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INTRODUCTION

In Euclidean geometry, if the lengths of a triangle
are known, then it is possible to calculate the area
of the triangle with the Heron’s formula, since the
Heron’s formula connects the area of the
Euclidean triangle to its side lengths. Heron’s
formula states that the area of the triangle ABC
whose sides have lengths a, b, c is

A(ABC) =/S(S—a)(S—b)(S - C)

where S is the semi-perimeter of the triangle, that
is S = (a+ b+ c)/2. Unlike other triangle area
formulas, there is no need to calculate angles or
other distances in the triangle first. Similar to the
Heron’s formula, the area of a cyclic quadrilateral
can be found with its semi-perimeter and side
lengths by Brahmagupta’s formula. More
precisely, the area of the cyclic quadrilateral
ABCD whose sides have lengths a, b, ¢, d is

Q(ABCD) = /(S —a)(S — b)(S — c)(S — d),

where S is the semi-perimeter of the quadrilateral,
that isS=(a+b+c+d)/2. Similar to
Heron’s formula there is no need to calculate
angles or other distances in the quadrilateral first.
However, if the quadrilateral is not cyclic, then the
side lengths are not sufficient to get the area of the
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formula; hyperbolic Cagnoli’s formula

quadrilateral. To calculate the area of a non-cylic
quadrilateral, besides the side lengths of the
quadrilateral, the sum of the angles in the two
opposite vertices should be known. Carl Anton
Bretschneider, the German mathematician who
lived between 1808-1878 stated that the area of
the quadrilateral ABCD with side lengths a, b, c, d
and opposite angles A, C is

N(ABCD)

A+C)
2 )

= \/(S —a)( S-S —-c)(S—-d) - abcdcosz<

or equivalently
Q(ABCD)

= /(S —a)(S — b)(S — c)(S — d) — abcdsin?K

where S is the semi-perimeter of the quadrilateral
and K = (A — B + C — D) /4. The counterparts of
these formulas in hyperbolic geometry have been
studied by some researchers [1]-[4]. In this paper
we try to present the counterpart of the
Bretschneider’s formula in the Poincaré disc
model of hyperbolic geometry. In our proofs,
instead of classical hyperbolic distance, we use
gyrodistance function which is not a metric.
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THE FORMULAS OF MOBIUS-
BRETSCHNEIDER AND MOBIUS-
CAGNOLI IN MOBIUS

GYROVECTOR SPACE (RE,@,@)
Hyperbolic geometry is a non-Euclidean geometry
that rejects the validity of Euclid’s fifth postulate.
Euclid’s fifth postulate states that if two lines are
drawn which intersect a third in such a way that
the sum of the inner angles on one side is less than
two right angles, then the two lines inevitably
must intersect each other on that side if extended
far enough. In a sense, Euclid’s fifth postulate says
that two parallel lines will never meet. Euclid’s
fifth postulate cannot be proven as a theorem,
although this was attempted by many researchers.
Euclid himself used only the first four postulates
(absolute geometry) for the first 28 propositions of
the Elements, but was forced to invoke the parallel
postulate on the 29th. In 1823, Janos Bolyai and
Nicolai Lobachevsky independently realized that
entirely  self-consistent ~ “non-  Euclidean
geometries” could be created in which the parallel
postulate did not hold. In hyperbolic geometry,
through a point not on a given line there are at
least two lines parallel to the given line. The
principles of hyperbolic geometry, however, admit
the other four Euclidean postulates. Although
there are many common features between
Euclidean geometry and hyperbolic geometry,
both geometries have their own different features.
It is well known that there are many principal
hyperbolic geometry models, for instance
Poincare” upper-half plane model, Poincare” disc
model, Beltrami-Klein model, Weierstrass model,
etc. In this paper we choose the Poincare” disc
model of hyperbolic geometry for our results.
This model is defined on the complex unit disc
D ={z€C:|z| <1}. The points of this model
are  the points of D and the lines (hyperbolic
lines) of this model are circular arcs whose ends
are perpendicular to the boundary of D (and
diameters are also permitted).

