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ABSTRACT
Through this paper, we submitted some types of quasi normal operator is called be (k*-N)quasi normal operator of order n defined on a Hilbert space H, this concept is generalized of
some kinds of quasi normal operator appear recently form most researchers in the field of
functional analysis, with some properties and characterization of this operator as well as, some
basic operation such as addition and multiplication of these operators had been given, finally the
relationships of this operator proved with some examples to illustrate conversely and introduce
the sufficient conditions to satisfied this case with other types had been studied.
KEYWORDS: Operator; quasi normal; (K-N)-quasi normal operator; quasi normal operator of
order (n).
الخالصة
 والمعرفة علىn  من الرتبة-)k*-N(-من خالل هذا البحث سنقدم بعض انواع المؤثرات شبه السوية وتسمى شبه السوية
 هذا المفهوم هوة تعميم لبعض انواع المؤثرات شبه السوية والتي ضهرت حديثا من اغلب الباحثيين في حقلH فضاء هلبرت
التحليل الدالي مع بعض الخواص والتميزات لهذا المؤثر باالضافة الى بعض العمليات االساسية مثل الجمع والضرب لهذه
 واخيرا الع القة لهذا المؤثر اعطيت مع بعض االمثلة التوضيحية والعكسية مع تقديم الشروط الكافية,المؤثرات قد اعطيت
.لتحقيق الحاالت مع االنواع االخرى قد درست

INTRODUCTION

SOME BASIC DEFINITIONS

An bounded linear operator 𝐴: 𝐻 → 𝐾 is called
quasi normal operator if satisfy [2]
𝐴(𝐴∗ 𝐴) = (𝐴∗ 𝐴)𝐴
A bounded linear operator 𝐴: 𝐻 → 𝐻 is called npower quasi normal operator if satisfy [4]
𝐴∗ (𝐴∗ 𝐴) = (𝐴∗ 𝐴)𝐴∗
An bounded linear operator 𝐴: 𝐻 → 𝐾 is called
quasi normal operator of order n if satisfy:
𝐴(𝐴∗ 𝐴)𝑛 = (𝐴∗ 𝐴)𝑛 𝐴
where n is positive integer number
A bounded linear operator A:H→K is called(N)quasi normal operator if satisfy [9]
𝐴(𝐴∗ 𝐴) = 𝑁(𝐴∗ 𝐴)𝐴
𝐴𝑘 (𝐴∗ 𝐴) = 𝑁(𝐴∗ 𝐴)𝐴𝑘
i. A bounded linear operator A:H→K is called
(K-N) quasi normal operator if satisfy [5]

In the field of the functional analysis some
students focus almost their works about some
types of operators especially quasi normal
operator such as, [1] is the first one introduced the
concept of normal operator in 1953, in addition
[2] continue by study some properties of quasi
normal operator, but [3] presented another
properties of quasi normal operator in Hilbert
space and in [4] introduce new types of quasi
normal operator is said to be n-power quasi
normal operators. In, [5] properties of (N) quasi
normal operators had been given more studied in
this field continue also, introduced the condition
to make some operation satisfies of quasi normal
operator, Also by [6] given more general operator
it's called (K-N)-quasi normal operator this
generalized in to (K-N)-quasi-n-normal operator.
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A bounded linear operator A:H→K is called
quasi- (n) normal if satisfy [8]
𝐴𝑘 (𝐴∗ 𝐴𝑛 ) = 𝑁(𝐴∗ 𝐴𝑛 )𝐴𝑘

Next, prove the result for, 𝑚 = 𝐻 + 1
That:((𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛 )𝐻+1 = (𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑃 )𝐻+1
((𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛 )𝐻+1 =
((𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛 )𝐻 (𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛

Where n, k is positive integer's number
A bounded linear operator A:H→K is called [K-

=(𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑃 )𝐻 𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )
= (𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑃 )𝐻+1
Thus, the result is true for 𝑚 = 𝐻 + 1
Therefor 𝐴𝑚 is (𝑃∗ − 𝑁) –quasi normal operator
of (n) for all 𝑚 where 𝑚 ≥ 1

