Al-Mustansiriyah Journal of Science
ISSN: 1814-635X (print), ISSN:2521-3520 (online)

Volume 32, Issue 3, 2021

DOI: http://doi.org/10.23851/mjs.v32i3.956

Differential Subordination and Superordination of Multivalent
Functions Involving Differential Operator

Huda F. Hussian*, Abdul Rahman S. Juma

Department of Mathematics, College of Education, University of Anbar, Ramadi, IRAQ

*Correspondent email: huda.fawziu@uoanbar.edu.ig

Articlelnfo ABSTRACT

In the present work, we derive some properties of subordination and superordination results

Received
25/03/2021

operator.

Accepted
07/04/2021

Published
20/06/2021

INTRODUCTION
Let H(U) be the class of holomorphic function in
the unit disk U ={z€C:|z| <1} and U =

{ZEC|Z| Sl},

and H[a, n]be the subclass of H(U)of the from

f(z) =a+a,z" +a, 12"+,
where a€(C, neNwith H,=H][0,1]and
H=H[11].Let A, be the class of all
holomorphic functions of the from

f(2) =2" + Xazpsr  apz", (z€U) (1.1)

in the unit disk U, for functions f given by (1.1)
and g defined by,

gz) =2z + ¥ 1 bz, (z€U)

then,

(f *9)(2) = 2P + ¥ilpr1anbnz™ = (g * f)(2),
is called the Hadamard product (convolution) of
fandg . Let f and Fbe members of H(U).

26

associated with the Hadamard product concept involving the composition of the differential
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Function f is Subordinate to function F or Fis
Superordinate to f, if there is Schwarz function
w holomorphic in U, with

w(0) = 0 and |w(z) | <1,(z€U), such that

f(z) = F(w(2)). Let refer the Subordination by
f(z)<F(z)or f <F.

Moreover, [1] if F isunivalentin U then,

f(2) < F(z) & f(0) = F(0) and f(U)
c F(U).
The method of differential subordinations or (the
admissible functions method) is firstly introduced
by Miller and Mocanu in [2]; the theory began to
evolve in [3]. For more details see [4]. Let
wand ' be sets in C, letm:C3xU—C
and 9 be univalent in U, if p is holomorphic in U
with p(0) = a with generalizations of inclusion
{n(p(2),2p'(2),2°p" (2))} c @ = p(U) < T,

and achieves the second-order differential

subordination

n(p(2),2p'(2),2°p" (2);2) < 9(2),(1.2)
then p is a solution of the differential
subordination. The univalent function g is a
dominant of the solution of the differential
subordination, this is, if p < g,V p achieved
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(1.2). A dominant g satisfying ¢ < q, for all
dominant (1.2), which is the best dominant of
(1.2).1f p and

I(p(2),zp'(2),z*p" (2); z) are univalent in
U and achieves the second-order differential
subordination

9(z) < n(p(2),2p'(2),2°p" (2); 2), (1.3)

then p is a solution of the differential
superordination. A holomorphic function q is
subordinant of the solutions of the differential
superordination this is, if g < p,V psatisfying
(1.3). A univalent subordination g'that achieve
<q ,v subordinations q of is the better
subordinat. From (1.3), we get

@ < {n(p(2),zp'(2), 2°p" (2); 2)}.
The differential operator 15, (8,1, u)f(z) which

has been defined by [5] and as

i) (f * 9)(2) =7 +
o <8+(u+/1)(n—p)+77>" .
Yin=p+1 apbyz

§+n
(1.4)
where &,7n,u and A having the same restrictions
that were debated before [6]. Moreover, we can
get many differential operators by direct
calculation. For more details see [7].
For x,a = 0, we get

Wi, 6,1, w5, 6, n W * 9)(2))
= P56, * 9)(2).
For (1.4), we get

2 (W, G (F + @) =

6
(3) W3 @m0 + 9)(@) -

[p - (z%)] (W5, 6.1 * 9)(2)).(1.5)

We provide the following definitions and lemmas,
which will help to prove our main results.

Definition 1.1.[3] Let Q the set of functions q

that are holomorphic and injective on % , Where

E(q) = {x € aU, q(z) = o0}, and are such that
q'(x) =0 for X€ —— .The subclass of Q for
which g(0) = a refers by Q(a).