Two arcs which do not meet correspond to parallel
rays, arcs which meet orthogonally correspond to
perpendicular lines, and arcs which meet on the
boundary are a pair of limits rays. The angles
between two hyperbolic lines are the usual
Euclidean angles between Euclidean tangents to
the circular arcs. In hyperbolic geometry, the
angle sum of a hyperbolic triangle is less than .
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More generally, the angle sum of an n-sided
hyperbolic polygon is less than (n — 2)m.

Figure 1. A hyperbolic line passing through the
points K and M is a circular arc that intersect
the disc D orthogonally. The hyperbolic lines
passing through the center of disc are also
correspond to chords of the disc.

The classical hyperbolic distance between z,w € D

is defined by
_dy(zw) |z — w|?
sinh 2 A=-Pd=wP) €]

and the triangle inequality is provided. Hence
(D,dy) is a metric space. Unlike Euclidean
geometry, the following famous theorem allows to
find the area of a hyperbolic triangle whose angles
are known.

Theorem 1. (Hyperbolic Girard’s Theorem) Let

ABC be a hyperbolic triangle with internal angles

a, f and y. Then the hyperbolic area of ABC is
I'ABC)=m—(a+f +7y).

The hyperbolic area I'(A;A4,--- A,)of an n-

sided hyperbolic polygon A;A4,--- A, with

internal hyperbolic angles a4, a,, ..., @, is

(A4, A) = —-2)t— (a; + ay + - +a,).
S

Figure 1. A hyperbolic triangle in the unit disc
D.
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Instead of three angles, the area of a hyperbolic
triangle whose three sides are known can be found
by the formula below.

Theorem 2. (Hyperbolic Heron’s Formula, [1]).
The hyperbolic area of the hyperbolic triangle
ABC with side lengths a, b, c and semi-perimeter
S=(a+b+c)/2 isgiven by
I'(ABC)
4

tan

S—c

S S—a

= |tanh—=sinh sinh sinh
2 2

Instead of four angles, the area of a hyperbolic

quadrilateral whose four sides are known can be
found by the formula below.

Theorem 3. (Hyperbolic  Bretschneider’s
Formula [3]). The hyperbolic area of the
hyperbolic quadrilateral ABCD with side lengths
a,b,c,d,angles A, B,C,D and semi-perimeter S =
(a+b+c+d)/2isqgiven by

I'(ABCD
Sin2¥

.. S—-a ., S-b . S—c . S-—
sthsmh > sinh > sinh >

cosh % cosh % cosh % cosh %

d

t hat hbt hct hd in2K
an 2 an 2 an 2 an 2Sln

whereK = (A — B + C- D)/4.

A Mobius transformation of the extended complex
plane C U {oo} is a rational function of the form

az+b
W:
cz+d

of one complex variable z; here the coefficients
a,b,c,dare complex numbers satisfying ad —
bc # 0. MObius transformations are named in
honor of August Ferdinand Mobius; they are also
variously named homographic transformations,
bilinear transformations or fractional linear
transformations. The set of all Mobius
transformations forms a group under composition.
Madbius transformations preserve the measures of
the angles with orientation.  Euclidean
transformations, Euclidean rotations, inversions

z - and similarities (z ~ az+b, a #0) are
well known M0dbius transformations. The most
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general Mdbius transformation of the complex
unit disc D in the complex plane to itself
Zogt+z

_ _if
1+ 27,z e (20®7)

z et

defines the Mobius addition in the disc, which
allows the Mobius transformation of the disc to be
viewed as a Mobius left translation [4], [5]

Zo+ 2z
1+ 7Zyz

zZ > zyz =

where 6 € R, z, €D, and Zz,is the complex
conjugate of z,. A left Mobius translation is also
called a left gyrotranslation [4]. It is known that
the Mobius addition “@” is analogous to the
common vector addition “+” in Euclidean plane
geometry. Mobius addition @ is neither
commutative nor associative. By defining the
gyrator

gyr: D x D - Aut(D, ®),

a®b 1+ ab
b®a 1+ ba
where Aut(D,@) is the automorphism group of
the Mdobius groupoid (ID,@), the following group-

like properties of DD can be verified by
straightforward algebra for all a, b, c € D:

