and Tappan I:28] described the present species from the
Recent deposits of the Arctic Ocean, north Alaska and Greenland. It
was later recorded from the same ocean [17] . In Yemen, T. trihedra
is frequent in Hudaydah and Zabeed, rare in Mukha, and absent in

Salif sea shore.
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Figs.

18

14

PLATE2
13-20 T. trigonula (Lamarck)
1%3-16 From Zabeed sea shore,

17-20 From Mukha sea shore,

X 75.
X 60.

9
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trihedra Loeblich and Tappan, from Zabeed sea shore,
75.
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Triloculina tubiformis Yabe and Asano

pl. 1, figs. 4-6
Triloculina tubiformis [29) , p. 116, pl. 17, fig. 9.
Remark:
I. tubiformis was described from the Pliocene of west Java,

Netherland Indies [29) . The present species occurs as a rare form
in both Salif and Zabeed seashore.
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ON DOUBLE STAGE ESTIMATION OF THE MEAN VECTOR
*
USING PRIOR INFORMATION

LR LR R
ZUHAIR A. HAMID AND H.A. AL-BAYYATI

ABSTRACT

A double-stage procedure using shrinkage technique is used for
the estimation of the meamn vector U of the normal population when the
covariance matrix F is known or umknown using total or partial érior

information.

INTRODUCTION

Eatti [3) considered the problem of estimating the meam © of the
normal population by double sampling plan when there is a prior
information 00 ;bout © in the form of initial value. Armold, and
Al-Bayyati, [J) comsidered a double stage shrinkage estimator (DSSE)
of the mean of the normal distribution in the umivariate case. Their
proposed estimation technique is to obtain a sample of size n, (the
minimum value of n, is K2N) to compute 11 and them comstruct a region
R based on the prior information U . If X € R we stop the sampling
and shrink X, toward U, if X, 5€ B, ; n, = N-n, additional, observa-
tion are taken and use the mean of all N = n, + n, observations is

used as an estimate of U. Hence, the DSSE of the mean is given by

s The article is based on the M.Sc. thesis of Zuhair A. Hamid.

** Tecturer in Statistics Department, University of Sulaimaniya,
Sulaimaniya.

**+ Director General of National Computq? c?EEEfl_B =

Al-Mustansiriyah Journal of Science , Vol.5, lb.2,(1980)
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K (x1—U0)+UO if x,len

SN

Y. nd =
.22 G T
N

K : The shrinkage factor; O <K $1 .

The region R which minimized the mean squared error (MSE)

of ?I' is given by :

(1K) O
B (0 & ) (1

(1-K)N

Shrinkage techniques have been investigated also by Waikar and

Eatti [3]; using double samples their estimator of the mean vector of

the mormal populations is:

i(‘l) if 2(1)6 R

:]g:::t

(1) =(2)
= n, X +n, X =
N
The regiom R which mimimized the MSE ( EP’J‘.‘/ Eo ) is the sphere
in the space of 2(1) which is given by

r=[ 3V VK< (en, «ny) (2)

The objective of the above estimators is to decrease the sample
size by utilizimg prior information in the form of initial estimate
and yet to have high efficiency. The purpose of this paper is to
estimate the mean vector of the normal population using total and
pa:rt:ial prior imformation im case the co-variance matrix is known

and also in the. case if it is unknown.
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ESTIMATION OF THE HEAR VECTOR WHEN THE
CO-VARIANCE MATRIX IS ENOWN ;
/
Let X = (X, X5y oeey Ip) be a random vector where the

sample of size n,; for each varisble is X; = (x“, Xiny oo xin )

$ 5
§ =1, 2, svsy T DEVINE 8D = normal distribution with umknown mean

/
vector U = ( Uys Upy weey Up) and a known covariance matrix
z & (0"13) f domid, 2y see v De S/upposa that our prior imforma-
tion is U, = (4 Uagr Upgsr =+ s Upo) of U. We wish to estimate
U mnot only by using the observations (IM, Xiny enes 1111) but also
using the prior information -U-o The proposed estimation technigue
is to obtain a sample of size R, compute 2(1) and then comstruct a
F 1s @V -y +3

- = =0 =~ =0

12 2(1)¢ R,, we obtain 1z, additional observation, them caleulate

region B,. I z(1)€ R, , our estimate
z based om N = n, + n, observation. Therefore;
Q) Q)
) U G ¢ =L )+E, S PVEN

n, z(‘F) + m, 3(2)

it j_(")¢. R,

b1
]

N

K : is the shrimkage factor; OCES?

