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 الخلاصة

ن  ي فضاء الوزن ودراسة العلاقة بي 
ن
ي هذا البحث تم دراسة خواص التقريب للدوال بواسطة متعددات الحدود المثلثية ف

ن
ف

ن درجة افضل تقريب للدوال مع درجة  مقياس النعومة لمشتقات الدوال مع الدوال نفسها وكذلك تم برهنة العلاقة بي 
 تقريب لمشتقات متعددات الحدود. افضل 

INTRODUCTION 
Let 𝑋 = [ 0, 2𝜋] be a closed interval, for 𝛼 ∈
𝑊,let  𝛼 ∶ 𝑋 → [ 0, ∞ )  be   locally integrable and 

almost everywhere positive where W is weighted 

space.  𝐿𝑝,𝛼(𝑋) be the space of all unbounded 

functions, 1 ≤ 𝑝 < ∞ with norm of this function 

defined by: 

‖ 𝑓‖
𝑝,𝛼

= (∫
𝑋

|𝑓(𝑥). 𝛼(𝑥)|𝑝𝑑𝑥)

1

𝑝
 < ∞. 

Weighted spaces, introduced by G. Lorentz in the 

1950 s . see [2] , [5] and [11] .  

Let 𝑘 ∈ 𝑍+ and 𝑓 ∈  𝐿𝑝,𝛼(𝑋),  𝑥 , ℎ ∈ 𝑅 , and we 

define the symmetric difference by the following:  

∆ℎ
𝑘𝑓( 𝑥) = ∑𝑘

𝑗=0 (−1)𝑗 (
𝑘

𝑗
)  𝑓(𝑥 + (𝑘 − 𝑗)ℎ), 

where (
𝑘

𝑗
) =

𝑘(𝑘−1)…..(𝑘−𝑗+1)

𝑗!
  , 𝑗 > 1 . 

Let  1 ≤ 𝑝 < ∞  , 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) ,we put  

𝜓𝛿
𝑘𝑓(𝑥) =

1

𝛿
 ∫

𝛿

0
| ∆ℎ

𝑘𝑓( 𝑥)| 𝑑𝑥. 

If  𝑓 ∈  𝐿𝑝,𝛼(𝑋), then according to [4] the Hardy-

Littlewood maximal function is unbounded in 

𝐿𝑝,𝛼(𝑋) . Then we have  

‖ 𝜓𝛿
𝑘𝑓‖𝑝,𝛼 ≤ 𝐶 ‖𝑓‖𝑝,𝛼  < ∞ , where 𝐶 > 0. 

Let  𝑓 ∈  𝐿𝑝,𝛼(𝑋) , 1 ≤ 𝑝 < ∞ , 𝑘 ∈ 𝑍+  the 

modulus of smoothness 𝜔𝑘( 𝑓, 𝛿)𝑝,𝛼 is define by 

𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 = 𝑠𝑢𝑝|ℎ|≤𝛿‖∆ℎ 
𝑘 𝑓(𝑥)‖𝑝,𝛼    ,   𝛿 > 0 

and have the following properties [3] 

𝜔𝑘( 𝑓1 + 𝑓2 , 𝛿)𝑝,𝛼 ≤ 𝜔𝑘( 𝑓1, 𝛿)𝑝,𝛼 + 𝜔𝑘( 𝑓2, 𝛿)𝑝,𝛼 

with  𝜔𝑘( 𝑓, 𝛿)𝑝,𝛼 = 0 . 

For ∈  𝐿𝑝,𝛼(𝑋) , we define the 𝑟-th derivative of f  

as function   𝑓(𝑟) ∈  𝐿𝑝,𝛼(𝑋)  satisfying  

      ‖
 ∆ℎ

𝑘( 𝑓)

ℎ𝑘
− 𝑓(𝑟) ‖𝑝,𝛼 = 0     ( 1.1 )  

Let  
𝑎0

 2
+ ∑∞

𝑤=1 𝜇𝑤( 𝑓, 𝑥)                          (1.2)    

𝑤ℎ𝑒𝑟𝑒  𝜇𝑤( 𝑓, 𝑥) = 𝑎𝑤( 𝑓) 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑤𝑥 + 𝑏𝑤( 𝑓)
𝑠𝑖𝑛 𝑠𝑖𝑛 𝑤𝑥     be the Fourier series of the 

functions in  𝐿𝑝,𝛼(𝑋) . The  n-th partial sums , and 

de la Vallee-Poussin sum of the series (1) are 

defined , respectively , as 

𝑆𝑛( 𝑓) =
𝑎0

 2
+ ∑

∞

𝑤=1

𝜇𝑤( 𝑓, 𝑥) . 𝛼(𝑥)               