Gl.a @ b = gyr[a,b](b & a),
(Gyrocommutative Law)

G2.a® (b & c) = (a & b)gyr]a,b]c,
(Left Gyroassociative Law)

G3.(a ® b) & c a @ b gyr[b,a]c),
(Right Gyroassociative Law)

G4. gyrla,b] = gyr[a © b,b],

(Left Loop Property)

G5. gyr[a,b] = gyr[a,b @ a],

(Right Loop Property)

The Mdbius gyrodistance function in D is

du(zw) = [7—|

which is closely related to classical hyperbolic
distance (1) as follows:

gyrla, b] =

1-—7Zw

dy(z,w) | z—w

tanh | =dy(z,w) (2)
For more details, we refer to readers [4]. While
the classical hyperbolic distance provides triangle

inequality, the Mdbius gyrodistance function does

2 1-—7Zw
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not provide; but the Mdbius gyrodistance function
satisfies the Mobius triangle inequality
dy(a,c) =dy(a,b) @ dy(b,c)

for all a,b,c € D. Clearly (ID,dy)is a metric
space but (ID,d,,) is not. Identifying vectors in
the Euclidean plane R? with complex numbers in
C, we have

R?23u = (u,u,) © uy + iu, =u € C.
The inner product and the norm in R? then
become
uv +uv
2

If the elements of the complex unit disc mapped to
the elements of open unit disc R? = {u € R?:
[lul| < 1} then the Mdbius addition u @ v in
(D, ®) takes the form

A+ 2w+ lIPHu+ (1 -v?)v
h 1+ 2uv + ||v||?||ul|?

In the open disc R2 = {u € R? : ||lu|| < s}, the
Madbius addition is defined by

uv < o Mlull = Jul.

udPv

uPv

2 1, 1,
(1+S—2uv+s—2||v||)u+(1—s—2v)v
B 2 1

L+ Zuv + |2l

In the limit of large s, s — o, R2 expands to the
whole its space R? and Mdbius addition @
reduces the vector addition + in R2.

A Mobius gyroline in (R2,@®) (also in (D, ®))
that passes through the points a and b can be
expreesed by

L=a®(©ad®b)®t,
where ® is Mdbius gyroscalar product defined by

teR

a
llall

r €R, a € R% In literature the gyroalgebraic
structure (R%,0,®) (and (D, B, ®)) is called as
Madbius gyrovector space. Interestingly, a Mobius
gyroline that passes through points a and b is
actually the classical hyperbolic line that passes
through points a and b. Naturally, a Maobius
gyropolygon in (R2,®,®) (and in (D, B, ®)) is
also classical hyperbolic polygon in the Poincaré
disk model of hyperbolic geometry with the same
interior angles and same vertices. The gyroarea

a
r®a = stanh(rtanh™? <” ”)

S
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A(ABC) of a Mobius gyrotriangle ABC with
gyroangles a, B, y is

n—(a+ﬁ+)/)>
2
and the gyroarea A(ABCD) of a Maobius

gyroquadrilateral ABCD with gyroangles «, 3,7, 0
is

1
A(ABC) = > tan (

2r—(a+B+y+0)
)

A.A. Ungar obtained the counterpart of Heron’s
formula as follows:

Theorem 4. ([4]). Let ABC be a gyrotriangle in
(R%,0,8) with vertices A,B,C corresponding
gyroangles a,B,y and side gyrolengths a,b,c.
The gyroarea of ABC is given by Mdbius-Heron’s
formula

A(ABC) =

a b c abc\(-a b c¢ abc\fa b c abc\fa b c¢ abc
f\/(slslsisss)(s =SIS SSS)(S SIS SSS)(SIS N SSS)

a\2/b\%/c\2 (a2 (b\? [c)\?