N] quasi (n)-normal operator if [6]
𝐴𝑘 (𝐴∗ 𝐴𝑛 )𝑘 = 𝑁(𝐴∗ 𝐴𝑛 )𝑘 𝐴𝑘 ,
Where n, k is positive integer's number
An bounded linear operator A:H→K is called
𝐾 ∗ quasi normal operator of order(n) if satisfy[6],
(𝐴∗ )𝑘 (𝐴∗

𝑛

𝐴) =

(𝐴∗

𝐴)

2021

Remark

It is clear that, Let 𝐴1 and 𝐴2 be two (𝑃∗ −
𝑁) –quasi normal of order (n) then 𝐴1 + 𝐴2 is
need not to be (𝑃∗ − 𝑁) –quasi normal of order
(n).To illustrate that consider
Let 𝐴1 = [3 3 3𝑖 3 ] and 𝐴2 = [2 2𝑖 − 2𝑖 2 ]
then 𝐴1 and 𝐴2 are(𝑃∗ − 𝑁) –quasi normal of
order (n), but 𝐴1 + 𝐴2 and is not (𝑃∗ − 𝑁) –
quasi normal of order (n).
Now, the theorem 3.4 gives the condition to make
remark (3.3) is true.

𝑛 (𝐴∗ )𝑘

Where k is a positive integer number.
Now, we introduce the definition of (𝑃∗ − 𝑁)
quasi (n) - normal operator.

(𝑃 ∗ − 𝑁)- QUASI NORMAL
OPERATORS OF ORDER (N)
Here we introduce the new type of quasi normal
operator, which is (𝑃∗ − 𝑁) – quasi normal
operators of order (n), this concept is modified to
definition appear in [6].

Theorem

Let 𝐴1 and 𝐴2 be two (𝑃∗ − 𝑁) –quasi normal of
order (n), from Hilbert space H to H, such that
𝐴1∗ 𝐴∗2 = 𝐴1 𝐴2 = 𝐴1∗ 𝐴2 = 0
Then
𝐴1 + 𝐴2
(𝑃∗ − 𝑁) –quasi normal operator of order (n).

Definition

Let 𝐴: 𝐻 → 𝐻 is a bounded linear operator is
called (𝑃∗ − 𝑁) – quasi normal operator of order
(n) if
(𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛 = 𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑃
where 𝑃 is a positive integer number.

