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ABSTRACT

Through this paper, we submitted some types of quasi normal operator is called be (k*-N)-
quasi normal operator of order n defined on a Hilbert space H, this concept is generalized of
some kinds of quasi normal operator appear recently form most researchers in the field of
functional analysis, with some properties and characterization of this operator as well as, some
basic operation such as addition and multiplication of these operators had been given, finally the
relationships of this operator proved with some examples to illustrate conversely and introduce
the sufficient conditions to satisfied this case with other types had been studied.

KEYWORDS: Operator; quasi hormal; (K-N)-quasi normal operator; quasi normal operator of
order (n).
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INTRODUCTION

In the field of the functional analysis some
students focus almost their works about some
types of operators especially quasi normal
operator such as, [1] is the first one introduced the
concept of normal operator in 1953, in addition
[2] continue by study some properties of quasi
normal operator, but [3] presented another
properties of quasi normal operator in Hilbert
space and in [4] introduce new types of quasi
normal operator is said to be n-power quasi
normal operators. In, [5] properties of (N) quasi
normal operators had been given more studied in
this field continue also, introduced the condition
to make some operation satisfies of quasi normal
operator, Also by [6] given more general operator
it's called (K-N)-quasi normal operator this
generalized in to (K-N)-quasi-n-normal operator.
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SOME BASIC DEFINITIONS
An bounded linear operator A:H — K is called
quasi normal operator if satisfy [2]
A(A*A) = (A"A)A
A bounded linear operator A: H — H is called n-
power quasi normal operator if satisfy [4]
A*(A*A) = (A"A)A”
An bounded linear operator A:H — K is called
quasi normal operator of order n if satisfy:
A(A*A™ = (A*A)"A
where n is positive integer number
A bounded linear operator A:H—XK is called(N)-
quasi normal operator if satisfy [9]
A(A*A) = N(A"A)A
AF(A*A) = N(A*A)A¥
i. A bounded linear operator A:H—K is called
(K-N) quasi normal operator if satisfy [5]
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A bounded linear operator A:H—K is called
quasi- (n) normal if satisfy [8]
AK(A*A™) = N(A*AM) A
Where n, k is positive integer's number
A bounded linear operator A:H—K is called [K-

N] quasi (n)-normal operator if [6]
AR(A* A, = N(A*AM)FAK,
Where n, K is positive integer's number
An bounded linear operator A:H—-K is called

K™ quasi normal operator of order(n) if satisfy[6],
(A)(A A" = (A" A" (A"

Where K is a positive integer number.
Now, we introduce the definition of (P*— N)
quasi (n) - normal operator.

(P* — N)- QUASI NORMAL

OPERATORS OF ORDER (N)

Here we introduce the new type of quasi normal
operator, which is (P*— N)-— quasi normal
operators of order (n), this concept is modified to
definition appear in [6].

Definition
Let A:H — H is a bounded linear operator is
called (P* — N) — quasi normal operator of order
(n) if

(A*)P(A*A)n — N(A*A)n(A*)P
where P is a positive integer number.

Theorem

Let A:H —» H is(P* — N) —quasi normal operator
of order (n) then A™ is also (P* — N) —quasi
normal operator of order (n), where m > 1, is a
positive number.

Proof

Let A is (P* — N) —quasi normal of order (n)
Assume that, A™ is also (P* — N) —quasi normal
operator of (n). By mathematical induction:

Since A be (P* — N) —quasi normal operator of
order (n)

The result true form = 1

(AP (A" A" = N(A"A)™(AY)

(1)

Assumption that the result true when (m — H)
(AP A" AT = (N(A*A)™M(AHPHH

)
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Next, prove the result for m = H + 1
That:((A")" (A*"A)™M)P*T = (N(A*A)"(A")P)H+!
((A)F (A A)m)iti=

(A7 (A" AT (A (A A"

=(N(A*A)™M(ADPFN (A" A (A7)
= (N A (AP
Thus, the resultis true form = H + 1
Therefor A™ is (P* — N) —quasi normal operator
of (n) for all m wherem > 1

Remark

It is clear that, Let A, and A, be two (P* —
N) —quasi normal of order (n) then A; + A, is
need not to be (P* — N) —quasi normal of order
(n).To illustrate that consider
Let 4, =[333i3]and 4, =1[22i —2i2]
then A4,and A,are(P* — N) —quasi normal of
order (n), but 4, + 4, and is not (P* - N) -
quasi normal of order (n).
Now, the theorem 3.4 gives the condition to make
remark (3.3) is true.

Theorem

Let A; and A, be two (P* — N) —quasi normal of
order (n), from Hilbert space H to H, such that
AiAy = A A, =A5A, =0  Then A, +4,
(P* — N) —quasi normal operator of order (n).