’ 2+(3) () ) -6 -G -G
Remarkably, in the Euclidean limit s — oo, when
the open disc R? expands to R?, Mdbius-Heron’s
formula reduces to Heron formula of the triangle
area in R%. Now we try to obtain Mdbius-
Bretschneider’s formula in (D, ®,®) with the
help of the relation in (2). In addition to (2), there
is a relation between the gyroarea A(ABCD) of the
Maobius gyroquadrilateral ABCD and the classical

1
A(ABCD) = Etan (

hyperbolic area TI'(ABCD) of the same
quadrilateral as follows:
1  T'(ABCD)
A(ABCD) = EtanT. (3)

Assume dy(A,B) = a, dy(B,C) = b,
dy(C,D) = ¢, dy(D,A) = d. Then, by (2), we
get
a = 2tanh™'d)(4,B),b = 2tanh™'d (B, C)
c = 2tanh™'d,,(C,D),d = 2tanh™'dy(D, A).
Thus the semi-perimeter S =(a+b+c+d)/2
can be written by

S = tanh™x + tanh™ly + tanh™'z + tanh™'w,
where x=dy(4,B), y=dy(B,C), z=
dy(C,D), w=dy(D,A). Hence the hyperbolic
Bretschneider’s formula in Theorem 3 which is

_T'(ABCD)
Sin T
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sinhS;asinhsgbsinhsgcsinhsgd

cosh % cosh g cosh % cosh %
a b c a
— tanh 5 tanh 5 tanh 5 tanh 2 sin“K
takes the form
.5 tan™*(2-A(ABCD)) _

sin >
SinhSy SinhSy sinhS, sinhSs,,

cosh(tanh—Tx)-cosh(tanh—1y) cosh(tanh—1z)-cosh(tanh—txw)

xyzwsin’K,
where S, =S —tanh™'x, S, =S —tanh 'y,
S, =S —tanh™1z, S, =S — tanh™w. Thus we
get
tan~1(2-A(ABCD))
2
SinhSy-sinhSy-sinhSz-sinhSy,
YxVyYz¥w

sin

— xyzwsin?K

1 1 1
where, v =\m WTEoe YT ae
1 - .

Y = = and this implies

A(ABCD)

1 . _, |SinhS, - sinhS, - sinhS, - sinhS,, .
= Etan (25m \/ YT - xyzwsmzK)
xVyVzlw
Since
1 1,4y _ 1 2tan(sin"’4) _ AV1-4?
2 tan(2sin™"A) = 2 1-(tan(sin-14)2 = 1-242"° we
get
A(ABCD)
SinhS,sinhS, sinhS,sinhS,, -
= R — xyzwsin“K
x/ytzfw
sinhS,sinhS, sinhS,sinhS
-\/1—( ad )/yy)/y z W—xyzwsin2K>
xlylzfw
1

' sinhS, sinhS, sinhS,sinhS '

1-2 ( X )’x)’i)’z)’w z v xyzwsinzK)

Clearly,

sinhS, = sinh(tanh™'y + tanh™'z + tanh™'w)
and this yields
sinhS, =

(x+y+z+w)—x—-wyz
Ja-y2)(1-w)-+2) @+w)/A-y2z) A+w)+(y+2) (1-w)

sinhS, =
(x+y+z4+w)—y—xwz

JA=zw)(1-x)=(z+w) (1+2)/ (1—zw) (1 +x) +(Z+w) (1-x)’

sinhS, =
(x+y+z+w)—z—xyw

J(1—wx)(1—y)—(W+x)(1+y)\/(1—wx)(1+y)+(W+x)(1—y)

sinhS,, =
(x+y+z+w)—w—xyz

\/ (1-xy)(1-2)-(x+y)1+2)/ A-xy) 1 +2)+ (x+y)(1-2)

Hence we are ready to present the Maobius-
Bretschneider’s formula in D as follows:

Theorem 5. (Mobius-Bretschneider’s Formu-la).
The gyroarea of the Mdobius gyroqu-adrilateral
ABCD in D with side gyrolengths x,y,z, w, and
with gyroangles 4, B, C, D is given by

A(ABCD)
sinhS,sinhS, sinhS,sinhS,, )
= — xyzwsin?K
VxVyYz¥w
sinhS,sinhS, sinhS,sinhS
© 1= < ud 4 z LA xyzwsinZK)
VxVyYzYw
1
sinhS,sinhS, sinhS,sinhS
1-2 ( x y z wo_ . ZK)
VaVy¥ah ryzwsin

whereK = (A — B + C — D)/4.