Definition 1.2.[3] Let @wis a setin C,q(z) €Q

and n is a positive integer. The class of an
admissible functions IT,,[@, q] made up of those

27

functions m:C3xU —>C it achieves an
admissibility condition m(o,¢,7;2) € w, when

0 =q(z),¢ =yxq(z),
xq”(x)}

T
Re{1+—}2 Re{1+
Y Y q'(x)

and y =n,we then

where z € U, xe—

E(q)
I [w,q] = H[w,q].In specially, when q(z) =
Mz+a

M——, with M >0and |a|<M,then q(U) =

Uy = {w: lw| <M},q(@) =2,E(q) =
B and q €Q.

Leads toll,[w,M,a] = n[w,q], and specially,
when @ = Uy, the class is indicated by I7,,[M, a].
Definition 1.3.[4] Letw is a set in Cand q €

H[a,n] with q'(z) # 0.The class of admissible
functions I1'[w,q] made up of these functions
m:C3 x U — C this achieves the admissibility
condition

n(0,¢,7;x) € @,

zP'(2)

when o = q(2), ¢ == and

Re{t+5 < Re{1+ ZZ(S)} forz € U, x €

oU and j = n > 1. Leadstoll,[w,q] = I1

[@, q].

Lemma 1.4. [3] Letnw € II,[w, q] with ¢(0) =
a. If the holomorphic function

p(z) =a+ayz" +a, 12"+, (z€U)
This achieved the next inclusion
relationrt (p(2), zp' (2), z%p"' (2); z) € w, then

p(z) <q(z) (z€U).
Lemma 1.5. [4] Let & € I1,,[w, q] with g(0) =

a.lf p €Q (a)
and
n(p(2),2p'(2),z%p" (2); 2),

is univalent in U, then

@ < (p(2),2p'(2),2%p" (2); 2),
that means q(z) < p(2).

Some results of differential subordination and
superordination obtained in present work in [8] ad

[9].
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DIFFERENTIAL SUBORDINATION
RESULTS
Definition 2.1. Letwbe a set in C,q € Qy N
H[0,p]. The class of admissible functions
Bnl@,q] made up of those functions B:C3 X
U — C this achieves the admissibility condition

B(u,v,w,z;x) & w,

whenever

f a(O = yxq'(x) + [((5 ,1) p] q(x)

v

and

u+a u+a LR
Re{k iig)v_[(%)_p]u [(u+l) ”
> yR {1+x""(")}
q'(x)
forZEUxE A=>landy=p

( )’
Theorem 2.2. Let p € By[w,q]. If f € A, this

achieved

{B (W5, @0 * @), w:jﬁ(a 0w (f
s Q@Y En(f * 9257 )32
ev}cm @)
then
Vip (6, w(f * g)(2) < q(2).
Proof. Let g(z) € U define by

9(@) =93, (6,0, (f * 9)(2). (2.2)
Using the relation (1.5) with (2.2),

2 (#5600 + @) = (rg) w5 G0 * )2
+p- (D) 5,600 9@,
é
(=) wrn 6 0e |
= Z(ll)ﬁ,,((S nw)(f + g)) -
[p- ()]t 60 & - )

Y60+ 9)(2) == (W(&(?f% @)

u+Aa

K%) - P] Wi, 60,0 (f * 9)(2)

(5+r/)
u+a

we get

29'@ +|(354) - #] 9@
§+7n ’
(=)
(2.3)
Yot G * 9)(@) = Y @@, (f * 9)(2)

Wiy (6 w(f *g)(2)

() @+ |(EH)-r| @)
()
SR () =
20 +[ () -] 9
),

(u + /1) (w)z

u+a

Y G * )@ =

Zg'(Z)+[(5 1) | g

Yip? @ (f * 9)(2) = 2
5 @2[(350) 1] s+ (529) of o
(i43)
(2.4)
Define the transformation from C3to C by

s+ |(d) -r] 0

w(0,6,7) = 0,(0,5,7) = S
=
w(o,¢,7) ,
) 6
R I = [ L
(9

Let m(o,6,7,;2) = (v, w;2)
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stllepelo. welGe) vl s+l o )
= e - (2.6

o015 ) oo
Applying Lemma 1.4 using relation (2.2), (2.3)
and (2.4), from (2.6), we get

n(g(2),29'(2),2*g" (2); Z)
= B(W5, (6.0, W * 9) (@), Y53 (6. n,(f
* 9)(2), Y552 (8,1, m)(f
* g)(z),z). (2.7)

