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Articlelnfo ABSTRACT

In this paper we introduced new definitions of the system of homogenous difference equations
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of order two; namely homogenous and semi homogenous system, where we focused on finding
the equivalents for these definitions of order one as well as of order greater than one for the
system of difference equations of the second order and given some examples. We also a given

formula to find the power of the matrix that we used in this research.
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INTRODUCTION

Difference equations is very important branch in
mathematics, it runs parallel to differential
equations and is no less important on it. The
general difference equation is defined as follows

[1].
x(n+t) = f(x(n))

Difference equation can be defined as: an equation
showing the relationship between successive
values of a sequence and the differences between
them. it often rearranged as a recursive formula,
hence the output of system can be calculated from
the input signal and it’s past outputs. For example
a(t) + 7a(t-1) + 2a(t-2) =
b(t)-4b(t-1).
This relation expresses itself in the general form
to difference equation (1)
but this study, takes t = 1.
We will adopt the notation
f2(x0) = f(x0) = f (f(xo)). f* (x0)

= f(f (f (x0))), ..., etc.
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Where f (x,) is called the first iterate of x, under
fi
f? (x,) is called the second iterate of x,under f;
In general, f™(x,) is the n" iteration of x,
underf. Thus
x(n+1) = " (x0) = ff" (x)]

= f(x ().

Letting x(n) = f™(x).

Differential equations are included in many fields,
it found in medicine, economics[7], physics[6][7],
chemistry ... etc. and have many applications, for
example, the question developed by the world that
led to the Hanoi horoscope can be found in [6].
The concept of homogeneity as found in
differential equations is also found in difference
equations. There are two concepts of
homogeneity, depending on the order of the
equation, for homogeneity in the equations of the
first order is known by the following equation

x(n+1) =am)Xn) + b(n)

[oNoie)
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where b(n) = 0, otherwise equation (2) called REREPRESENTATION OF A"
nonhomogeneous [2].

While for the order that is larges or equal to two, Lemma 2-1 [3]:
the homogeneity intended by We can representation of An in the form.
x(n+t) +a,(Mx(n+k—1)+-+ =Yt v, (M)N@{E-1)
a(mMx(n) =gn) (3) Where A is a real Matrix, N(n) = [[i=,(4 — a;]),
vi(n) = af and
that the right side of equation (3) is equal to vi(n) = 3 La 1- ]vl_l(]-)’ i=23, ..k
zero[3].
Ir11: r(ilifferentia_l eqlfJanrE thertij is another conﬁgpg Theorem 2-2:
of homogeneity of the first-order equations, whic 11 Q12 .
is knowr?as thg/following d Let A= [az azz] be a matrix of real numbers
with eigenvalues a;and a, (a; # a,then we can
flax,ay) =a™f(x,y) .o )] find A™ by the following formula A" =
alt + [(@)™—(az)™(as;1-aq) [(a)™—(az2)"1(a12)
where m > 0 [3]. | (mra) (@ =az).
These concepts apply to differential and feg —tog) 20 o+ L= NG
difference systems s s
Proof:
X(n+1)=A)X(N) . (5) By lemma 2-1 we have
NO)=I,NO)=A—-a, ]
as well _ (an M 12 )
Based on the concept of homogeneity (4) Asadi in a2l Az —
[4], generalized the concept of homogeneity on vi(n) =af ,v,(M) = af 7"t v(n)
the systems of difference equations and called it ~ A" =vi(WN(0) + v,(WN()
generalization of homogeneity and defined it as ( a2 (—) (@n-ay) g (}Ti) a1z
follows: = w u—i—lj_l
| e

F(A©X(M) = (A()™F(x(n)) ....... (6)
where X = (x1, %3, ..., xp)7,

F = (fi, fo, -, [n).fi IS continuous and differential
function defined on D € R, m > 0 and for any
matrix A(c) such that

ceE(l-p,1+p)p>0

But he did not delve into it, just giving a definition
and some prelude to the definition.

In this research without using condition (7) we
call the definition (6) the homogeneity of the
homogeneous system.

A new concept called semi homogenous of
homogenous system of difference equations if
there exists a non-zero, nonidentity real matrix A
such that the equation (6) is hold.

This paper focused on finding the equivalents for
these definitions of order 1 as well as of order
greater than one for the system of difference
equations of the second order (i.e. the matrix has
dimensions 2) and given some examples.

26

e (af —aP)(ay — ay) (af — a)(asz)
A= | (ay — a3) (- | )
(af — a3)(az1) ny (af — ap)(azz —ay)
() — a3) “ (a; — @)
Notation: The aim of the above formula (*) is to
easily calculate the power of the matrix if this

power is a large number.