The region R, which minimized the MSE ( E/ U, ) is given

below:

5 afi) e x (WY . 2 tr 2
By« [ (EV-p) (I L)S—mg—] ©)
For a procedure to obtain such a region R1. see [5]-

The mean squared error expression of 'ﬁ' is given Dby:
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o 3 & wyy .
me @ g, 5 - [ [ -E}-)(Zm— »'@"-p - _‘%2_{‘(&(5(4),

By

/
+ [(0ux10? @,- I + 50 @M- 1 EV- 1)

R,
+ (1-R)E(Z,- o @M. g)-] ar@(") + t;'z ()
md. the expected sample size is:
E(n/TU; By) = § - (F-n,). @V €2 )&H e

The bies expression of E is

3@/u 2y - [ [x- Tn")(g(‘)- D + (1-E)(Z,- g}:@(")) (6)
R
1

Then the expression of efficiency of E relative to X is

given by:

G /y »,) - tr. 2 @
m(‘ﬁ/g;n‘l) E(n)b;R,)
The region B, of the shrinkage estimator which is given in (3)
is more gemeral tham the region of EPT mean is given in (2). If
z - D=0 and E = 1, the mean squared error expression and the
region of the proposed estimator reduces to the ‘lean squared error

and the region of Waikar and EKatti's estimator.
1

THE CHCICE OF THE SHRINKAGE FACTOR K

Ia many problems the choice of the shrimkage factor x(o(x§1)
is left to the experimenter. Im this sectiom we comsider the estima-
tiom value of K. Thompson Cﬂ-] estimate of @ the value of K which
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N >
minimize the MSE of K (@ - Qo) + 6, is:

K= (8-0,)2/(6-0)% +Var(9) )

Al-Bayyati amd Armold [1) indicated that K = 0.6 yield high
efficiency of the shrinkage estimator in the univariate case. The
value of the shrinkage factor K which minimize MSE of
K @(1) - 0 + 7, is given by ;

e g)' -0/ G- ', -+ }E- 'ED- B (9

Hote that K is a functiom of the parameters U. Hence, the
estimate of the value of K is

e @-D'C-D @- 0" @- 0eE@-'@- v (10)

ESTIMATION OF THE MEAN VECTOR WHEN THE
COVARIANCE MATEIX IS UNENOWN

In section (2), we aasumed thatZia known. When if it is mot
assumed to be known the followimg estimation procedure for the mean
vector U is propond. We start with the sample size n,1<1! and
compute 1(1) and Z » where

~
Z1 - B @M. i(“)) (Zd(.1) - z(ﬂ)), and comstruct a region 5,

sround U,. It I(V€ 8, we use the shrinkage estimator
K (:(1) - U,) + U, as an estimate of U. If 2(1)¢ 8, we take additional
sample of size n, = N - n, and estimate U by pool _i_“) and 2(2).

Therefore, the DSSE of U is given by
(1) z(1)
KX -T,) + T, 2 TeE,

'n‘é(‘l) s ng(zl

EH

x ir ¥Mes,
¥
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The region S, which minimized the MSE(U / Eo) is given

below:

oS
- [(z(‘l)_ HO§ (z(’l)_ Ho) g _;%Kji‘._g—l] (11)
-n
11

P—
The mean squared error expression of U in this case is

given by:

~ n2
meE(@ / U; 8,) = ﬂ[(x?- —N“sz“)- 0'@". o
-] 5|
- £ e
s 1. 1] dF(g('l)/Z,,)dF(zq /ZJ

fﬂ_(q_x) ©,- u) (T,- W+ k(1-£) @ V- 1 _) T, -

+E-B)@,- B @V- D) - dr(x(")/Z,)dr(Z/Z,)

tr.
g =T s
N

Where

A }é —P-1 ~ -1
2 SO e e 2, Z
P

The expected sample size is

ar(Z,/Z)=

E ( a/U; 5,) = N - (§-n,) p,G V€ 8)SH (14)

and the bias expreaslon of ?F is

8(T/u;8,)= _H[x PHEN-
: cq-x)(go w) o L“’/L)u(ﬁ/i) (15)
Fipally the expressiom, of efficiency is given by

G « e (16)
= msE(U/U;8,)E(n/U;5,)




v

59

ESTIMATION OF THE MEAN VECTOR
WITH PARTIAL PRIOR INFORMATION WHEN THE
COVARIANCE MATRIX IS KNOWN

Let X = (X}, X, oo zp)l be @ random P = veriables
where gia meiz “'xinl) s 1= 1/,2, +«es P having a P-normal popu-
lations with U = (Ul, U2, aiE Up} and @ known covariance matrix
z = {_U‘ii}l . Let us assume that the prior information is sbout
2 part of the mean vector. We want to cstimate the mean vector
using partial prior information. Devide the input X matrix and
the mean vector on a basis of a given prior infolrmation. Rearrange
U in two portions such that U = [(1) 0., (2} y_i\, vhere (1) U is
the portion on which we have the prior information (1)U,. Also the
corresponding division im X = [(l)X, (2).‘&] and Z: (Zii 5 )

[+]

22
where:

Z,, = qoz - wufex - (i)_q) o it an
Let (1)X and (2)X be the L.S.E. of (1)U and (2)U ; and

(1) ‘J'_i(:” i, = 1,2 be the L.S.E. of the ith portion based on j

th saaple, where:

E ((i) z‘”) = (1) Ui = 1,2 (18)

The proposed estimation technique is to obtain a sample of
size n,, compute (l)z(l) and (2)3(1), and then construct a region
R, based on (1)U only. If wxPe R, , our estimate is
K( (DT - Uo) + (o of (1)U and (2TY) of (2)u. 1f (1)'1_"”#_
R2, n, = Ne-n, additional observations are taken and we calculate
(1)X and (2)X based on N observation as estimates of (1)U and (2)U
respectively. Therefore, the DSSE of v = { (1)U, (2)_11), is given
by
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=0
[ /K(w g(_“ -wmU,) +w0 Y, —oh
if WX E€R,