Therefore, from (2.1) we get

1(g(2),29'(2),z*g" (2);z) € w.(2.8)

() - [ -] »
()~ () ol

-2[(53) 7]

And since the admissibility condition for & €
IT,[@, q] and by using Lemma 1.4, we have

1+—

9(2) < q(2) or ¥i,(6,n,uw) (f * 9)(2) < q(2).
Theorem 2.3. Letp € B,[9, q] withq(0) = 1. If
f € A, this achieved

B, w(f * 9@, Yi3 (6,m,w(f
* 9)(2), 1/)"“(5 n, 1) (f
* g)(z),z) <9(2),(2.9)

then

Vi, (6 w(f *g9)(2) < q(z). (z€U)
The next is a stretching of Theorem 2.2 to the case
where the conduct of g(z) ondU is unknown.

Corollary2.4. Let w € C and q(z) be univalent in
U with q(0) = 1.Let B € B,[w, qp] and p €
(0,1), where q,(z) = q(pz).1f f € A, and

BWx, 6,1, w(f * 9)(@), Yy (6,m, w(f
* g)(2), IIJK+2(5 n,w(f
xg)(2);z) €@,

then
Vi, 6m 1) (f * 9)(2) < q(2).

29

Proof. By Theorem 2.2, we get ¥ ,,(8,n, 1) (f *

9)(z) < q(pz). From the subordination relation
we deduced the following conclusion

4p(2) < q(2).
Theorem 2.5. Let 9(z) and q(z) be univalent in
U,with q(0) =1and setq,(z) = q(pz) and
9,(2) = 9(pz).Let B:C*xU — C it suffices
achieve either 1 or 2 of the following conditions:

i. B € By[9,q,], p€(01).

i.3py€(0,1) such that BE€ Bn[19 ,qp],Vp €
(po, ). If f € Ap this achieved (2.9), then

Vip (@ (f * 9)(2) < q(2).

Proof. (1). Applying Theorem 2.2, we get
Vi, (6w * g)(2) < q,(2),since

qp(z) < q(z),  we deduce 3,(8,n1)(f *
9)(2) < q(2).

(2). Ifwelet g,(2) = ¥3,(8,n,W(f = g),(2)
= Y3, 6, nW(f * g)(pz) = g(p2),
Then,
B (9,(2).29,(2). 229, (2), pz)
= B(9(p2), 29 (pz), 7% g’ (pz); pz)
€ 9,(U).
By using Theorem 2.2 with (2.8) where w(z) =
pzis any mapping U in toU, we get g,(z) <
q,(z) for p € (py,1). Thus as p — 17,t0 have
9(2) < q(2).

Hence, 5, (8,1, W (f = g)(2) < q(2).
In get the better dominant from the differential

subordination, we have deduced the following
conclusion (2.9).

Theorem 2.6. Let 9(z) be univalent in U and

B:C3x U — C.Assume that the differential
equation
er @ 1) e O+ (22)] o)
/),(q(z) [E; /] (- ]M E)-] o
HHA (MM)

=9(2), (2.10)
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has solution g(z) with q(0) = 0and it suffices
that one of the following conditions is achieved

(1) q(2) € Qo and B € B[, ql.

(2) q(z) is univalent in
Bu[9,4,].p € (0,1),

(3) q(2) is univalent in U and 3 p, € (0,1)
such that B € B,[9,,q,], vp

(po,1). If f €A, this achieved (2.9),

then ¥, (f * 9)(2) < q(z) and q(z) is the
best dominant.

Uand B €

Proof. By applying Theorem 2.3 and 2.5, we
deduce that q(z) is a dominant of (2.9). Since
q(z) this achieved (2.10), thus, it will be
dominated by all dominants of (2.9), because it is
a solution of (2.9).

