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Articlelnfo ABSTRACT

In this paper, we study the approximate properties of functions by means of trigonometric
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polynomials in weighted spaces. Relationships between modulus of smoothness of function
derivatives and those of the jobs themselves are introduced. In the weighted spaces we also
proved of theorems about the relationship between the derivatives of the polynomials for the

best approximation and the best approximation of the functions
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INTRODUCTION

Let X =[0,2n] be a closed interval, for a €
W)let «: X - [0,00) be locally integrable and
almost everywhere positive where W is weighted
space. Ly .(X) be the space of all unbounded

functions, 1 < p < co with norm of this function
defined by:

1 fle=(f,  1fC).a()Pdx)" <.
Weighted spaces, introduced by G. Lorentz in the
1950 s.see[2], [5] and [11] .
letkeZ  and f € L,,(X), x,h €R, and we
define the symmetric difference by the following:
MF(D) =Ffeo (DI (5) flx+ = ph),
where (?) = k(k_l)"}'l(k_jﬂ) ,j>1.

Let 1<p <o, f€Lpy(X),weput

8
Yif@ =35 J,  [AKf()]dx.
If f € L,.(X), then according to [4] the Hardy-
Littlewood maximal function is unbounded in
L, «(X) . Then we have

19§ fllpa < ClIfllpa < oo, whereC > 0.

1
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let f€L,,(X),1<p<c, k€eZ" the
modulus of smoothness wy( f,§),,. is define by

wk(f'6 )p,a = SuplhlsSHAlli f(x)”p,a , 6>0
and have the following properties [3]

wk( fl + fZ ’ 5)p,a < wk( fl; 6)p,a + wk( f2; 6)p,a
with wi(f,8)pa =0.

For € L, ,(X) , we define the r-th derivative of f
as function (™ € L, ,(X) satisfying

k
81 o =0 (11)

=
Let 24+ %0 my(f,%) (12)

where u,,( f,x) = a,(f) cos coswx + b, ( f)
sin sin wx be the Fourier series of the
functions in L, ,(X) . The n-th partial sums , and
de la Vallee-Poussin sum of the series (1) are

defined , respectively , as

iD=+ w(fi0).a(

2n—1

1
AGEED YRGS

i=1
Here denote by E,(f),.(n=0,1,..) the
degree of best approximation of f € L, ,(X) by
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trigonometric polynomials of degree less than n ,
i.e.,

En(f)p,a =i7’lf iTlf {”f - tn”p,a ’ tn € Hn }’
where H, denotes the class of trigonometric
polynomials of degree n

The problems of approximation theory in the
weighted and non-weighted space have been
investigated in [1] and [6] weight respectively.
The approximation problems by trigonometric
polynomials in different spaces have been
investigated by several authors see, for example,
[31.[7].[8] and [9].

In this work we study the approximation problems
of unbounded functions by trigonometric
polynomials in the weighted space L, ,(X).
Relations between modulus of smoothness of the
derivatives of a function and those of the function
itself are investigated. We also prove a theorem on
the relationship between derivatives of a
polynomial of best approximation and the best
approximation of the function in the weighted
space Ly ,(X). In addition, in the weighted space
L,o(X) relationship between modulus of
smoothness of the function and its de la Vallee-
Poussin sums studied.

AUXILIARY RESULTS

In this section we will prove some of the auxiliary
results that we needed in proving the main results.
Lemmal[9]:Let 1<p <o, f€L,,(X)and
k =1,2,.. then there exists a constant ¢ > 0
depending on k , p such that

Eul o < c o (f )

holds where n =0,1,2, ...
Lemma 2: Let 1<p<o,keZ".If T,€
H,,n>1, then there exists a constant ¢ > 0
depending on k , p such that
1Tt llpa < € n* (I Tollpa
Proof: since 1 < p < oo ,we have in [12]
IS () Ipe = cllfllp,a -
Ifllp,e < cliflipa
Now, we obtain the request result
Lemma 3: Let 1<p<ow,keZ*. If T,€
H,,n>1, then there exists a constant ¢ >0
depending on k , p such that
k(T Wpa < € REIT I
Proof: Since

b.a

O<h<m

21

>, (atsmzv)
isingv
VEZy,
with
Z.={+1,+2,43,..},k
integer part of k , putting
t \& .
p(z) = (Zisinzv) (i) %, g(2)
k—k*

_(2 ot )
= Zsmzv ,

—n<z<n,g(0) =tk ¥

We get

* —J* k*
AF'TE ")(x—T:):

T o

VEZp
*

X k

=) eyt

VEZ,
Taking into account that

[ee]

irmz
9@ = den

T=—00

Uniformly in [—n,n] : with
dy>0,(-1D)""d,>0,d_,=d,.(r=12,..)
we have

MT () =32 0 dAS T (x4 4

k—k*
J
2

Consequently, we get || %fo‘s

1 1)
I15]

|AIL§Tn( ')ldt”p,a =

et rm
Z d, AT <.+—

n
r=—oo
k—k*
= t) Aty
- 1 (6 . e 1T
< iy farre (45
0 n
r=—00 .
= t)|dt||p,a
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. * —k* t
since , AK T¢I (x) = Js T (x + t)dt