- (1)
@R

it
n
A

nW X +h0 X
u)x = =
~N : =
hltzigl)+ Dat2) Em ifwX é Ry
=
K N

The “negion R, waich minimize MSE (2)@/(2)1_1,) is given by:

(19)

ntr. 2, )

» /=W
2 (02 W UDWE> 0V & Fnmr

~
The mean squared error of (1)U is
gtnzﬂ]
YR

2
usE(w T/ T:R,) = l [(K'-%;:)(mz-mu)(mi‘ﬁm U)- 2=
: 2

FOX Y+ j [u-m’(mg,-mg)'(um- W)+ KU-K@EL0U)

(WI.-OU)+ KQ-K)WUs0U) @:x-uﬂI)] dF (WX )+{'Z“ (20)
and the mean squared error expression of (z)g is
MSE ((9_, U/tZ)!,Rz) _L[U_._!;)(u)x u.w)((a:x Lz)U) m_!:.izz].

dFF(g”)+ _lrz_Z_.n @)
~ ~ e /
The mean squared error of U = ( (1)U , (2)U) ) can be
expressed as:

MSE ('ij/g » R)) = HSE((I)E/(l)g ; Ry) + MSE ( (2)@/(2)2; R;)  (22)
and the bias expression of (1) E and (E)E are given respectively
by:
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B(wU/wU 4R,)= Jaz [(x- %’)(mil&" U)+ (1-K)(w 9°'("y-)]dr("’z"3'

23)
B(@ U/ 3Rz)=g (- D@ E - U)dF @KV (24
2
and the expected sample size in this case ia given by:
E(n/iy 5R,) = N-(N-n) R (XY eR,) & N (26)
The efficlency expressisn of U = ( (1)@_’ , (2)8 i e
written as:
T C (26)

MSE (B/U;R) E(n/wusR,)
ESTIMATION OF THE MEAN VECTOR WITH

PARTIAL PRIOR INFORMATION WHEN THE COVARTANCE
MATRIX IS EKNOWN

In Section (5) we assumed thatZ_is known. lhanz is net
krown the fellowing estimate for the mean vector U = ( (1)U , (2)U ),
is proposed. We make same arrangement on U and input I matrix ;
andZ_which were given in the abo¥e section. We start with thae
sample of size n, compute (1)';(1} and (2):(1) andzs '.(EI zn)
construct a regien S, around (1) Us. If (1)2(1)6 S, we use the
shrinkage estimater K ( (1)2(1) = (1)Up) + (1) Uy as an estimate of
(1) g ana (2T o (223 12 (VI Pek 5, we take n, additienal
observation and calculate (1)X and (2)I based on N observation.
Hence, the DSSE of U = ( (1)U , (2)u ) is

)
K((w Ru_ w Ug) 4w _l_J_. 2 =
( z(gw— g twx’es,
U = = ) )
ST nWX £+, @)X
S e N =
%x ifwX ¢ S,

=0 =42)
- N X @)
@)x e DS INDX
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The region §, which minimized MSE ( (1)?17(1)U ) is given by:

) o i
s,- ((\UE, 2 0u,) (» _’SUL ) LJ,.) “Nbl?n ) 27)

The mean squared error of (1)U is given by:

@® = ;
MSE@U/w U;S,) = J-f [(KE'L;_ )(\"ZEUJQ),(U)')Z »uy)- n,_{,'Z“

dF(mx“’ 2‘ )dF(i“/Z )+ j'f [(n K)* (w U —u)U)(uJU ~WD)
+ k(- K)(mx“’ q)u)(m Ue - L) +u-n<)l<(wu —u)U)(u)x BT U)]
dF (m %" / 3.)dF (2. /204 LL 28)

I\ Y (n-p-1) o ey
T exp,-l,-_l:r.n.ZJZ“

.L P(p-1) knp -
ZL“P 1T |/4 ‘z"|l :Ir:,l r[%(rh'\")

SELE /T ) 29)

The mean squared error of (2) ‘17 is:

MSE (@0 fan;s,)-= _U [u———)(u.)x ’ @u)(@zP@)-
n fr 'Z.u.] dF ((1))( /Z ) dF (211/211) l:rizz (30)

’
A ~r A
and the mean squared error expression of U = ( (1)U, (2)U )

can be expressed as:

mse (T/u5S,)=MSEWB/w Y ;S,) +MSE@T /@) y;$,)
G

The bias of (1)‘1‘1' and (2)? are given respectively by:

B((nl)/u)u S,)= jj [(K-—*—)(mx—u’u)*t-b K)
(W Y, -~wY)]-dF (\U X/ Z")dF(E,,/Z,,) (32)
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-} A
3 : n, )] —t) A zu
B@U/usS,) ’.,js;('- - @%- W‘JJJF@,’a 12, )% )

G
and the expected sample size is:
V)
E(n/u)g;S,_)-_N—(N-“.)Pr(mg_(_ GS,_) &N (34)
The efficiency expressioen of th =( (T, (27 )’ie given

by: A

= 3 te 7
Eff (L/Y) = MSE (U/u;S,)E(M/ny ;S,) -

If the prior information U, is equal to the true value of
U (Up = U), then we get different expressions for the mean squared
error, bias, expected sample size and efficiency of any shrinkage
eatimator by substituting U, in place of U. These expressions
are different from the corresponding expressions in case of U # Ug

which were given in the above sections.