Example2.3:
Let A = (1 0

1 2
formula
The eigenvaluesof Aisa; =1, a, =2
By theorem 2-2

) we can find A™ by the above

(af-a})(a1;1-a1) (aT-aP)(a12)

n
AN = o+ (a1-a3) (a1-az)
(af-af)(az1) n, (@-aP)(azz-a1)
(a— Ulz) @+ (Ul1 az)
/ a4+ & il ](1 1 @™ [(2)"-1]© \
| 2 (%_1) |
@"1(3) -1 @n -1
\ 1 s 2l e |
0
A= (' )
2n—1 2"
,n=10, then
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AT = (2101— 1 2?0) = (10123 10024)

CHARACTERIZATION OF
HOMOGENEITY OF HOMOGENOUS
SYSTEM

Definition 3-1:

The system (5) is called semi homogenous of
homogenous system of difference equations if
there exist a non-zero, nonidentity real matrix A
such that the equation (6) is hold.

Consider the difference system of order two
FX(n) =4Axmn) ... (8)
where F is continuous function define on D € R?

(thatis F = (f,g))and F(X(n)) =
X(n+1))
can be written as:
x(n+ D\_(a11 ap) (x(n)
(J’(n + 1)>_(aé1 aéz> (y(n)) ........ ©)

Now we will find the necessary and sufficient
conditions to the system (8) to be semi
homogenous of order one.

MAIN RESULT ONE

Theorem 3-2:

The necessary and sufficient conditions to the
homogenous system of difference equations (8) to
be homogenous of order one is

a'=d, b =c =0 Where 4= (a b)
¢ d
Proof:

Necessary condition:
Since F is homogenous of degree one, then for

any matrix A,., , we have F(AX(n)) =
AF (X(n)), that is
(f(ax + by)) _ (a b) (f(x)),

g(cx +dy) c d/\g(y)
therefore
(a (dx +by) + bJI> _ (a b) (f(x))
éx +d(cx + dy) c d/\g(y)
that is
(dax + (ab + B)y)
(¢ +dc)x + ddy

. ((ad + bé)x + (al§ + bd)y)
(ca+d&Ox + (ch +dd)y
and we have
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bé=0, b+ b=ab+ bd, ¢+dc=ca+
dé,ch =0

Ifb+0,c#0,thené=bh=0,and a' =d'.
Now if b=0 or ¢ =0 no loss of generally,
let b = 0, then we have

< Gax +by )
(¢ +dc)x + ddy

_ adax + aby >
(ca +dé)x + (ch + dd)y

andé=h=0,a" =d'.

Sufficient condition:

F is homogenous of degree one if for any matrix

AZXZ

we have F(AX(n)) = AF(X(n)).

Let a=(4 ®) be a matrix, the F(AX(n)) =

d
r((e )= () D)
({;ES;CIZS)” now since d' =a’' , b'=c' =0,

we have
flax +by) =a'(ax + by) +b'y

= adx + aby + bay

= a(dx + By) + b(éx + dy)

= af(x) + bg(y) and

glex +dy) =c'x +d'(cx + dy)

= céx + cax + déx + ddy
C(c’zx + By) + d(c’x + dy)
=cf(x) +dg(y).

That is  F(AX(n) = (?,58 I Zggi) B
a b\ (f(x)\ _
(c d) (g(y)> = ARG

Hence F is homogenous of order one.

Example 3-3:

Consider the system of difference equations
x(n+1) =3x(n)

y(n+1) =3y(n)

a' =d, b =c =0 then by
this system is homogeneous of

then  since
theorem(3.2)
degree 1.

To check that we use definition of homogeneous:

Take 4 = (_12 i

real numbers.

) (for special) or any matrix of
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1 1\ /™) _ Assume that, @ = d = 1, then from system (4) we
We must prove that F ((_2 4) (y)) = get ¢ = a%, and

(f(X+y) )2(1 1)(f(X)) Ad—AD =Ch—CB+d—D
g(=2x+4y) =2 4/\g(y)/ CB— DA =a—A—Da+ cB, hence