𝑉𝑛( 𝑓) =
1

 𝑛
 ∑

2𝑛−1

𝑖=1

𝑆𝑖( 𝑓)                

Here denote by 𝐸𝑛( 𝑓)𝑝,𝛼 ( 𝑛 = 0,1, … ) the 

degree of best approximation of 𝑓 ∈  𝐿𝑝,𝛼(𝑋) by 
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trigonometric polynomials of degree less than n , 

i.e., 

𝐸𝑛( 𝑓)𝑝,𝛼 =𝑖𝑛𝑓 𝑖𝑛𝑓  {‖𝑓 − 𝑡𝑛‖𝑝,𝛼  ,   𝑡𝑛 ∈ 𝐻𝑛  } , 

where 𝐻𝑛 denotes the class of trigonometric 

polynomials of degree n 

The problems of approximation theory in the 

weighted and non-weighted space have been 

investigated in [1] and [6] weight respectively. 

The approximation problems by trigonometric 

polynomials in different spaces have been 

investigated by several authors see, for example, 

[3],[7],[8] and [9]. 

In this work we study the approximation problems 

of unbounded functions by trigonometric 

polynomials in the weighted space 𝐿𝑝,𝛼(𝑋). 

Relations between modulus of smoothness of the 

derivatives of a function and those of the function 

itself are investigated. We also prove a theorem on 

the relationship between derivatives of a 

polynomial of best approximation and the best 

approximation of the function in the weighted 

space 𝐿𝑝,𝛼(𝑋). In addition, in the weighted space 

𝐿𝑝,𝛼(𝑋) relationship between modulus of 

smoothness of the function and its de la Vallee-

Poussin sums studied. 

AUXILIARY RESULTS 
In this section we will prove some of the auxiliary 

results that we needed in proving the main results.  

Lemma 1 [9]: Let  1 ≤ 𝑝 < ∞  , 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) and 

𝑘 = 1,2, …  then there exists a constant 𝑐 > 0 

depending on 𝑘 , 𝑝 such that  

𝐸𝑛( 𝑓)𝑝,𝛼 ≤ 𝑐 𝜔𝑘 (𝑓 ,
1

𝑛
 )

𝑝,𝛼
 

holds where  𝑛 = 0 , 1 , 2 , …. 
Lemma 2: Let  1 ≤ 𝑝 < ∞  , 𝑘 ∈ 𝑍+ . If  𝑇𝑛 ∈
𝐻𝑛 , 𝑛 ≥ 1, then there exists a constant 𝑐 > 0 

depending on 𝑘 , 𝑝 such that  

‖𝑇𝑛
(𝑘)

‖𝑝,𝛼 ≤ 𝑐 𝑛𝑘‖𝑇𝑛‖𝑝,𝛼  

Proof: since 1 ≤ 𝑝 < ∞  ,we have in [12]  

               ‖𝑆𝑛( 𝑓)‖𝑝,𝛼 ≤ 𝑐‖𝑓‖𝑝,𝛼 , 

‖𝑓‖𝑝,𝛼 ≤ 𝑐‖𝑓‖𝑝,𝛼 
Now,  we obtain the request result 

Lemma 3: Let  1 ≤ 𝑝 < ∞  , 𝑘 ∈ 𝑍+ . If  𝑇𝑛 ∈
𝐻𝑛 , 𝑛 ≥ 1, then there exists a constant 𝑐 > 0 

depending on 𝑘 , 𝑝 such that  

𝜔𝑘( 𝑇𝑛, ℎ)𝑝,𝛼 ≤ 𝑐 ℎ𝑘‖𝑇𝑛
(𝑘)

‖𝑝,𝛼  , 0 < ℎ ≤ 𝜋 
Proof: Since 

                         

∆𝑡
𝑘𝑇𝑛 (𝑥 −

𝑘∗

2
𝑡) = ∑𝑣∈𝑍𝑛

(2𝑖 𝑠𝑖𝑛
𝑡

2
𝑣)

𝑘

𝑐𝑣𝑒𝑖𝑣𝑥, 

see [8], 

∆𝑡
𝑘∗

𝑇𝑛
(𝑘−𝑘∗)

(𝑥 −
𝑘∗

2
𝑡)

= ∑

𝑣∈𝑍𝑛

(2𝑖 𝑠𝑖𝑛
𝑡

2
𝑣)

𝑘∗

(𝑖𝑣)𝑘−𝑘∗
𝑐𝑣𝑒𝑖𝑣𝑥 

with 

𝑍𝑛 = {±1 , ±2 , ±3 , … } , 𝑘∗ ≡
𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑘  , putting  

𝜑(𝑧) = (2𝑖 𝑠𝑖𝑛
𝑡

2
𝑣)

𝑘∗

(𝑖𝑧)𝑘−𝑘∗
 , 𝑔(𝑧)