EXAMPLES

In this section we will obtain the DSSE of the means of the

random variables X, and 12 which are independent and normally
T
distributed with U = (U; , U,) and unknown ce-variance matrix
y £ i
-
- where
11 denote the Liength of the Crab-fish, and

x, denote the diameter of the Crab-fish.

The prier information about the parameters U = (U, , Uz), is
Ug = (21.065, 33.313{ » We draw a sample of size n) = 90. The
DSSE of U with total and partial prior information whenZis unimown
is censidered below:
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CASE (A):

Consider the prior information U, = (21.065, 33.513;. From -
the first sample we estimate the value of the mean vector amd the
co-variance matrix. To test whether we use the first sample or
not, we use the formula for the regiom 51 which is given in (11).

For specified values of K we shall get different regions which
are given im Table (1).

Table: 1 - Regioms for Differemt Choice of K

K B,

0.509 1.2964 < 313.59
0.600 1.2964 < 28.508
0.700 1.2964 £ 13.066
0.800 1.2964 L B8.640
0.900 12064 4 7.87.

From the Table (1), we see that the first sample is acceptable,
so we obtain the shrinkage estimator which are given in Table (2).
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Table : 2 - BShrinkage Estimation for Differemt Value of K

K T-x3" . (0 7,
0.509 20.8023
33.8304
0.600 20.7554
33,9228
0.700 20.6522
33,0243
0.800 20.6522
34.1258
0.900
54 2273

CASE (B) :

Let us assume that there is a prior information about U1 only.
For a specified values of 11 we shall get different regions which
are given in Table (3).

Table : 3 -= Regions for Different Choice of L

X, 5,
0.506 20.544 ; 21.586
0.600 20.511 ; 21.619
0.700 20.4056 ; 21.7242
0.800 20.23393; 21.89607
0.900 19.8575 ; 22.2725
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Using the formula (27); the above table shows that we use
the shripkage estimator based on the first sample. The shr:l.n.‘ngo
estimator of the mesns thus calculated as given im Table (4).

Table : 4 - BShrinkage Estimator with Partial Prior Imformatiom

= K, (1, (1-!1)U.)|

K U=
1 g 1
lg )
0.509 20.8023
34,3288
0.6 20.7554
34,3288

0.6 20.7038
88

0.8 20.6522
34,3288

0.9 (20.6006
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SOLUTION OF SIMULTANEOUS
LINEAR EQUATIONS AND ITS ERRORS

Haytham Z. Muhialdin®

ABBTRACT

The Haytham elimination method has been successfully applied to
the numerical solution of simultaneous linear equations in n unkmowns
using matrix method. This method is presented, implemented and

discussed for selection problem.

The remainder of the paper presents in a conditioning and source

of error.

INTRODUCTION
Many of the problems of numerical amalysis can be reduced to the
problem of solving linear -aystena of equations. Among the problems
which can be so treated are the solution of system of equations. We
will concern with the solution of n simltaneous linear equatioms
in n unknowns.

i" c8gy Xy = by i=1,2...,m - (1)
J= :

The use of matrix notation is not only conveniemt, but extremely
powerful, in bringing out fundamental relatiomship.

Methode of solution of simultaneous linear equations belong
essentially to either the class of direct methods or the class of
jterative method. The best example for the direct method are Gaussian

* Department of Physics, College of Educationm, Al-Mustansiriyah
University, Baghdad, IRAQ. _ _ _._ e e

Al-Mustansiriyah Journal of Science Vol.5 No.2 :-(1—9-80)
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elimination, Gauss-Jordan elimimatiom LU decompogition and for the

iterative method are Jacobi amd Gauss-Seidel iterations.

There is no problem in finding an analytic solution of (1.1).

Cramers rule gives us such a solution.

As mentioned before there are many methods to find the solutiom
of simultaneous linear equations but we camnot compute the sum of
even or odd position elements directly by any method.

SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS

One of the most basic and important problems im science and
engineering ig the accurate amd efficiemt simultameous solutiom of
a system of m linear equatioms im n urkmowns. This problem is

written in the form.

By4%, + BoXp + seeccccnns + By X = b1

854%) + BooXs + seensesees + 8opXy = b2
1 (2.1) -
8p1%. b

1 + %212 * cscscsssss + H.I‘ = "

Where each 'id’ﬂ S - \< n, 1@3{1, and each bi are kmown
values and x4 1 S :jg n are the unknowns. We cam find these
unknowns easily by eliminatiom of variables.

In matrix motation this et of equation cam also  be writtem
in the form
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Ax = b , (2.2)
Where
o — = P
Bgq Bqp srsesscece 840 x,‘—| b‘l
89 Byy sesesssces Lo X5 'b2
ik ] i PR Bl
L sessescees Bop - X, bn

and we shall use this alternative notation wherever convenient.

Unlike most problems im pumerical analysis there is no difficulty
in finding sm smalytical solutiom of the system (2.2). Assuming that
det (A)F O the formula x = o gives us am amalytical solution.