The left hand (x + y) = 3(x + y) = 3x + 3y, ARFX) = (Ad + Bé)x + (Ab + Bd)y
g(=2x +4y) =3(=2x + 4y) = “\(Ca+DOx + (cza + Dd)y
—6x + 12y, that is a—A
F (1 1)(X) _( 3x+3y) /<A+B( B )) A +B y\
2 4)\y)] = \—6x+12y) = | . D(“_A) (Cd_ D)
1\ (3x\ _( 3x+3y \("' B )x c t y/
The right hand ( 2 4) (Sy) o (—6x + 12y)' N Ad — AD + CB
So F is homogeneous of order 1. (™ C Y
Now we study under any assumptions (C+Da—DA X+ dy
homogenous system of difference equations CbECB+d_D+CB
become homogenous of order greater than one. ax + c y
- CB + Da — DA
THE MAIN RESULT TWO (T)xﬂiy
Theorem 3-4: ~ ax + (b t— )y
The necessary and sufficient conditions to a B (a—A+cB—Da+Da)x+d
homogenous system of difference equations (8) to B B ) Y
be semi homogenous of order n where n > 2 is _ (ax +(b+ b)y> _ (f(ax + by)
) ) a b (¢+c)x+dy g(cx +dy)
the matrix A = ( ) be a solution of the = F(AX)
C . -
following algebraic system Hence F is semi homogenous of order n.
) ) Sufficient condition:
(a—A)a’ =B =0 Let the system (8) be semi homogenous of order n
ba+(1-A)b —-Bd =0 (10) where n > 2 that is F(AX) = A"F(X) for some (
Ca+(D—-Dé—cd=0 [ 7 n€Z* and A+ 0,4 # I), hence
Ch+(@D-d)d=0 ) A(ax + by) + B(éx + dy)
Where a=(" Z) A" = (2‘ g) - = (Ad +BOx + (4b + Bd)y
iy ) ¢ ) =adx+ (ba+Db)y..cccooiiiiiiiiii (11)
n ay—ax)a11— a1 a;—ax)laq2 , - , -
a; + @ay) ) C(ax + by) + D(¢éx + dy) ’ ’
(at-a})(azq) al + (a—aP)(azz—ay) |’ =(Ca+Déx + (Cb + Dd)y
(a1 -az) ! (a1 -az) =(¢+do)x+(dd)y coveeeeiiiiai (12)
a; # az From (11) and (12) we have
. (a—A)a’ —Bc' =0
Proof: ba' +(1—A) b — Bd = 0
Necessary condition: Ca+(D—-1é—-cd=0
A solution of the algebraic system (10) is not Ch+ (D —d)d = 0.

unique since there is many solutions of the system  Tq jllustrate the Theorem 2.4, the following
(10); that is, there is many homogenous system of  example introduced.

order n depending on A.
Now to proof for order n; that is, to prove Example 3-5:

F(AX) = A™F(X) for some A, Let F(X(n)) = AX(n) be a system of difference
_ (f(ax+by\ _ (adx + (ba+b)y equations
Fax) = (g(cx + d}’)) B ((c +cd)x + ddy

(Aa+ B&x + (Ab + Bd)y)

A"F(X) = . ).
(Ca+DEx+ (Cb+Dd)y

28
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then, there exist A =

2
where A=|[3
1

WIN =

(_21 _21) such that
F(AX(n)) = A2°F(X(n)).

Solve:
The eigenvaluesof Aarea; =1 ,a, = —3.
A‘n

(af —az)(a — aq) (af — az)(asz)

al +

— (g — a3) (g — a3)
(af — a3)(az) n (af —ai)(az; — ay)
éal - ay) b (a; —az)
2 —4
A* = (_4 5 ) ,
f(x)=a'x+b'y= §x+y
2
gy) =cx+dy=x+3y
(ax + by) _ 2 (f(x))
cx +dy 9g) ,
1 27\x\_ /5 -4 [3¥tY
F((z —1)y>_(—4 5) 2
X+§y
-2

The left hand is(ﬁé{ti}?) =

The right hand is

2 -2 7
(5 —4) XTYY _[Fxt3Y
— 2 —\7 2 ’
o \x+3y) \sx-3y
Hence Fis semi homogenous of order 2

Remark 3-6:
We can solve example (3-5) by using theorem (3-
4) that is the matrix A is satisfy the system (10)
(a—A)a—Bc =0
ba+(1—-A)b —Bd =0
Ca+(D—-1D¢é—cd=0
Ch+ (D —-d)d=0

Definition 3-7:

The system (5) is called a self-semi homogeneous
if A = A.

Remark 3-8- A system is self-semi homogeneous
of order m iff

F(AX(n)) = A™*1X(n)).
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Remark 3-9:

Every homogeneous system is  self-semi
homogeneous and every self-semi homogeneous
IS semi homogeneous, the converse in general is
not true.

Remark 3-10:
Example 3.5 explains remark (3-9). It is semi
homogeneous not homogeneous and not self-semi
homogeneous.

CONCLUSIONS

The necessary and sufficient conditions to a
homogenous system of difference equations (8) to
be semi homogenous of order n where n > 2 is

the matrix A = <a 2) be a solution of the
¢

following algebraic system

(a—A)a—Bc=0 \
ba+(1—A) b —Bd =0
Cd—i—(D—l)c’—cd:O}

Ch+(D—-d)d=0

Where
A= Q=G p)

n (af —a3)(ay; — ay) (af —az)(asz)

— M (ay —az) () — )
(af — ai)(a;1) a o, (af — az)(az; — ay)
(2 — a3) ! (2 — a3)

a, * a,
The necessary and sufficient conditions to the
homogenous system of difference equations (8) to
be semi homogenous of order one is
a'=d, b =c =0. Where 4= (a b)
¢ d
FUTURE WORK
1-Define  (semi)  homogeneous  of
homogeneous system of difference equations.
2- Find the necessary and sufficient conditions to
the (non) homogenous system of difference
equations of order greater than two to be a semi-
homogenous.
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