= ( 
2

𝑧
 𝑠𝑖𝑛

𝑡

2
𝑣)

𝑘−𝑘∗

, 

                                                                        

−𝑛 ≤ 𝑧 ≤ 𝑛 , 𝑔(0) = 𝑡𝑘−𝑘∗
  

 

We get 

∆𝑡
𝑘∗

𝑇𝑛
(𝑘−𝑘∗)

(𝑥 −
𝑘∗

2
𝑡) = ∑

𝑣∈𝑍𝑛

𝜑(𝑣)𝑐𝑣𝑒𝑖𝑣𝑥,

∆𝑡
𝑘𝑇𝑛 (𝑥 −

𝑘∗

2
𝑡)

= ∑

𝑣∈𝑍𝑛

𝜑(𝑣)𝑔(𝑣)𝑐𝑣𝑒𝑖𝑣𝑥 

Taking into account that 

𝑔(𝑧) = ∑

∞

𝑟=−∞

𝑑𝑟𝑒
𝑖𝑟𝜋𝑧

𝑛  

 

Uniformly in [ −𝑛 , 𝑛 ] , with 

𝑑0 > 0 , (−1)𝑟+1𝑑𝑟 ≥ 0 , 𝑑−𝑟 = 𝑑𝑟(𝑟 = 1,2, … ) 
we have 

∆𝑡
𝑘𝑇𝑛( 𝑥) = ∑∞

𝑟=−∞ 𝑑𝑟∆𝑡
𝑘∗

𝑇𝑛
(𝑘−𝑘∗)

 (𝑥 +
𝑟𝜋

𝑛
+

𝑘−𝑘∗

2
𝑡) 

Consequently, we get ‖
1

𝛿
∫

𝛿

0
|∆𝑡

𝑘𝑇𝑛( . )|𝑑𝑡‖𝑝,𝛼 = 

 

‖
1

𝛿
∫

𝛿

0

| ∑

∞

𝑟=−∞

𝑑𝑟∆𝑡
[𝑘]

𝑇𝑛
(𝑘−𝑘∗)

 (. +
𝑟𝜋

𝑛

+
𝑘 − 𝑘∗

2
𝑡)| 𝑑𝑡‖𝑝,𝛼  

≤ ∑

∞

𝑟=−∞

|𝑑𝑟|‖
1

𝛿
∫

𝛿

0

|∆𝑡
𝑘∗

𝑇𝑛
(𝑘−𝑘∗)

 (. +
𝑟𝜋

𝑛

+
𝑘 − 𝑘∗

2
𝑡)| 𝑑𝑡‖𝑝,𝛼  
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Since , ∆𝑡
𝑘∗

𝑇𝑛
(𝑘−𝑘∗)( 𝑥) = ∫

𝑡

0
𝑇𝑛

(𝑘)( 𝑥 + 𝑡 )𝑑𝑡 

  

We find, 

𝜔𝑘( 𝑇𝑛, ℎ)𝑝,𝛼

≤ ∑

∞

𝑟=−∞

|𝑑𝑟|‖
1

𝛿
∫

𝛿

0

|∆𝑡
𝑘∗

𝑇𝑛
(𝑘−𝑘∗)

 (. +
𝑟𝜋

𝑛

+
𝑘 − 𝑘∗

2
𝑡)| 𝑑𝑡‖𝑝,𝛼  

= 𝑠𝑢𝑝|𝛿|≤ℎ ∑

∞

𝑟=−∞

|𝑑𝑟|‖
1

𝛿
∫

𝛿

0

| ∫
𝑡

0

𝑇𝑛
(𝑘)

(. +
𝑟𝜋

𝑛

+
𝑘 − 𝑘∗

2
𝑡)| 𝑑𝑡‖𝑝,𝛼 

≤ ℎ𝑘∗
𝑠𝑢𝑝|𝛿|≤ℎ ∑

∞

𝑟=−∞

|𝑑𝑟|‖
1

𝛿
∫

𝛿

0

| 𝑇𝑛
(𝑘)

(. +
𝑟𝜋

𝑛

+
𝑘 − 𝑘∗

2
𝑡)| 𝑑𝑡‖𝑝,𝛼 

 

≤ 𝑐ℎ𝑘∗
𝑠𝑢𝑝|𝛿|≤ℎ ∑

∞

𝑟=−∞

|𝑑𝑟|‖
1

𝛿
∫

𝛿

0

| 𝑇𝑛
(𝑘)