Fumerical methods for solvimg linear systems are divided into
direct smd iterative methods, direct methods are those which, in the
sbsence of roumd-off or other error will yield the exact solution in
a fimite mumber of elementary arithemtic operations. In practice,
because a computer works with a fimite word length, direct methods
do not lead to exact solution. Imdeed, errors from roundoff, insta-
bility and loses of gigaificance may lead to extremely poor Or even

useless results.

Iterative methods are those which start with sn initial approxi-
mation and which by applyiag a suitably chosem algorithm, lead to
successively better approximation.

Now there is mew direct method, i.e. Haytham elimination method,
this method has been Vvery successfully applied to the numerical
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solutions of simultaneous linear equation inmunknowns using matrix

method,

HAYTHAM ELIMINATION
The aim of this new method is to find the solution of n simul-
taneous linear equations in n unknowns by a .matrix method

numerically.

The idea of this method is to reduce the system of equations to
upper triangular by systematic elimination of the elements below the
diagonal, after that at the column which is in the upper traingular
matrix starting from diagonal elgments to make zero elements between
each two elements above the diagonal which is in the same column,
theng-finally introducz szero element between each two elemernits at
the rows matrix. The system (1.1) is convently written in the
matrix form (2.2) where A = 3;; 1s the n.n nonsingular matrix of
coefficients, x* = {xl,--...,xn) and bT = (hl.hz,--,b ) with T
denoting the transpose. We shall use matrix algebra & matrix nota-
tion extensively but not exclusively in this method.

We write out the system (1.1) in the form
ay1%; + 81X, + sesesess + alnxn = b1

8,1% + BoXs + secenens + a X, = b2

-.c.---ool.--ooln-c.lcn-..-.l-uc.ll-- » (2-3)

851% + anzxe $scssssscse + ‘nnxn = bn
We assume, of course, that the mairix of ceefficients is nonsingular.
Suppese 2y, # 0. Substract the multiple -Ef%— of the first equatien

from the ith equation, i=2...,n, to get the first derived system

ajy% + 810%5 + seseens + %, = b (1)

anz Xy + connees + aéi) x, = bé}) s (2:4)
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crocresone Secenesssrsnesensnsnsn

aé%)xz + ececsvscece + al(liiﬂ = bl(ll)

The new coefficients nj(_;') are given by

1
ai(.d)-aij-nil Iia 1-2' esesy 0 , (2-5)

note,1b1)a bcg) St . B

841
i §

A is nonsingular, we can get a nonzere, element in the upper left-
hand by interchanging two rows of (2.3). We can also interchange

two columns of A to achieve the same effect.

Wihere myq = P e TSR R i | @;7 = 0 , then, because

1
o()

Now, if a%) in (2.4) is nonzero, we subtract m, = —.rﬁ—

times the second equation from the ith equation in (2.4),
i=1,3,4, ..., n, and get the second derived system

allxl + a{g):l + ss0s00e + ..(]2-: 5 - ‘{2)
ag%)x.‘, + 1%,323 T R ag) Xy - bgm
"532):3 B S anines + ';(33)’1 = 352) s (2.6)

L P P PR e

lgg)xa +* cosces + .‘FE):‘ - bﬁz)

where aj(,je)- nj(-g')" '12 a.é;') 111,3.4.-.-.11 . (2!7)
J-3,-...n+1
Again, if ag)- 0 , we can interchange two rows or celumns te get

2 nonzere element in the (2.2) pesition.

2)
Let us subtract the multiple m g = % times the third
35

equation from the ith equatien in (2.6), 1=2,4,5 ceveee. n, we
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get the third derived system

2
wme cePne P s ailee
.:(z%)xz - '2)24 e o Rt s b 'g)’n" 'g”
;ég)’3'+ tgf)‘4 Bl PR e ‘gs)’l' ‘53)
ag’i)xqi 4 csssssssscsssans + ‘g)xn- bga)
¥ : : |(2oe)
"l(li):ﬂ 4+ ssesssccscscccse + 43)%- 43)
B ai‘;’) 5 =§§)-"14‘5§) 1 = 2,4,5:6, <0 42 ()

J = 4.5' sesesse @ n+l
(3)

Now subtracting the multiple mg, = qa-)-— times the fourth

[
: 44
equation from the ith equatien in (2.8).

1m1,3,556, «e+y B we get the fourth derived system.

(2) 4
‘11:1-"' 313 x3+ + .{5)15 + sescssssccane

(1) ()
322 12 + l(22)24 + .25 xs + eecsvesscosce
(2) (4)
.33 13 + l35 35 + scssesccceccse

(3) (3)
243

z‘ + .45 xs + ecscncssssne

(4)
855

151- sesesescssssse

ls‘;)xs + sccssccnceee

v offln, « of¥

+ ug)x. = 5(24)

(4)

e

+

®)

S4n

v ol

+

(4)

x, = bgﬂ

X, -

(4)

xn-

o9 (2.10)

- (4
(¥
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Where aig) = a£3) my, agg) im.1,3.5,0. 0050