Proof
𝑛
((𝐴1 + 𝐴2 )∗ )𝑃 ((𝐴1 + 𝐴2 )∗ (𝐴1 + 𝐴2 ))
= (𝐴1∗ + 𝐴∗2 )𝑃 ((𝐴1∗ + 𝐴∗2 )𝑛 (𝐴1 + 𝐴2 )𝑛 )
∗ )𝑃
=((𝐴1 + 𝑃(𝐴1∗ )𝑃−1 𝐴∗2 + ⋯ + (𝐴∗2 )𝑃 )
=((𝐴1∗ )𝑘 + (𝐴∗2 )𝑘 )(((𝐴1∗ )𝑛 + (𝐴∗2 )𝑛 )(𝐴1𝑛 + 𝐴𝑛2 ))
=((𝐴1∗ )𝑃 + (𝐴∗2 )𝑃 )((𝐴1∗ )𝑛 𝐴1𝑛 +
(𝐴1∗ )𝑛 𝐴𝑛2+ (𝐴∗2 )𝑛 𝐴1𝑛 + (𝐴∗2 )𝑛 𝐴𝑛2 )
=((𝐴1∗ )𝑘 + (𝐴∗2 )𝑘 )((𝐴1∗ 𝐴1 )𝑛 + (𝐴1∗ 𝐴2 )𝑛 +
(𝐴∗2 𝐴1 )𝑛 + (𝐴∗2 𝐴2 )𝑛 )
= ((𝐴1∗ )𝑃 (𝐴1∗ )𝑛 𝐴1𝑛
+ (𝐴1∗ )𝑃 (𝐴∗2 )𝑛 𝐴𝑛2 +(𝐴∗2 )𝑃 (𝐴1∗ )𝑛 𝐴1𝑛
+ (𝐴∗2 )𝑃 (𝐴∗2 )𝑛 𝐴𝑛2 )
=((𝐴1∗ )𝑃 (𝐴1∗ )𝑛 𝐴1𝑛 + (𝐴∗2 )𝑃 (𝐴∗2 )𝑛 𝐴𝑛2 )
Since 𝐴1 and 𝐴2 are (𝑃∗ − 𝑁) -quasi normal
operator of order (n)
𝑛
((𝐴1 + 𝐴2 )∗ )𝑃 ((𝐴1 + 𝐴2 )∗ (𝐴1 + 𝐴2 )) =
𝑁((𝐴1∗ )𝑛 𝐴1𝑛 (𝐴1∗ )𝑃 ) + 𝑁((𝐴∗2 )𝑛 𝐴𝑛2 (𝐴∗2 )𝑃 )=
𝑁((𝐴1∗ )𝑛 𝐴1𝑛 (𝐴1∗ )𝑃 + (𝐴∗2 )𝑛 𝐴𝑛2 (𝐴∗2 )𝑃 )
Hence 𝐴1 + 𝐴2 is
𝑛
((𝐴1 + 𝐴2 )∗ )𝑃 ((𝐴1 + 𝐴2 )∗ (𝐴1 + 𝐴2 ))

Theorem

Let 𝐴: 𝐻 → 𝐻 is(𝑃∗ − 𝑁) –quasi normal operator
of order (n) then 𝐴𝑚 is also (𝑃∗ − 𝑁) –quasi
normal operator of order (n), where 𝑚 ≥ 1, is a
positive number.
Proof
Let 𝐴 is (𝑃∗ − 𝑁) –quasi normal of order (n)
Assume that, 𝐴𝑚 is also (𝑃∗ − 𝑁) –quasi normal
operator of (n). By mathematical induction:
Since A be (𝑃∗ − 𝑁) –quasi normal operator of
order (n)
The result true for 𝑚 = 1
(𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛 = 𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )
(1)
Assumption that the result true when (𝑚 − 𝐻)
((𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛 )𝐻 = (𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑃 )𝐻
(2)
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=((𝐴1∗ )𝑃 (𝐴1∗ )𝑛 𝐴1𝑛 + (𝐴1∗ )𝑃 (𝐴∗2 )𝑛 𝐴𝑛2
+(𝐴∗2 )𝑃 (𝐴1∗ )𝑛 𝐴1𝑛 + (𝐴∗2 )𝑃 (𝐴∗2 )𝑛 𝐴𝑛2 )

= 𝑁((𝐴1 𝐴2 )∗ (𝐴1 𝐴2 )𝑛 )((𝐴1 𝐴2 )∗ )𝑃
→
𝑛
((𝐴1 𝐴2 )∗ ) 𝑃 ((𝐴1 𝐴2 )∗ (𝐴1 𝐴2 )) =
𝑛
𝑁((𝐴1 𝐴2 )∗ (𝐴1 𝐴2 )) ((𝐴1 𝐴2 )∗ )𝑃
Hence, the product 𝐴1 𝐴2 is(𝑃∗ − 𝑁)-quasi
Normal operator of order (n)