(. +
𝑟𝜋

𝑛

+
𝑘 − 𝑘∗

2
𝑡)| 𝑑𝑡‖𝑝,𝛼 

≤

𝑐ℎ𝑘∗

𝑠𝑢𝑝|𝛿|≤ℎ
∑∞

𝑟=−∞ |𝑑𝑟|‖
1

𝑘−𝑘∗

2
𝛿

 ∫
.+

𝑟𝜋

𝑛
+

𝑘−𝑘
∗

2
𝛿

.+
𝑟𝜋

𝑛

| 𝑇𝑛
(𝑘)(𝑢)|𝑑𝑢‖𝑝,𝛼  

On the other hand 

 ∑∞
𝑟=−∞ |𝑑𝑟| < 2𝑔(0) = 2𝑡𝑘−𝑘∗

     , 0 < 𝑡 ≤ 𝜋 

And for 0 < 𝑡 < 𝛿 < ℎ ≤ 𝜋  ,we have 

 

∑

∞

𝑟=−∞

|𝑑𝑟| < 2𝑔(0) = 2ℎ𝑘−𝑘∗
 

Therefore, 𝜔𝑘( 𝑇𝑛, ℎ)𝑝,𝛼 ≤ 𝑐 ℎ𝑘‖𝑇𝑛
(𝑘)

‖𝑝,𝛼 

MAIN RESULTS 
In this section we will prove some of the main 

results. 

Theorem 1: Let  1 ≤ 𝑝 < ∞  , 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) and 

𝑇𝑛 be a trigonometric polynomial of degree n 

satisfying the following conditions: 

‖ 𝑓 − 𝑡𝑛‖𝑝,𝛼 = 𝑜 (
1

𝑛
)  and ‖ 𝑔 − 𝑡𝑛

′ ‖𝑝,𝛼 =

𝑜 (
1

𝑛
)    , 𝑛 → ∞ , then we obtain 𝑓′ = 𝑔 . 

Proof: Take > 0 . We choose a natural number 

𝑛0 = 𝑛0(𝜖) such that for  𝑛 ≥ 𝑛0 

‖ 𝑓 − 𝑡𝑛‖𝑝,𝛼 ≤ 𝜖. (
1

𝑛
)   ,   ‖ 𝑓′ − 𝑡𝑛

′ ‖𝑝,𝛼 

                                ≤ 𝜖                                    (3.1) 

Taking account of ( 3.1) for  h satisfying the 

condition 
√𝜖

𝑛
≤ ℎ ≤

1

𝑛
 we obtain ‖ 

𝑓( .  + ℎ )−𝑓( .  )

ℎ
−

𝑡𝑛( .  + ℎ )−𝑡𝑛( .  )

ℎ
‖𝑝,𝛼 ≤ 2

𝑝

2 (3.2)  

Thus, we have  

 

∆ℎ
𝑟  𝑡𝑛(𝑥) = ∑

𝑟

𝑖=0

(
𝑟

𝑖
) (−1)𝑖 𝑡𝑛 (𝑥 + (

𝑟

2
− 𝑖) ℎ) 

=  ∑

∞

𝑗=𝑟

 ∑

𝑟

𝑖=0

(
𝑟

𝑖
) (−1)𝑖 (

𝑟

2
− 𝑖)

𝑗

 
ℎ𝑗

𝑗!
 𝑡𝑛

( 𝑗)
(𝑥) 

= ℎ𝑟𝑡𝑛
( 𝑟)(𝑥)

+ ∑

∞

𝑗=𝑟+1

𝜂 (𝑟 , 𝑗 )𝑗−𝑟 𝑡𝑛
( 𝑗)

(𝑥),                       ( 3.3 ) 

where 
−𝑟

2
<  𝜂(𝑟, 𝑗) <

𝑟

2
  and 𝜂(𝑟, 𝑗) = 0  𝑖𝑓  𝑗 − 𝑟 

is odd . Then using (3.3) and lemma 2 for 
√𝜖

𝑛
≤ ℎ ≤

2√𝜖

𝑛
 we find that  

‖ 
𝑡𝑛( .  + ℎ ) − 𝑡𝑛( .  )

ℎ
− 𝑡𝑛

′ ( . )‖𝑝,𝛼

≤ ∑

∞

𝑚=2

(
ℎ𝑚−1

𝑚!
)

𝑝

 ‖𝑡𝑛
( 𝑚)

‖𝑝,𝛼 

≤  ∑

∞

𝑚=2

( ℎ𝑛 )(𝑚−1)𝑝‖𝑡𝑛‖𝑝,𝛼

≤ 4 (
𝜖

1 − 2𝑝𝜖
𝑝
2

) ‖𝑡𝑛‖𝑝,𝛼

≤ 𝑐𝜖𝑝 ‖𝑡𝑛‖𝑝,𝛼                       (3.4) 

Using (3.2), (3.4) and (3.1) for  
√𝜖

𝑛
≤ ℎ ≤

2√𝜖

𝑛
  we 

reach  

‖ 
𝑓( .  + ℎ ) − 𝑓( .  )