Continuing with this process through n steps, we arrive at the
final system

) : (4
81%)+ *i% Xqt ‘15) Xg+ izf)% 1 "’J(.n-l)
3 s
N
(2) (4) (n-2 (2-1)
a33 x3+ 135 x5+ ‘3:—1)’n~1 -b3
SHEN a3 xg+ ot ipfrel)
4 - =1
“és)‘s é:—f)’h-l "’én }
i .
aé?’ts«* aga 'z, =b21)
N ., (2.11)
(n—l)x. b(n—l}

with the diagonal elements ali nonzeroc and where

ag) - aﬁ'”"‘n af:;"_l) k = 0(2) n-2
k= 1(2) n=1 , (2.12)
J = k+l,...,0+1
i = ktlyeeeyn
e
with = ‘given (2.11), the solution i 13
‘1k —.krkzrj— .' u 8 easlly
calculated as
: &
= {1s1) (i=-1)
xi ';"r.ir-r)'_- bi J.i;“.l .13 xj] i‘n....,l-
_Netes: (2.13)
(0)

"y
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n
HERE WE USE THE CONVENTION ? =0
=n+"1

In this method if the diagonal elements in the odd row. We
elimenate the elements in the even rows which is in the same colum
and simillar for the diagonal element in the even row we elemenate

the elements in the odd rows whicH is in the same column.

The Haytham elimination Algorithm is

for K = 1(2) n-1 (step count)
r——-for K = 0(2) n-2 (step count)
—for i =K + 1 (1)n (row count)
(k)
my . o
(k)
Bk
for j =K+ 1 (1M)n (column count)
(X) (E - 1) (k - 1)
8ij G R
repeat
(x) (K -1) (&)
by “ by =Wy By
— repeat
L---—-r.'epeemt a step step

repeat a step step
Notes:
(i) In computer program superfix notatiom not required.

(ii) In computer program the m;, may be stored as a;, .

(iii) In computer program the b; may be stored as a;.
(iv) Leave the first process K = 0, start from the secomd
step K = 1. and then the third step K = 2.



Now in the Haytham Back substitution Algorithm the solutiom is
given by followimg Algorithm

Xy = by/ag,
— for i = n-1 (1)
sum = O
for j=41i+ 1 (1n
sum = sum + a, s,
repeat j

xi = (bi- ’u‘)/aii

L repeat i

How to calculate the total aumber of multiplications and
divisions in solving an nmm system of equatioms Ax = b by Haytham
elimination. To elimimate Xy, from one equation we require one
division, to form the multiplier, amd (I-K:-‘l.) mltiplications, to
form the new cofficients b Xfior see o x, and the new value on
the right-hand side. Simce we need to eliminate xk' not from one
equation but from (n—-K) equatiom, we therefore require (n-K) division
and (n-K) (n—K+1) mltiplications. Hence total number of mltiplica-

tioms and divisioms required for eliminations, process is
’
[(n-k) + (n—-k)(n-kI+"|)] Ko A2y vy R (2.14)

We may illustrate Haytham elimination by solve the following system:

>, - x, + 313 -x, =7 » (2.15)

-%x,'.hxz*.ux;-ex,‘-s ’ (2.16)

= 23:1 + 2x, + x5 + 4x4 o e (2:17)
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- % uxat - 3*2 L 5x3 - 534 = =5 ’ (2-18)

Firstly add mmltiples of equations (2.16), (2.17), (2.18) to
eliminate Xqe The appropriate multiples in this case are -1?», - —3— :
- -g— which are comveniently moted im the left hamd column thus the

aumber of operatioms to derive this system are:

Fumber of divisions Number of multtplications
(a - X) (a-K) (n-K+1) K=1,..., 40
4 -1) =3 (4=1) (4=141) K=1,...,0
x4 =12

The first derived system is

-2 2:1-::2+3=5—14-7

5 %’2 ¥ 2’5 = 5’4 s ;

. (2.19)
11 41
7 % %’3 b . Tt
-2 =Xy 313 -X = =19
Funmber of divisions Fumber of multiplications
(n-K) (2-E) (n-E+1)
(4-1) = 3 (4-1) (4-2+1)
LB L

The second derived system is
1%— 2:1 -3.“::5 + 2:.:4 =4
= !3 = %‘2 * 2‘3 = a‘u = % : (2.20)

‘l‘l'::3 - 514 = 31
- -8x; + 2x, = -22
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Number of divisions Number of multiplications
(n-E) (n-K) (a-K41)
(4-2) = 2 (4-2) (4=3+1)
2x3w6

The third derived system is

% 2x, =2xy + 2x, = 6
1 1 11
= 2%“4’ ‘z&
e Wx; - 5x,= 31 . (2.21)
6 =
A 13
Number of divisions Number of multiplications
'd
(n-K) (n-K) (n-E+1)
(4-2) = 2 (4=2) (4=4+1)

22X 1=
The final derived system is

2x1 2x3 =6
1 1 11
- ¥ oy =1 %
4x, = 56

which by back substitutioms gives Xy = 5y Xz = 4, x, = 25 x, =1

Note:

The mumber of divisiom are equals at the first and secomd step
of elimination and also at the third and fourth. Btep of elimima-
tion, which leads to the comclusion that at each twice step of

elimination we repeat the same mumber of K twice.



In Haytham elimination the matrix of coefficients on the left
hand side is converted into upper triangular form with some zero

elements as shown below.