We find,
wk(anh)p,a
WA
<Y amgf | (4
n
T:—OO*
+ )’dtﬂpa
-
“swsen Y laliz[ | [ (+5
r=—o00
k— k*
= t) dtllp
rm
<Wsuppan . s [ [R0(+5
r=—00 0 n
k_ *
+— t)|dt||pa
rmT
< swpgan p. Iy [ [T (45
r=—00 0 n
k— k*
= t)|dt||m
<
. +24
e supyy, B0 |dr||li f_;; DO ]l
On the other hand
Y o ldyl <2g(0)=2tk% S o0<t<m

Andfor0 <t < § < h <m ,wehave

(o]

Z Id,| < 2g(0) = 2h* ¥

r=—00

Therefore, w (T, h)pa < ¢ thITn(k)Ilp,a

MAIN RESULTS

In this section we will prove some of the main
results.

Theorem 1: Let 1<p <o, f€L,,(X) and
T,, be a trigonometric polynomial of degree n
satisfying the following conditions:

1 !
If—tallpa=0(5) and |lg—t

n n”p,a =
1 - ’

0 (;) ,n — oo, then we obtain f' =g .

Proof: Take > 0 . We choose a natural number

ny = ny(€) such that for n > n,

1
1= tallpe < €(=) 0 I = thle

S € (3.1)
Taking account of ( 3 1) for h satisfying the
condition £ <h<- we obtain || % _

tn(. +h)— tn( )
altaCly < (3

Thus, we have

j=r =0

= 1"t;" ()

+ Z n (e (0, (33)
j=r+1

Where_?r < n(nj) <£ andn(r,j)=0if j—r
is odd . Then using (3.3) and lemma 2 for

£< h<£we find that
(-+h)— )
” n h = _tn( )”pa

v (Y om
m
2 ( )ntn [
o =2

<> )™t

m=2
€
<4 - ”tn”p,a
1 —2Pe2
(34)

< ce? |Itnllpa
Using (3.2), (3.4) and (3.1) for ‘/—_ <h< i we
reach

.+h)-=f(.
EARAD b RS

.+h)-=f(.
< L =r)
ta(. +h) —t,(.)
- ”p,a

tn(. +h) —t,(.)

+
—ta(Ilpa + 1 tn = ' llpa
14
<c (e2+€|f llpa+e?)
Then the proof of theorem is complete.

Theorem 2: Let 1 < p < o . Then for a given
f € Ly q(X) and integer k, rsatisfying k > r
we have
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(l)k( f;u)‘z,a d

usT+1

1
t B
wk—'f’ (f(r)) t)p'a S c {fo u} ]
where ¢ > 0.
Proof: The function w,,(F,t),, non-decreasing

and according to reference [10] the following
inequality holds

(l)k(F Zt)pa C(l)k(F Zt)pa (35)
It is sufficient to prove theorem for = 27" | then
using of (3.5) we obtain
1
27 wk(f; u)s‘a s
{fo usr+1p du}
1
N

(5 wmaisond

v=n

Therefore, for all n it is sufficient to prove the
following inequality:
wk—r(f(r)rz_n)p,a <

1

(X0 2w (f,27)56) (3.6)
For any trigonometric polynomial Q,, of degree n
and G € L, (X) we obtain

(¢3)
Wy, 'Tl b

<c (116 = Qullpe

+ 17108 ) (37)
Therefore, we aim to find Q,» of degree 2™ such
that both If ™ = Qanllpa and
2‘”(k‘r)||Q§'§_T)||p,a are bounded by the right-
hand side of inequality (3.6)

Let t,€T,,where n=0,12,... be the
trigonometric polynomial of best approximation to
fELpa(X) .

It is known that the set of trigonometric
polynomials is dense in Ly ,(X) ,

then we have ||f — tyv|lpe 2 0 asv - o

Let f € Ly o(X) has the Fourier series

f(x) _70-'_2 (ay cos cos wx + b,

sinsinwx ) = Z A, ()

We define trlgonometrlc polynomlal va as

uNf = Z Au(f)
w=0

23

where v EC®[0,0), v(x) =1 for x <
1 and v(x) =0 for x> 1
Note that trigonometric polynomial vNf has the
following properties:
1) vNf is a trigonometric polynomial of
degree smaller than N
2) If g is a trigonometric polynomial of

degree -, then vNg = g

3) IvNfllpa < cllfllpa
Thus, we have

”va _f”p,a < CEg(f)p,a

where Ep(f)pq is the best approximation of
f € L, o(X) trigonometric polynomials of degree
less than k .