∗ 𝑃
∗ 𝑛 𝑛
∗ 𝑃
∗ 𝑛 𝑛
=(𝐴1 ) (𝐴1 ) 𝐴1 + (𝐴2 ) (𝐴2 ) 𝐴2
Since 𝐴1 and 𝐴2 are (𝑃∗ − 𝑁) -quasi normal
operator of order (n)
𝑛
((𝐴1 + 𝐴2 )∗ )𝑃 ((𝐴1 + 𝐴2 )∗ (𝐴1 + 𝐴2 ))
= 𝑁((𝐴1∗ )𝑛 𝐴1𝑛 (𝐴1∗ )𝑃 ) + 𝑁((𝐴∗2 )𝑛 𝐴𝑛2 (𝐴∗2 )𝑃 )
= 𝑁((𝐴1∗ )𝑛 𝐴1𝑛 (𝐴1∗ )𝑃 + (𝐴∗2 )𝑛 𝐴𝑛2 (𝐴∗2 )𝑃 )
Hence 𝐴1 + 𝐴2 is (𝑃∗ − 𝑁) -quasi normal
operator of order (n).

3.7 Theorem

Let 𝐴: 𝐻 → 𝐻 is(𝑃∗ − 𝑁)-quasi normal at order
(n) then
1)
Is (𝑃∗ − 𝑁)-quasi normal operator of order (n),
where 𝜆 ∈ 𝑅.

Remark

It is clear that, Let 𝐴1 and 𝐴2 be two (𝑃∗ − 𝑁) –
quasi normal operators of order (n)
Then 𝐴1 𝐴2 are not necessary two (𝑃∗ − 𝑁) quasinormal operators of order (n).
Next, we give condition in order to remark (3.5)
It's true by the following theorem.

2)
(𝑃∗ − 𝑁)-quasi normal operator of order (n), such
𝑁

that 𝑁 = (𝑀) , where (𝑀) is closed subspace.
Proof
𝑛
((𝜆𝐴)∗ )𝑃 ((𝜆𝐴)∗ (𝜆𝐴))
1)

Theorem

Let 𝐴1 : 𝐻 → 𝐻 be (𝐾 ∗ − 𝑁)-quasi normal
operator of order (n) and 𝐴2 : 𝐻 → 𝐻 be 𝐾 ∗ -quasi
normal operator of order (n) then the product
𝐴1 𝐴2 is(𝑃∗ − 𝑁)-quasi normal operator of order
(n) if satisfy the following conditions
𝐴1 𝐴2 = 𝐴2 𝐴1
𝐴∗2 𝐴1 = 𝐴1 𝐴∗2
Proof

𝑛

=(𝜆𝐴∗ )𝑃 ((𝜆𝐴)∗ (𝜆𝐴))
=𝜆𝑃 (𝐴∗ )𝑃 (𝜆𝐴∗ )𝑛 (𝜆𝑛 𝐴𝑛 )
=𝜆𝑃 𝜆𝑛 𝜆𝑛 (𝐴∗ )𝑃 (𝐴∗ )𝑛 (𝐴𝑛 )
=𝜆𝑃 𝜆𝑛 𝜆𝑛 𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑝
𝑛 (𝐴∗ )𝑛 𝑛 𝑛 (𝜆𝑃 ∗ )𝑃
=𝑁𝜆
𝜆 𝐴
𝐴
=𝑁((𝜆𝐴)∗ )𝑛 (𝜆𝐴)𝑛 ((𝜆𝐴)∗ )𝑃
Hence 𝜆𝐴 is (𝑃∗ − 𝑁)-quasi normal operator of
order (n)