In (RZ,60,R®) it is known that the gyroarea of a
Mobius gyroquadrilateral ABCD with gyroangles
A B,C,Dis

s? 2t — (A+B+C+D)
A(ABCD) = 7tan( ; )

Hence the gyroarea of the  Madbius
gyroquadrilateral ABCD with side gyrolengths
x,v,z,w, and with gyroangles A, B, C, D is given
by

A(ABCD)
_ sinhSysinhS, sinhS,sinhsS,, 3 fzfﬁstK
VxYyVz¥w $S§SS
sinhS,sinhS, sinhS,sinhS, Xyzw
. 1—( al Y z W——X——sin2K>
YxYyYz¥w $SSS
1
_g (sinthsinhSysinhstinhSw B Exgmsinzk')
VxVyVzVw $SSsS
whereK = (A — B + C — D)/4,
sinhS,
_ (i) s
J6-2)0-9)-C9) (D)) (-2) 1D+ () (1Y)
sinhS,,
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(x+y+z+w)—z—fwz e .o f .
= — Z;S = Slnhismhisma
J(l—s)(i‘z) (G543 )\/(1‘5)(“;)%;*?)(1‘;) I'(ABCD) = 2sin™t 7
cosh7
sinhS, f
_ ey o Voo o [ Sinhgsinh g sina
B wx y w.x y y w X y ' tisin b
(1-42)(1-2)~(2+2) (142) | (1-22) (142)+(245) (1-2) cosh
inhS,,
o sinhgsinhksina
_ ()22 t+2sin~t | —2——2
B Xy z X y X,y 4 ’ COSh?
(1-2)-H-G3) (2 )J(l——)(1+) +(5+3)(-H
sinh k sinh e sina
and Yx = 27 Yy = Yy = in—1 7 7
+2sin
cosh=
Yw = Remarkably, in the Euclidean I|m|t 2

7 ®
s —> oo, of large s, when the open disc RS  Notice that (4) is not provided for the Mdbius
expands to R?, Mdbius-Bretschneider’s formula gyroquadrilateral ABCD and the MG&bius
reduces to Bretschneider’s formula in R?. gyrotriangles APD, DPC, CPB, BPA. As with the
Just like in Euclidean geometry, there are many ~ M@bius-Bretschneider’s formula, a new formula
triangle area formulas for hyperbolic triangles and ~ for the Mdbius gyroquadrilaterals can be obtained
these formulas are used to get the area formulas of DY (2) and (3). Indeed, by using the relations

hyperbolic quadrilaterals. Cagnoli’s theorem 1 r'(ABCD)
states that in hyperbolic plane, the hyperbolic area A(ABCD) = S tan———
of the hyperbolic triangle ABC with side lengths 1 TI'(APB)
a, b, ¢ and the opposite angles 4, B, C is A(APB) = - tan
b c r'(BPC)
~ T'(ABC) sinhisinhisinA A(BPC) =§tan 5
sin = a
2 coshz A(CPD) = %tan F(CZPD)
or equivalently, A(DPA) = ltanF(DPA)
.. b . . c . 2 2
o smhismhismA
r'(ABC) = 2sin™? 0 and
COShf a = 2tanh™'d)(4,B),b = 2tanh~'dy(B,C)
For more details, we refer to readers [6]. Let ¢ = 2tanh™'d,,(C,D),d = 2tanh~'d,,(D, A)
ABCD be a hyperbolic quadrilateral in the e’ = dy(4P), f = dy(B,P),g’' = du(C,P)
hyperbolic plane D and P be the common points k' = dM(D P),a’ = dy(4,B),b" = dy(B,C)
of the hyperbolic diagonals AC and BD. Now we = dy(C,D),d" = dy(D,A)
assume 2APB = a, dy(P,A) = e, dy(P,B)=  (O)1akes the form

f, dy(P,C) =g, dy(P,D) = k, dy(4,B) = a, tan~(2 - A(ABCD))=
dy(B,C) =b, dy(C,D)= ¢, dy(DA) = d.