We now choose the Q,, of (3.7) for G = £ to be

(W)™
Itis Cleary that ||f — v,f|lpe = 0(1) asn — oo.
The following |dent|ty holds

Vogwf — Upnf = z (vymerf —vomf)

w 1

271
then
w—1

W )T = ()P =0zl A,
we have in weighted spaces L, ,(X)

cll WP = WPl

< |I<WZ_:1

m=n

1

2
{(Amf)(”}z) [

< cfl (e T

- (vznf)(r)”p,a ’ ( 3.8 )
we get
|| (2 {(Amf)(”}2> Iy
< (Z || (Amf)“)u%,,a) (39)

note that v, f is the near best approximation to f in
L, «(X), we reach the following equivalence

o(r3),,

=|f- vnf”p,a

+ 07N W) ©llpa (3.10)
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From (3.8), (3.10) and lemma 2 we conclude that
” (vzwf)(r) - (Uznf)(r)”p,a

s
2w (f, Z‘m)i,a>
m=n

where c independent of m , k and f.
Use of Q,n = vynf and (3.10) gives us
270D (wn )l
= 27k | (Uznf) (k) ”p,a
S 2" wp(f,27)pa <

1
¢ Bm=n 2™ wi(f,27™M)5a)° -
Hence, the proof of theorem 2 is completed.

1

2™ (A f )IIZ,a>

Theorem 3: Let 1<p<o, f € L,,(X),
k,reZ*t,(k>r>0) andlett,(f)€T, be
the polynomial of best approximation to f in
Ly o (X) in order that |69 ( )lpe = O(m*T), it
IS necessary and sufficient that
En(f)p,a = O(n_r)

Proof: Suppose that

Ex(Ppa =1 f = ta( Pllpa =
onT), r>0 (3.11)
Taking into account lemma 2 and the relations (
3.11) we obtain

182l < € 1* 1 tn( Pllpa
< nk ” f - tn(f)”p,a
+ 1l ta(Ollp,a
<cnkT
Now we suppose that
£8P llpe = OF)
using lemma 1 and lemma 3 we get

”th(f) - tn(th(f))”p,a < En(th(f))p’a

1
< Ccwyg (th 'E)
p,a

<cn7¥| té',?ll < cnk(nk)
<cn . (3.13)
On the other hand, since T,(T,,(f)) is a
polynomial of order n, then the following
inequality holds:
0< En(f)p,a - EZn(f)p,a ( 3'14')
= ”f - tn(th(f))”p,a - ”f - th(f))”p,a

(3.12)

< ”f - tn(th(f)) - (f - th(f))”p,a
= ”th(f) - tn(th(f))”p,a
use of (3.13) and (3.14) gives us

0< En(f)p,a - EZn(f)p,a
<cn™" (3.15)
Since E;,( f)p,« — 0 from the inequality ( 3.15)

we conclude that Xoo—n,  {Eow(f)pa —

EZW“( f)p,a} < Z\c/)vo=n0 27w
Then from the last inequality we obtain

Egno(f)pq < € 2707 (3.16)

it is clear that inequality (3.16) is equivalent to
En(f)p,a =c n"

Hence, the proof of theorem 3 is complete.
Theorem4: Letl <p<oo, f € Ly,(X), k€
Z* | then

) cwk<f,%)pa
< ("Il
+1If = Vol Ollpa)

(1),
i) cwy (f,%)

b,a
< (15 Pllpa

+11f = 52 Pllpe)
< (1),

Proof: In view of lemma 3 the ihequality

1
Wk (Tn '%)
p,a

< cn M ITO e (3.17)
holds, where T,, is a trigonometric polynomial of
order n. Using the properties of smoothness
wi(f . )pe and (3.17), we reach

(ry), . = (@(r-1)
Wi f'n p,a— wi | f noy -
1
+(1)k(Tn,—) )
n/pa

<c(If ~ Tullpa
- k
+n 7T lpe)  (318)

now, there exists a constant ¢ > 0 depending
only on r, p such that
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_ k
KN g

<w

(Tn),

(3.19)
by virtue of lemma 1

En(f)p,a =c Wi (f’%)p

(3.20) “
now, we get

”f - Vn(f)”p,a <c En(f)p,a ’
(3.21)

Thus inequalities (3.19) , (3.21) implies that

I Pl + 1f = Pl

< c<wk ( Va :%)p’a + En(f)l’:“)
se(on(r),, ror(r-ws),,
+ En(f)p,a>

1
< c (f 'z)
p,a

The last inequality and (3.18) imply that (i)
There exists a constant ¢ such that

”f - Sn(f)”p,a <c En(f)p,(x

(3.22)

If the inequality (3.22) and the scheme of proof of
the estimation (i) is used we obtain the estimation

(ii)

Therefore, Theorem 4 is proved.
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