𝑛

((𝐴1 𝐴2 )∗ )𝑃 ((𝐴1 𝐴2 )∗ (𝐴1 𝐴2 ))
𝑛
=((𝐴2 𝐴1 )∗ )𝑃 ((𝐴2 𝐴1 )∗ (𝐴1 𝐴2 ))
=((𝐴2 𝐴1 )∗ )𝑃 (((𝐴2 𝐴1 )∗ )𝑛 (𝐴1 𝐴2 )𝑛 )
=(𝐴1∗ 𝐴∗2 )𝑃 ((𝐴1∗ 𝐴∗2 )𝑛 (𝐴1 𝐴2 )𝑛 )
=((𝐴1∗ )𝑃 (𝐴∗2 )𝑃 )(((𝐴1∗ )𝑛 (𝐴∗2 )𝑛 )(𝐴1𝑛 𝐴𝑛2 ))
=(𝐴1∗ )𝑃 ((𝐴∗2 )𝑃 (𝐴1∗ )𝑛 )((𝐴∗2 )𝑛 𝐴1𝑛 )𝐴𝑛2
=(𝐴1∗ )𝑃 ((𝐴1∗ )𝑛 (𝐴∗2 )𝑃 )(𝐴1𝑛 (𝐴∗2 )𝑛 )𝐴𝑛2
=((𝐴1∗ )𝑃 (𝐴1∗ )𝑛 )(𝐴1𝑛 (𝐴∗2 )𝑃 )((𝐴∗2 )𝑛 𝐴𝑛2 )
=((𝐴1∗ )𝑃 (𝐴1∗ )𝑛 ((𝐴∗2 )𝑃 𝐴1𝑛 )((𝐴∗2 )𝑛 𝐴𝑛2 ))
=((𝐴1∗ )𝑃 (𝐴1∗ )𝑛 𝐴1𝑛 )((𝐴∗2 )𝑃 (𝐴∗2 )𝑛 𝐴𝑛2 )
=(𝑁(𝐴1∗ )𝑛 𝐴1𝑛 (𝐴1∗ )𝑃 )((𝐴∗2 )𝑛 𝐴𝑛2 (𝐴∗2 )𝑃 )
=𝑁((𝐴1∗ )𝑛 𝐴1𝑛 )((𝐴∗2 )𝑛 (𝐴1∗ )𝑃 )(𝐴𝑛2 (𝐴∗2 )𝑃 )
=𝑁(𝐴1∗ )𝑛 (𝐴1𝑛 (𝐴∗2 )𝑛 )((𝐴1∗ )𝑃 𝐴𝑛2 )(𝐴∗2 )𝑃
=𝑁(𝐴1∗ )𝑛 ((𝐴∗2 )𝑛 𝐴1𝑛 )(𝐴𝑛2 (𝐴1∗ )𝑃 )(𝐴∗2 )𝑃
=
=
=
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𝑃
𝐴 ∗

𝐴 ∗

𝐴

𝑛

(𝐴∗ )𝑃

((𝑀) ) ((𝑀) (𝑀)) = (

2)
= (

(𝐴∗ )𝑃 (𝐴∗ 𝐴)𝑛
𝑀

𝑁(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑃

=(

𝑁

=(𝑀
=(𝑁

𝑀

(𝐴∗ 𝐴)𝑛

)
)

(𝐴∗ )𝑃

)

𝑀
𝑀
(𝐴∗ 𝐴)𝑛 (𝐴∗ )𝑃

)

𝑀
𝑀
(𝐴∗ )𝑛 (𝐴)𝑛 (𝐴∗ )𝑃

=(𝑁 (

𝑀

𝑀

𝑀

)

𝑀

)

𝐴

Then (𝑀 ) is (𝑃∗ − 𝑁)-quasi normal
Operator of order (n).

𝑁(𝐴1∗ 𝐴∗2 )𝑛 (𝐴1𝑛 𝐴𝑛2 )((𝐴1∗ )𝑃 (𝐴∗2 ) 𝑃 )
𝑃
𝑁((𝐴2 𝐴1 )∗ )𝑛 (𝐴1 𝐴2 ) 𝑛 ((𝐴1∗ )(𝐴∗2 ))
𝑁((𝐴2 𝐴1 )∗ )𝑛 (𝐴1 𝐴2 )𝑛 ((𝐴2 𝐴1 )∗ )𝑃
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(𝐴∗ 𝐴)𝑛

)(

𝑀

)
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CONCLUSIONS
The new type of quasi normal operator which is
(k*-N)- quasi normal operator, have been given in
this search, with some basic important theorems
of properties and operations about this concept
introduced, also using mathematical induction to
prove some theorems in this work.
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