Proof

((A1 + A2))P((Ar + 45)* (A + 45))"

= (47 + A" ((A] + AD)™(A: + 4A)™)
((ADF + P(ADF AL + -+ (AD)D)
((AD* + (A ((AD™ + (AD™ (AT + 4D))
=((AD°F + (AP ((AD"AT +
(AD)" A%, (A3)"AT + (A3)"AZ)
=((AD* + (A ((A7A)" + (A1A)™ +
(A3A)™ + (434)™)
= ((ADPA)"AT

+ (ADF (A" AT +(A3)P (A" AT
+ (AP (45)"AD)

=((ADP(AD™AT + (43)P (47)"AR)
SinceA; and A,are (P*— N)-quasi
operator of order (n)

(A1 + A2))P (A1 + A2)" (A, + A7) =
N((AD"AT(ADP) + N((A3)"A3(A3)F)=

N((AD™AT(ADF + (43)"AZ (A7)
Hence A; + A, is
(A + A2))P((Ar + A2)" (A + A2))"

normal
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=((ADP(AD"AT + (AD7 (A5 AR
+(A)T(AD"AT + (43)° (43)"AD)

=(ADP(ADMAT + (A3)7 (A" A7
Since A; and A, are (P* — N) -quasi
operator of order (n)

(A1 + 40P ((A; + 42)"(A; + 43))"
= N((AD™AT(AD") + N((A)"AZ(A3)7)
= N((AD"AT(ADP + (A5)"A3(43))
Hence A;+ A, is (P*—N) -quasi
operator of order (n).

normal

normal

Remark

It is clear that, Let A; and A, be two (P*
quasi normal operators of order (n)
Then A;A, are not necessary two (P*—N) -
quasinormal operators of order (n).
Next, we give condition in order to remark (3.5)

It's true by the following theorem.

—N) -

Theorem
LetA;:H—->H be (K"—N)-quasi normal
operator of order (n) and A,: H —» H be K*-quasi
normal operator of order (n) then the product
AA, is(P* — N)-quasi normal operator of order
(n) if satisfy the following conditions

A A, = A,A,

AsA; = A4

Proof

((4142))F ((A142)"(4:4,))"
=((A241))7 ((4241)"(4142))"
=((4241))7 (((A24))™(4:4)™)
=(A143)" (A3 45)™ (A1 4)™)
=((AD" (AP (((AD™M(A5)™ (AT4D))
=(ADP ((A3)P (AD™ ((A)"AD) AL
=(ADP (A" (AP (AT (4™ AR
=((AD" (AD™ (AT (A7) ((Ap)"AD)
=((ADP(AD™((A)P A ((Ap)"AD))
=((ADP (A7)"AD) ((A3)F (A3)"AD)
=(N(ADMAT(ADP) (A" AB(A)P)
=N ((AD™ AT ((A5)™(A)P) (A7 (43)P)
=N (A" (AT (A)™) (AP AD) (A3)P
=N (AD"((A)"AD) (AT (ADP)(A43)7
= N(A;A5)"(ATAD) (AP (45) D)
= N((A241))"(414,) "((4)(43))"
= N((A241))"(414,)"((A,4,))°

= N((4142)*(A142)M)((A14)7)°
((4:42)") P((A1A2)*(A1Az))n:
N((4:42)"(4:42))" ((A4;14)")"

Hence, the product 4, A, is(P* — N)-quasi
Normal operator of order (n)

3.7 Theorem

Let A:H - H is(P*
(n) then

1)

Is (P* — N)-quasi normal operator of order (n),
where 1 € R.

2)

(P* — N)-quasi normal operator of order (n), such
that N = (%) , Where (M) is closed subspace.

— N)-quasi normal at order

Proof

) (AP (4a)a4)"

=(249)F((24) (A4))"
=17 (47)P (A" (A" A™)
=12 AP (AP (A7)"(A™)
=APAMAMN(A*A)"(A*)P
=NA(A")MAm A (AP A%)P
=N((14))"(AA)™((AA))F

Hence 14 is (P*
order (n)

— N)-quasi normal operator of

D) =)

(a* A)”(A )P

2 (6
((A ) @ A)n)
e

AA)”(A) )

N
M
N

(=
(4 A)” (4 )”
o e
M M M
Then (%) is (P* — N)-quasi normal
Operator of order (n).
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CONCLUSIONS

The new type of quasi normal operator which is
(k*-N)- quasi normal operator, have been given in
this search, with some basic important theorems
of properties and operations about this concept
introduced, also using mathematical induction to
prove some theorems in this work.
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