XXXX XXX X X
XXXX XXX X X
XXIX XXX X X
XXTXX XXX X X

i

We introduce the idea of ill conditioning by considering the

x e AR
x X= % XX
—_ X x|—> x *
x x
CONDITIONING AND SOURCE OF ERROR

the problem of solving by some method the set of equations

Ax = Db ; (3.1)
our aim, of course, is to obtain the exact or true solution X which

satisfies

th =D ] (3-2)

but in practice, we obtain, instead, a computed solution X which is

such that

be= Axc -y L) (3-3)

Where T is called residual vector. From (3.2) and (3.3)

Ax, - Ax_ =T , (3.4) .

Hence X =X, A + (3:5)

Therefore, if some elements of A'1 are large, a small component of

2 - can still mean a large difference between Xy and X,s OT conversely,
x, may be far from x, but r can nevertheless still be small. This
implies that we cannot test the correctness of a computed solution of

(3.1) merely by substituting the result into the equations and
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"ecalculating the residuals. Or to put it another way, an accurate
solution, i.e. a small difference between x, and x, will always
produce small residuals if the matrix A is normalized, but small

residuals do not guarantee an accurate solution.

There are three sources of error in the solution of systems of-
linear equations. The first caused by errors in the coefficients
and the elements of b. When such errors occur, we must live with
them because these quantities are empirical. If abound on the empi-
rical errors is known we can do no more than use this to get bounds
on the errors in the solution. We can‘control this source of error
by using double precision arithmetic if necessary. The coefficient
and vector b must be rounded when are inserted into the computer.-

The second source of error is the roundoff error introduced in

calculating the solution. The third source is trumcation error.

CONCLUSIONS

Haytham elimination is one in the class of direct methods for
solving linear system. Direct methods are those which, in the absence
of round-off or other errors, will yield the exact solutiom in a
finite number of elementary arithmetic operatioms. In practice, because
a computer works with a finite word length, the direct methods do not
lead to exact solutions. Indeed, errors arising from round-off,
instability and loss of significance may lead to extremely poor or

even useless results.

The solution of Haytham elimination method by back substition
is more faster than Gaussismelimination and involves a little compu-
tation thaen Gauss-Jorden elimination. Further the solution o:-iipear

system by Haytham elimination is accurate.



If the matrix of coefficients can be entered into the fast
store of computer then Haytham elimination is quick and more accurate.
If also the matrix of coefficients has some‘special property or
structure it is'usually possible to increase the number of equations
that can be solved by very efficient programming. Haytham elimina-
tion method are pfaterable when

(i) Several sets of equations with the same coefficient

matrix but different right hand sides have to be solved.

(11) The matrix is nearly singular. In this case small resi-
[
duals do not imply smell errors in the solution. This

can be easily seen since.

Therefore, (xt - zc) will have large components when the components
of the residusl vector are small because some of the elements of Al
will be large, if A is nearly singular,

Finally in the Haytham elimination we can find that the odd
rows contains just the odd position elements and in the even rows
contains just the even position elements. Therefore we can compute
the sum of odd position elements and the sum of even position elements
directly.
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APPENDICES
NOTE AND FLOW CHARTS

It is convenient, rather than regarding b as a separate
column vector, to consider the matrix A as being of order n:(h+1)

with its last column containing the elements of b.

LIST OF VARIABLES AND THEIR USE

NAME USAGE
A nx(n+1) matrix
m multiplier
Aip
array of the matrix A.
A
ij
0 2
PJ
last column (eigen values)
s
x5 Falues of x,- 1 = 1,2, sy n
A diagonal array

PP
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. A MATHEMATICAL MODEL
OF A ONE-SEX POFULATION GROWTH

A.R.qAL-RAWI

MBS RSSO

A study of the age composition of population with changing age
specificé blrth and death rates are considered. It is assumed that birth
and death rates_are functions of age and time. With these assumptions,
we derive our @athematical model which is a Voltera integral equation of

the second kind. Two methods of solution are given for this model.

INTRODUCTION

: In this paper Qé ehall study one-sex (female) population

~growth which‘is common fo.most'of the demographic work. The present
problem considers the age structure of the populatlon and the number of
1nd1v1dua1s of different: ages at any time. This problem has been tackled
by Coale [1) , Cooke and York [...5__] » Keyfitz [2] , and Pollard 4 with
different assumption. Theii main’ assumptions were that birth and death
are functions of the size of population or age, and in particular, are

not dependent upon time.

We assﬁme that we have éielqsed population which means that there
is no imigration in to or out of'the population.: All other phenomenas
which could effect the populatlon :are allowed to take place. Finally
the blrth rate, death rate, and age-denslty function are considered to

be functlons of age and tlme.

(*) Department of Mathematics, College of Science, Al-Mustansiriyah
University, Baghdad - JRAQ.

Al-Mustansiriyah Journal of Science, Vol. 5 No. 2 (1980).
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It is common knowledge that the probability of brith of a female
daughter depeﬁds upon the age of the prospective mother and the prob-
ability- of death of a femsle depends on her age. The available data
for birth rate is different at different times for the .-same age group.
Thus we define the age specific birth rate m(x,t) by:

n(x,t) = lim e pr{a female of age x at time t gives birth
to a female daughter in the time interval (t.hu)},

where pr {} stands for the probability of the event deseribed in

the brackets. By this definition of m(x,t) is a continuous function
with respect to age and time, because age propagates with velocity 1
with respect to time. Ofcourse this function is not easy to be repre-
sented analytically by elementary functions which might be easy to
handle. However, it might be possible to rind- functions which would

represent it approximately.