ℎ
− 𝑓′‖𝑝,𝛼

≤ ‖ 
𝑓( .  + ℎ ) − 𝑓( .  )

ℎ

−
𝑡𝑛( .  + ℎ ) − 𝑡𝑛( .  )

ℎ
‖𝑝,𝛼

+ ‖ 
𝑡𝑛( .  + ℎ ) − 𝑡𝑛( .  )

ℎ
− 𝑡𝑛

′ ( . )‖𝑝,𝛼 + ‖ 𝑡𝑛
′ − 𝑓′ ‖𝑝,𝛼 

≤ 𝑐  (𝜖
𝑝
2 + 𝜖𝑝‖ 𝑓 ‖𝑝,𝛼 + 𝜖𝑝) 

Then the proof of theorem is complete. 

 

Theorem 2: Let 1 ≤ 𝑝 < ∞ . Then for a given 

𝑓 ∈ 𝐿𝑝,𝛼(𝑋) and integer       k , r satisfying 𝑘 > 𝑟 

we have  
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𝜔𝑘−𝑟  (𝑓(𝑟), 𝑡)
𝑝,𝛼

≤ 𝑐 {∫
𝑡

0

𝜔𝑘( 𝑓,𝑢)𝑝,𝛼
𝑠

𝑢𝑠𝑟+1  𝑑𝑢}

1

𝑠
, 

where 𝑐 > 0. 

Proof: The function 𝜔𝑚( 𝐹, 𝑡)𝑝,𝛼 non-decreasing 

and according to reference [10] the following 

inequality holds  

     𝜔𝑘( 𝐹, 2𝑡)𝑝,𝛼 ≤ 𝑐𝜔𝑘( 𝐹, 2𝑡)𝑝,𝛼              (3.5) 

It is sufficient to prove theorem for = 2−𝑛 , then 

using of (3.5) we obtain  

{ ∫
2−𝑛

0

𝜔𝑘( 𝑓, 𝑢)𝑝,𝛼
𝑠

𝑢𝑠𝑟+1
 𝑑𝑢}

1
𝑠

=  { ∑

∞

𝑣=𝑛

2𝑣𝑠𝑟𝜔𝑘( 𝑓, 2−𝑣)𝑝,𝛼
𝑠 }

1
𝑠

 

 

 

Therefore, for all n it is sufficient to prove the 

following inequality: 

𝜔𝑘−𝑟( 𝑓(𝑟), 2−𝑛)𝑝,𝛼  ≤

 { ∑∞
𝑣=𝑛 2𝑣𝑠𝑟𝜔𝑘( 𝑓, 2−𝑣)𝑝,𝛼

𝑠 }
1

𝑠                        ( 3.6 ) 

For any trigonometric polynomial 𝑄𝑛 of degree n 

and 𝐺 ∈ 𝐿𝑝,𝛼(𝑋) we obtain  

𝜔𝑘 ( 𝐺,
1

𝑛
 )

𝑝,𝛼
 

≤ 𝑐 (‖𝐺 − 𝑄𝑛‖𝑝,𝛼

+ 𝑛−𝑘‖𝑄𝑛
(𝑘)

‖𝑝,𝛼)                                       ( 3.7 ) 

Therefore, we aim to find 𝑄2𝑛 of degree 2𝑛 such 

that both ‖𝑓(𝑟) − 𝑄2𝑛‖𝑝,𝛼 and 

2−𝑛(𝑘−𝑟)‖𝑄2𝑛
(𝑘−𝑟)

‖𝑝,𝛼 are bounded by the right-

hand side of inequality (3.6) 

Let  𝑡𝑛 ∈ 𝑇𝑛 , 𝑤ℎ𝑒𝑟𝑒  𝑛 = 0,1,2, ….  be the 

trigonometric polynomial of best approximation to  

𝑓 ∈ 𝐿𝑝,𝛼(𝑋)  .  

It is known that the set of trigonometric 

polynomials is dense in 𝐿𝑝,𝛼(𝑋) , 

then we have ‖𝑓 − 𝑡2𝑣‖𝑝,𝛼 → 0  𝑎𝑠 𝑣 → ∞  

Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) has the Fourier series  

𝑓( 𝑥) =
𝑎0

2
+ ∑

∞

𝑤=1

(𝑎𝑘 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑤𝑥 + 𝑏𝑤

𝑠𝑖𝑛 𝑠𝑖𝑛 𝑤𝑥  ) = ∑

∞

𝑤=0

𝐴𝑤( 𝑓) 

We define trigonometric polynomial 𝑣𝑁𝑓  as 

𝑣𝑁𝑓 = ∑

∞

𝑤=0

𝑣 (
𝑤

𝑁
) 𝐴𝑤( 𝑓) 