Clearly the hyperbolic diagonals AC and BD g1 Yeerefsma Y/ Vg gsing

divides ABCD to four hyperbolic triangles Ya' Yo'
APD,DPC,CPB, BPA satisfying -7 g'vik'sina \ it y k'yere'sina
I'(ABCD) = I'(APB) + I'(BPC) + I'(CPD) Yer Ya'
1 1 1
+I'(DPA) @) where v =7=5 Ve = G Yo' T g
which implies Yir = == - Thus we get

36
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_ Yere'vpf'sina
Va'
+ sin™?! Yl ¥y sina
Vb’
L Yg'9' Yk sina
Ve

+ sin™! Vk’k')/efe’sina>
Ya'

After simple calculations with trigonometric
identities, one can easily get

re" 14 ! 14 ! Ik’
1 — sin2qYeeYs IRZERTLAY
Ya' Y¢!
Yef'vg'9' _I_ykfk’ye/e’ N
Vb Ya’
1 —sinzayf,f Yg'9 Yirk'yere')
Vb’ Ya’'
Yer€'vef' +ygg’yk'k’
sina Ya' Ye!
! lk’ 12 ! ! !
2 (1_51.”2“)/99 147 )/kkyee>.
Yc! Ya'
(1 _sinzg el e f Vg )
Ya' Yb
_ (Vg'g’yk’k’ + kak’ye'e’) :
Yc! Ya'
(Vere’yfrf ' 4 Ye'f'vg'9'
Ya' Yb
Hence we obtain the following theorem:

1
A(ABCD) = Etan (sin

+ sin

A(ABCD) =

) sina

Theorem 6. (Mobius-Cagnoli’s formula). If
ABCD is a Mobius gyroquadrilateral in D with
dM(PlA) =e, dM(PlB) =f' dM(PlC) = gl
dy(P,D) = k where P is the common points of
the diagonals AC and BD, then the gyroarea
A(ABCD) of ABCD is
(1 B Sinzayeeyff Vggykk)
Ya Ye
YefYe9 | vickyee
( Yb + Ya )
iz Ve Ve vickyee
+(1 sin‘a Vs Va )
Ye€¥rf | VggVik
sina ( yaf + gyck )
2 (1 _ Sinzayggykk)’kk}’ee)
Vc Yd
(1 _ ginzg Yeo¥ef yffygg)
ya yb
_ (Ye9vik | yikyee
( yc + yd )
(Veeyff +yffygg
Va Vb

A(ABCD) =

)sinza

where ZAPB = «a.

In (R%®,®), the Mobius-Cagnoli’s formula
takes the formula

A(ABCD)

( | — sina Ye€Vsf Vggykk>
Ya Ye
(yffygg 4 kayee>
14’) Ya
VefYgg )/kk)/ee>
)4’ Ya
YeeVrf 4 Yg9Yik
_ s?sina Ya Ve
2 (1 B Sinza)/gg)/kk ykkyee>
Vc yd
(1 _ sin’a Ye€Yrf foygg>
Va yb
3 (Vggykk 4 ykkyee)
Vc Yd
(Veeyff 4 YrfYg9
Va Yb

_ 1 Vv = 1 Vo = 1
- 2’ = 2! g~ 2!
[1-5 [1-L2 [1-9-
N S S

+ (1 — sina

)sinza
where ¥,

_ 1

Yie = '_1—E
52

In the Euclidean limit s — oo, when the open disc
RZ expands to R?, Mobius-Cagnoli’s formula

reduces %lACllBDlsina, where «a is the measure
of the angle between AC and BD.