Thus, g(z) is the better dominant of (2.9). In
special case q(z) = Mz,M >0, and using the
Definition 1.2, a class of admissible function
B, [w,q] means by B, [w, M] is described below.

Definition 2.7. Let @ be a set in C,Re{m} >
0,A=>1and M > 0.the class of admissible
functions B, [w, M] made up of those functions
f:C3 x U — Cthat achieve the admissibility
condition:

o 7)1 v [(22)-plo] (322) -] e
,8 Mela,y u+§+n ) — /4+/1 iz
( (,u+l) (;4+Z)
¢w, (2.11)
whenever 8 € R,R(Le'?) = y(y — DM,

y=>land z€U.
Corollary 2.8. Let p € B,[w, M]. If f € A, this

achieved the next inclusion relationship

BW5, G w(f * g)(@), Y5t (6,m,m(f
* 9@, Wi S, nw(f * 9)(2);2)

€ w,
then

Vip(&,n,1(f * 9)(2) < Mz.
In specially @ = q(U) = {o: || < M}, the class

B, [w, M] is indicated by B,,[M].

Corollary 29. Letf € By[M].If f €A, this
achieved

|8 (5, (f * D@, W5 6 m 1 (f
* D@, Y5 G (f
c@sz) | <M,

then

Wi (B (f + 9@ | < M.
Theorem 2.10. Letp € B,lw,ql. If f€

Ap, i, (6,11 (f * 9)(2) € Qo and
B(WE,(8,n, W (f * 9) (@), Yt S, n, W
* g)(2), 1/;/.'{;2(5 n,w(f
xg)(2);2)

is univalent in U, then

@ B (V6D * @Y G mu(f

D@ Wyl G * 93z ),
2.12)
means,

q(2) < Y3,(6,n,1(f * g)(2).(z € U)
Proof. By using (2.7) and (2.12), we get

w cn(g(2),29'(2),2*9"(2);2), (z€U)
From (2.5), a condition of admissibility for
B € B'[w, qlis equivalent to a condition of
admissibility for =, and this is what we deduced
from above by Definition 1.3.

Therefore, by Lemma 1.5 we get
q(z) < g(z) or q(z)
< Yip 6, * g)(2).(z € V)
Theorem 2.11. Let 9(z) is holomorphic on U

and 8 € By[9,q]. If f € A,

P 60 (f * 9)(2) € Qand :C3x U —C
with
B, 6,0, * @) (@), iy (6,m,W(f
* 9)(2), Y352 (6,m,m)(f
x9)(2);2)

is univalent in U, then
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9(2) < B (w5, (60 * ), P53 (6,n 0(f
NGRS CEINIG

9)(2);z ), (213)
implies

q(2) < Y3, (6,1, W * g)(2).
Proof. Using relation (2.13), we get

9(2) = @ < p (w5, (6.n0(f
D@ P5 S m w0 (f
D@D G (f * 9) (@27 ),

and from Theorem 2.10, we obtain

q(2) < Y, (6,n, WS * 9)(2).
The following sandwich type Theorem by
gathering Theorem 2.10, and 2.11.
Theorem 2.12. Let Y;(z) and gq;(z) be
holomorphic functions in U, 9,(z) be univalent
function in U, g,(z) € Q, with gq,(0) = q,(0) =
Oand B € B,[9,,q.] N By[91, q1]If
f € Ap, W, (8,1, )(f * 9)(2) € Qo N HIO, p]

and
BWE, 6, n, W * 9@, i3 (6,nw(f
* 9)(2), Y552 (8,m,m)(f
xg)(2);z)

is univalent in U, then

91(2) < B (W5, (8,11 (F * 9D, Wy (S0, m)(f »
D@DW G * 9)(2)i 2 ) < 92(2),

implies,
q1(2) < Y3, (8, n,1(f * 9)(2) < q2(2).

CONCLUSIONS

In this article we concluded that in this case of
applying the differential operator for multivalent
function using some properties of subordination
and superordination results associated with the

31

Hadamard product concept involving composition
of the differential operator with remains
preserving its geometric properties and to obtain
results inside the unit disk.
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