 

where 𝑣 ∈ 𝐶∞[0, ∞), 𝑣(𝑥) = 1  𝑓𝑜𝑟  𝑥 ≤
1  𝑎𝑛𝑑  𝑣(𝑥) = 0  𝑓𝑜𝑟  𝑥 ≥ 1   

Note that trigonometric polynomial 𝑣𝑁𝑓 has the 

following properties: 

1) 𝑣𝑁𝑓 is a trigonometric polynomial of 

degree smaller than N  

2) If 𝑔 is a trigonometric polynomial of 

degree 
𝑛

2
 , then 𝑣𝑁𝑔 = 𝑔 

3) ‖𝑣𝑁𝑓‖𝑝,𝛼 ≤ 𝑐 ‖𝑓‖𝑝,𝛼  

Thus, we have  

 ‖𝑣𝑁𝑓 − 𝑓‖𝑝,𝛼 ≤ 𝑐 𝐸𝑁

2

( 𝑓)𝑝,𝛼 

where 𝐸𝑘( 𝑓)𝑝,𝛼 is the best approximation of 

𝑓 ∈ 𝐿𝑝,𝛼(𝑋) trigonometric polynomials of degree 

less than k . 

We now choose the 𝑄𝑛 of (3.7) for 𝐺 = 𝑓(𝑟) to be 

(𝑣𝑛𝑓)(𝑟) 

It is Cleary that  ‖𝑓 − 𝑣𝑛𝑓‖𝑝,𝛼 = 𝑜(1) 𝑎𝑠 𝑛 → ∞. 

The following identity holds : 

𝑣2𝑤𝑓 − 𝑣2𝑛𝑓 = ∑

𝑤−1

𝑚=𝑛

(𝑣2𝑚+1𝑓 − 𝑣2𝑚𝑓)

≡ ∑

𝑤−1

𝑚=𝑛

𝜆𝑚𝑓 

then  

(𝑣2𝑤𝑓)(𝑟) − (𝑣2𝑛𝑓)(𝑟) = ∑𝑤−1
𝑚=𝑛 (𝜆𝑚𝑓)(𝑟), 

we have in weighted spaces 𝐿𝑝,𝛼(𝑋)  

𝑐 ‖ (𝑣2𝑤𝑓)(𝑟) − (𝑣2𝑛𝑓)(𝑟)‖𝑝,𝛼  

≤  ‖ ( ∑

𝑤−1

𝑚=𝑛

{(𝜆𝑚𝑓)(𝑟)}
2

)

1
2

‖𝑝,𝛼 

           

≤ 𝑐‖ (𝑣2𝑤𝑓)(𝑟)

− (𝑣2𝑛𝑓)(𝑟)‖𝑝,𝛼            ,                      ( 3.8 ) 
we get 

 

‖ ( ∑

𝑤−1

𝑚=𝑛

{(𝜆𝑚𝑓)(𝑟)}
2

)

1
2

‖𝑝,𝛼

≤  ( ∑

𝑤−1

𝑚=𝑛

‖ (𝜆𝑚𝑓)(𝑟)‖𝑝,𝛼
2 )

1
2

                        ( 3.9 ) 

note that 𝑣𝑛𝑓 is the near best approximation to f in 

𝐿𝑝,𝛼(𝑋), we reach the following equivalence 

𝜔𝑘 ( 𝑓,
1

𝑛
 )

𝑝,𝛼

= ‖ 𝑓 − 𝑣𝑛𝑓‖𝑝,𝛼           

+ 𝑛−𝑘 ‖ (𝑣𝑛𝑓)(𝑘)‖𝑝,𝛼                             ( 3.10) 
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From (3.8), (3.10) and lemma 2 we conclude that  

‖ (𝑣2𝑤𝑓)(𝑟) − (𝑣2𝑛𝑓)(𝑟)‖𝑝,𝛼

≤ 𝑐 (∑

𝑤−1

𝑖=𝑛

2𝑚𝑟𝑠‖(𝜆𝑚𝑓)‖𝑝,𝛼
𝑠 )

1
𝑠

 

≤  𝑐 ( ∑

𝑤−1

𝑚=𝑛

2𝑚𝑟𝑠𝜔𝑘( 𝑓, 2−𝑚)𝑝,𝛼
𝑠 )

1
𝑠

 

where c independent of  𝑚  , 𝑘 𝑎𝑛𝑑 𝑓. 