In the next section we will derive our mathematical model which
happen to be a Voltera integral equation of the::second kind. . method
of solution of this integral equation is considered in Section 3.

POPULATION GROWTH MODEL

Let a and b( 0 { a { b) be the minimum and maximum sge of child

bearing and let .
k(x,t)dx = number of female population between age x and
: x + dx at time ¢t,

B(t)dt = total number of females born during (t,t+dt).

Clearly k(O,t) = B(t). 'Also let the probability of survival
p(x,t) be defined by . 3

p(x,t) = pr {a female born at time to survives to age
x or to time t + x} . g
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From this definition it follows that
Klxst) = Bli=x) plx o), cvesesisains ossas i ivensmen: L)

p(o,t) = 1 and p(L,t) = o where L is the maximum life span of
individuale in the population. The function p(x,t) is a monotoni-
cally decreasing when we follow the sgme age group fram age o to
L. With all these assumptions and using Figure 1, we develop our

mathematical model.

o
g A "q*
& =t

!ku‘t :°M —
X+t x+t+dx e "X

LRk TP, N ——

Figure 1.

"From equation (1) we have
k(x,0) = B(-x)p(x,-x) , and
k(x*'tft) - B(-I)P(I+t o-x)

which follows that

k(x,0 x+t,-x B o 1oy

k(x+t,t) =
r(x,-x)

Thus, the number of daughters born to those women between age x+t
and’ x+t+dx at time t will be
k(x,0) p(x+t,-x)

k(x+t,t) m(x+t,t) dx = mlx+t,t)dx.
: p(x,-x)




] :

Hence, the total number of daughters born between time t and

t+dt to those women who were born before time t=0 will be denoted
by G(t) and it is given by

b-t ;
G(t) = j. o) ot 6 T SR SRR
=t p(x,-x)

Where a and b are as given above. We should note that

G(t)=0 for t 2 b, because if t> b then x+t) b and hence

n(x+t,t) = o.

However, females born after time t = o will also start to give
birth at t) a and they will dominate the region t» x in Pigure 1.
At time t (t:) 0), the women whose ages betwesen a and b will also
give birth., From equation (1) and Figure 1 we have, the total number
of daughters born to those women who were born after time t = o will

be: £

k(x,t) n(x,t)dx = f B(t-x) P(x,t-x) m(x,t)ax
a

Therefore, B(t) is given by

+
B(t) = G(t)+ f B(t=x) p(x,t-x) u(xX,t)dX evcccceccce-o (&)
a

which is a linear Voltera integral equation of the second kind. Note
that if B(t) is known them from (1) we can determine the population
density for any age x at sny time t:> o. Thus knowing B(%t) we can
know the age structure of the populntion.'

Equation (4) will represent our mathematical model.

METHODS OF SOLUTIONS

Given a population, we can determine a,b, k(x,0), p(x,t) and
m(x,t). Ofcourse a and b are different in different populations.
Also from the birth and death date o th~ _iven population we can
constract an explicit representation cf m(x,t) and p(x,t). PFinally



the dat of the age structure of the population at time t=o0 is
required to determine k(x,0). Note that any time t could be consi-
dered to be the starting point, that means time t=o0. For example,
1900 or any other calander year could be considered to be t=0. The
best choice of time t=0 is the smallest calander year of which birth

and death data are available.

If a,b, k(x,0), p(x,t) and m(x,t) are given, then one can find
G(t) from (3) and then equation (4) can be solved by the well known
method of picard successive approximations which is described very
well in Miller [ 3}. The second method of solution is given as
follows:

Since D > a, there exist a positive integer N> 1 such that

Na< b <(N 1) =
Now, for k = 1,2,3, «..o we define Bk(t) by
B (t) = B(t) for 0K t ka.
Then we have

Bq(t) = G(t) for 0< t<a

and for 0< t\< a
B, (%)

2ot s { t

GCC) = J B,(t-x) p(x,t-x) m(x,t)dx

ot : for ag t< 2a

for 2<k§ N, we have

B 1(®) for 0 { v (x-a
By (t)= %
G(t) +I B,_,(t-x) p(x,t-x) m(x,t)dx
a

for (k—1)a€ tg ka
and then
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By (£) forog ¢ sNa
t
Bra(t) =9 G(t) + By(t-x) p(x,t-x) u(x,t)dx

: :
for !a@ tgb

t :
I BN(t-x) p(x,t-x) m(x,t)dx for b £ -Q(nm)q.
a

Finally, for ;22 , we have:

Bﬂﬂt—‘l (€

f By epq (t-X) p(x,t-x) m(x,t)dx .
. for (N+m-1) a( t<
(F+m)a

Byin(t) =

These steps describe our second method of solution to the linear
Voltera integral equation which represent the mathematical model.
This method is not difficult to carry out if a, b, k(x,0), m(x,t)
and p(x,t) are given explicitly.
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