CONCLUSIONS

The counterparts of the hyperbolic Bretschneider's
theorem (that gives the hyperbolic area of a
certain hyperbolic quadrilateral if the side lengths
and the interior angles are known), and the
hyperbolic Cagnoli's theorem (that gives the
hyperbolic area of a certain hyperbolic
quadrilateral if the distances of the vertices to the
common point of the diagonals and the measure of
the angle between the diagonals are known) are
provided for a Mo0bius gyroquadrilateral in

(R2,,Q) by using the same geometric
information.
ACKNOWLEDGEMENT

The authors would like to thank the reviewer for
his/her time spent on reviewing this manuscript
and his/her valuable comments improving the

paper.

[©No1d

Noncommercial 4.0 International License.

Copyright © 2021 Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons Attribution

MNjS


http://creativecommons.org/licenses/by-nc/4.0/

Balakan et al. The Formulas of Mobius-Bretschneider and Mdbius-Cagnoli in the Poincaré Disc Model of Hyperbolic Geometry

2021

The first author is grateful to Turkish Scientific
and Technological Research Council (TUBITAK)
for  financial  supports  (Project  number:
1919B011902477).

REFERENCES

[1] Horvath, Akos G. Hyperbolic plane geometry revisited.
J. Geom. 106 (2015), no. 2, 341-362.
https://link.springer.com/article/10.1007/s0  0022-014-
0252-0

[2] Mednykh, A. D. Brahmagupta formula for cyclic
quadrilaterials in the hyperbolic plane. Sib. lektron. Mat.
Izv. 9 (2012), 247-255.
http://www.mathnet.ru/php/archive.phtml?wshow=paper
&jrnid=semr&paperid=352&option_lang=eng

[3] Baigonakova, G. A., Mednykh, A. D., On
Bretschneider's formula for a hyperbolic quadrilateral,
Mat. Zamet. YaGU, 19:2(2012), 12-19.
https://www.researchgate.net/publication/267674392_On
Bretschneider's_formula for _a hyperbolic_quadrilatera
I

[4] Ungar, Abraham A., Analytic hyperbolic geometry.
Mathematical foundations and applications. World
Scientific Publishing Co. Pte. Ltd., Hackensack, NJ,
2005.
https://www.worldscientific.com/worldscibooks/10.1142
/5914

[5] Ungar, Abraham A., Barycentric calculus in Euclidean
and hyperbolic geometry. A comparative introduction.
World Scientific Publishing Co. Pte. Ltd., Hackensack,
NJ, 2010.
https://www.worldscientific.com/worldscibooks/10.1142
[7740

[6] Frenkel, Elena; Su, Weixu. The area formula for
hyperbolic triangles. Eighteen essays in non-Euclidean
geometry, IRMA Lect. Math. Theor. Phys., 29, Eur.
Math. Soc., Zrich, 2019 27-46.
https://tel.archives-ouvertes.fr/tel-01872314v1/document

38


https://link.springer.com/article/10.1007/s0%200022-014-0252-0
https://link.springer.com/article/10.1007/s0%200022-014-0252-0
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=semr&paperid=352&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=semr&paperid=352&option_lang=eng
https://www.researchgate.net/publication/267674392_On_Bretschneider's_formula_for_a_hyperbolic_quadrilateral
https://www.researchgate.net/publication/267674392_On_Bretschneider's_formula_for_a_hyperbolic_quadrilateral
https://www.researchgate.net/publication/267674392_On_Bretschneider's_formula_for_a_hyperbolic_quadrilateral
https://www.worldscientific.com/worldscibooks/10.1142/5914
https://www.worldscientific.com/worldscibooks/10.1142/5914
https://www.worldscientific.com/worldscibooks/10.1142/7740
https://www.worldscientific.com/worldscibooks/10.1142/7740
https://tel.archives-ouvertes.fr/tel-01872314v1/document