Use of  𝑄2𝑛 = 𝑣2𝑛𝑓 and (3.10) gives us 

2−𝑛(𝑘−𝑟)‖((𝑣2𝑛𝑓)(𝑟))
(𝑘−𝑟)

‖𝑝,𝛼

= 2−𝑛(𝑘−𝑟)‖(𝑣2𝑛𝑓)(𝑘)‖𝑝,𝛼 

≤ 2𝑛𝑟  𝜔𝑘( 𝑓, 2−𝑛)𝑝,𝛼 ≤

 𝑐  (∑∞
𝑚=𝑛 2𝑚𝑟𝑠𝜔𝑘( 𝑓, 2−𝑚)𝑝,𝛼

𝑠 )
1

𝑠   . 
Hence, the proof of theorem 2 is completed. 

 

Theorem 3: Let 1 ≤ 𝑝 < ∞ , 𝑓  ∈  𝐿𝑝,𝛼(𝑋) ,

𝑘 , 𝑟 ∈ 𝑍+, ( 𝑘 > 𝑟 > 0 )    and let 𝑡𝑛( 𝑓) ∈ 𝑇𝑛 be 

the polynomial of best approximation to f  in 

𝐿𝑝,𝛼(𝑋) in order that  ‖𝑡𝑛
(𝑘)

( 𝑓)‖𝑝,𝛼 = 𝑂(𝑛𝑘−𝑟 ), it 

is necessary and sufficient that   
𝐸𝑛( 𝑓)𝑝,𝛼 = 𝑂(𝑛−𝑟) 

Proof: Suppose that                                                                              

      𝐸𝑛( 𝑓)𝑝,𝛼 = ‖ 𝑓 − 𝑡𝑛( 𝑓)‖𝑝,𝛼 =

𝑂(𝑛−𝑟) ,           𝑟 > 0                                ( 3.11 ) 

Taking into account lemma 2  and the relations ( 

3.11) we obtain  

‖𝑡𝑛
(𝑘)( 𝑓)‖𝑝,𝛼 ≤ 𝑐 𝑛𝑘 ‖ 𝑡𝑛( 𝑓)‖𝑝,𝛼

≤ 𝑛𝑘 ‖ 𝑓 − 𝑡𝑛( 𝑓)‖𝑝,𝛼

+ ‖ 𝑡𝑛( 𝑓)‖𝑝,𝛼 

                                ≤ 𝑐 𝑛𝑘−𝑟 
Now we suppose that 

    ‖𝑡𝑛
(𝑘)( 𝑓)‖𝑝,𝛼 = 𝑂(𝑛𝑘−𝑟)                   (3.12) 

using lemma 1 and lemma 3 we get 

‖𝑡2𝑛( 𝑓) − 𝑡𝑛(𝑡2𝑛( 𝑓))‖𝑝,𝛼 ≤ 𝐸𝑛(𝑡2𝑛(𝑓))
𝑝,𝛼

≤ 𝑐 𝜔𝑘 (𝑡2𝑛 ,
1

𝑛
)

𝑝,𝛼
 

≤ 𝑐 𝑛−𝑘‖ 𝑡2𝑛
(𝑘)

‖ ≤ 𝑐 𝑛−𝑘( 𝑛𝑘−𝑟)

≤ 𝑐 𝑛−𝑟  .                           ( 3.13 ) 
On the other hand, since 𝑇𝑛(𝑇2𝑛( 𝑓)) is a 

polynomial of order n, then the following 

inequality holds: 

     0 ≤ 𝐸𝑛( 𝑓)𝑝,𝛼 − 𝐸2𝑛( 𝑓)𝑝,𝛼                ( 3.14 ) 

≤ ‖𝑓 − 𝑡𝑛(𝑡2𝑛( 𝑓))‖𝑝,𝛼 − ‖𝑓 − 𝑡2𝑛( 𝑓))‖𝑝,𝛼 

≤ ‖𝑓 − 𝑡𝑛(𝑡2𝑛( 𝑓)) − ( 𝑓 − 𝑡2𝑛( 𝑓))‖𝑝,𝛼

= ‖𝑡2𝑛( 𝑓) − 𝑡𝑛(𝑡2𝑛( 𝑓))‖𝑝,𝛼 

use of (3.13) and (3.14) gives us  

0 ≤ 𝐸𝑛( 𝑓)𝑝,𝛼 − 𝐸2𝑛( 𝑓)𝑝,𝛼

≤ 𝑐 𝑛−𝑟                             ( 3.15) 
Since 𝐸𝑛( 𝑓)𝑝,𝛼 → 0  from the inequality ( 3.15) 

we conclude that ∑∞
𝑤=𝑛0

{𝐸2𝑤( 𝑓)𝑝,𝛼 −

𝐸2𝑤+1( 𝑓)𝑝,𝛼} ≤  ∑∞
𝑤=𝑛0

2−𝑤𝑟  

Then from the last inequality we obtain  

𝐸2𝑛0 ( 𝑓)𝑝,𝛼 ≤ 𝑐 2−𝑛0𝑟                               ( 3.16) 
 

it is clear that inequality (3.16) is equivalent to 

𝐸𝑛( 𝑓)𝑝,𝛼 ≤ 𝑐 𝑛−𝑟 

Hence, the proof of theorem 3 is complete. 

Theorem 4: Let 1 ≤ 𝑝 < ∞ , 𝑓  ∈  𝐿𝑝,𝛼(𝑋) , 𝑘 ∈

𝑍+  ,  then  

𝑖) 𝑐𝜔𝑘 ( 𝑓,
1

𝑛
 )

𝑝,𝛼

≤  (𝑛−𝑘 ‖𝑉𝑛
(𝑘)(𝑓)‖𝑝,𝛼

+ ‖𝑓 − 𝑉𝑛( 𝑓)‖𝑝,𝛼) 

≤  𝑐𝜔𝑘 ( 𝑓,
1

𝑛
 )

𝑝,𝛼
 

𝑖𝑖) 𝑐𝜔𝑘 ( 𝑓,
1

𝑛
 )

𝑝,𝛼

≤  (𝑛−𝑘 ‖𝑆𝑛
(𝑘)(𝑓)‖𝑝,𝛼

+ ‖𝑓 − 𝑆𝑛( 𝑓)‖𝑝,𝛼) 

≤  𝑐𝜔𝑘 ( 𝑓,
1

𝑛
 )

𝑝,𝛼
 

Proof: In view of lemma 3  the inequality  

𝜔𝑘 (𝑇𝑛 ,
1

𝑛
)

𝑝,𝛼

≤ 𝑐 𝑛−𝑘‖𝑇𝑛
(𝑘)

‖𝑝,𝛼   ,                    (3.17)  

holds, where 𝑇𝑛 is a trigonometric polynomial of 

order n. Using the properties of smoothness 

𝜔𝑘(𝑓 , . )𝑝,𝛼 and (3.17), we reach  

𝜔𝑘 ( 𝑓,
1

𝑛
 )

𝑝,𝛼
≤   (𝜔𝑘 ( 𝑓 − 𝑇𝑛 ,

1

𝑛
 )

𝑝,𝛼

+ 𝜔𝑘 ( 𝑇𝑛 ,
1

𝑛
 )

𝑝,𝛼
) 

≤ 𝑐 ( ‖𝑓 − 𝑇𝑛‖𝑝,𝛼    

+ 𝑛−𝑘 ‖𝑇𝑛
(𝑘)

‖𝑝,𝛼)             (3.18) 

now, there exists a constant 𝑐 > 0  depending 

only on r , p such that 
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     𝑛−𝑘‖𝑇𝑛
(𝑘)

‖𝑝,𝛼 ≤ 𝜔𝑘 (𝑇𝑛 ,
1

𝑛
)

𝑝,𝛼
                     

(3.19) 

by virtue of lemma 1 

       𝐸𝑛( 𝑓)𝑝,𝛼  ≤ 𝑐 𝜔𝑘 (𝑓,
1

𝑛
)

𝑝,𝛼
                         

(3.20) 

now, we get 

  ‖𝑓 − 𝑉𝑛(𝑓)‖𝑝,𝛼 ≤ 𝑐 𝐸𝑛( 𝑓)𝑝,𝛼    ,                    
(3.21) 

Thus inequalities (3.19) , (3.21) implies that  

𝑛−𝑘 ‖𝑉𝑛
(𝑘)( 𝑓)‖𝑝,𝛼 + ‖𝑓 − 𝑉𝑛(𝑓)‖𝑝,𝛼  

≤ 𝑐 ( 𝜔𝑘 ( 𝑉𝑛 ,
1

𝑛
 )

𝑝,𝛼
+ 𝐸𝑛( 𝑓)𝑝,𝛼) 

≤ 𝑐 (𝜔𝑘 (𝑓,
1

𝑛
)

𝑝,𝛼
+ 𝜔𝑘 ( 𝑓 − 𝑉𝑛 ,

1

𝑛
 )

𝑝,𝛼

+ 𝐸𝑛( 𝑓)𝑝,𝛼) 

≤ 𝑐 𝜔𝑘 (𝑓,
1

𝑛
)

𝑝,𝛼
 

The last inequality and (3.18) imply that ( i )  

There exists a constant c such that  

    ‖𝑓 − 𝑆𝑛(𝑓)‖𝑝,𝛼 ≤ 𝑐 𝐸𝑛( 𝑓)𝑝,𝛼              (3.22) 

If the inequality (3.22) and the scheme of proof of 

the estimation (i) is used we obtain the estimation 

( ii )  

Therefore, Theorem 4 is proved. 
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