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ABSTRACT

In this paper, depending on the notion of fuzzy length space we define the Cartesian product of
two fuzzy length spaces. we proved that the Cartesian product of two fuzzy length spaces is a
fuzzy length space. More accurately, the Cartesian product of two complete fuzzy length spaces
is proved to be a complete fuzzy length space. Furthermore, the definitions of sequentially fuzzy
compact fuzzy length space, countably fuzzy compact fuzzy length space, locally fuzzy
compact fuzzy length space are introduced, and theorems related to them are proved.

KEYWORDS: Fuzzy Length Space, Fuzzy point, Sequentially fuzzy compact fuzzy length
space, Countably fuzzy compact fuzzy length space, Locally fuzzy compact fuzzy length space.
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INTRODUCTION

The publications in the theory of fuzzy set which
was firstly introduced by Zadeh [1] show the
intention of the researchers to generalize the
classical notion of a set and a proposition to
accommodate fuzziness. Zadeh indicates and
writes in his research that, the concept of fuzzy
sets is more general than ordinary sets, as the
concept of fuzzy sets provides an appropriate
starting point for building a conceptual framework
that, in many respects, parallels the framework
used in ordinary sets, indicating that fuzzy sets
have a wider scope of application.
In 1984, Katsaras [2] studied some properties of
fuzzy normed and semi-normed spaces. Many
authors like Felbin [3], Jian-Zhong and Xiao
Xing-huaZzhu [4] gave the concept of fuzzy
normed spaces in various approaches.

On the other hand, the notions of fuzzy normed
space have been studied from various points of
view. In particular, Xiao and Zhu [5] introduced a
simplified definition of fuzzy normed linear space.
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They discussed some various structures of a fuzzy
normed linear space. In 2009 Sadegi and Kia [6]
studied fuzzy normed space and its topological
properties. Another approach for fuzzy normed
spaces was considered in [7-11].

The first aim goal of this paper is to study the
Cartesian product of two fuzzy length spaces and
investigate some important properties of this
subject. The second goal is to introduced the
definition of sequentially, countably, locally fuzzy
compact fuzzy length space and proved basic
theorems related to it. The remainder of this paper
is organized as follows: In section 2, the main
important properties of fuzzy length space on a
fuzzy set are covered concisely. In section 3 we
introduce the definition of the Cartesian product
of two fuzzy length space and prove that the
Cartesian product of two complete fuzzy length
spaces must be complete fuzzy length space.
Finally, in section 4 we presented the concept of
sequentially, countably, locally fuzzy compact
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fuzzy length space, and the main theorems related
to it will be proved.

PRELIMINARIES

Definition 2.1 [12]:

A binary operation ¢:[0,1]*2—[0,1] is called t-
norm if vp,q,t,s€[0,1]

the following conditions hold:

(1) peg=qop

(2) pel=p

(3) (peq )ot =pe(qot),

(4) If p<q and t<s then pet <qes.

Remark 2.2 [12]:
For each p>q, there is t with pet > q and for each
s, there is ¢ with ses>c where p,q,t,s,6€ [0, 1].

Definition 2.3 [13]:

Let U be a universal set. A fuzzy pointpin Uisa
fuzzy set with a single element and is denoted by
a, or (a,a).

Definition 2.4 [14]:
Suppose that A is a fuzzy set in a linear space L.

Let F be a fuzzy set from A to [0,1] and o be a t-
norm with:

(F1) F(a,) > 0forall a, € A

(F2) F(a,) = 0 ifand only if for a, = 0

(F3) F(ca,a) = jf'(d,%) wherec e K,c # 0
(F4) Flag+bg) =F(ay) oF(bg) for all
A, bg € A

(F5) F is a continuous fuzzy set for all a,, 4 €
Aanda,B €[0,1].

Then (A, F,o)is called a fuzzy length space
(briefly, FL-space) on the fuzzy set A .

Definition 2.5 [14]:

Suppose that (A, F,o)be an FL-space and
assume that a, € A ,where a € [0,1]. Given
0<e <1 then, B(aye)={bpe A:F(bg—
aa) > 1 — €} is called the fuzzy open fuzzy ball
with a center a,, € A and radius e.

Definition 2.6 [14]:

In an FL-space (A, F, o), a fuzzy sequence

{(a,, ay)} issaid to be

()Fuzzy converges to a fuzzy point a, € A if for
each 0<y <1 , 3N with F((ay, o) —
(a,a))>1—vy, foralln > N.
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(if) Fuzzy Cauchy if forany 0<y <1, 3IN
with F((ap, ay) — (@m,0) > 1—7v, for all
n,m = N.

Definition 2.7 [15]:

Let (A, F 4, 0) be an FL-space and € € A. Let G
be a family of fuzzy open fuzzy sets in A that has
the property ¢ € Uceg C, in other words, for any
aq € C there exists C € G such that a, € C, then
Gis said to be a fuzzy open fuzzy covering or
fuzzy open fuzzy cover of €. A finite subfamily of
G that itself represents a fuzzy cover is said to be
a finite sub-covering or a finite subcover of €.

Definition2.8 [15]:

Let (A, F4, ) be an FL-space if there exists a
finite sub-covering for every fuzzy open fuzzy
covering G of A, this means there exists a finite
subfamily  {G1,G2,G3,...,Gn} € G such that
A S UL, G; then (A, Fz,0) is called a fuzzy
compact space.

CARTESIAN PRODUCT OF TWO

FUZZY LENGTH SPACE

The Cartesian product of two fuzzy length spaces
will be introduced in this section. Then we prove
that the Cartesian product of two fuzzy length
spaces is also fuzzy length space. In the end, we
prove that the Cartesian product of two complete
fuzzy length spaces is a complete fuzzy length
space.

For any two sets A and B, the Cartesian product
AXB is defined by AXB={(ab)ac
A , & € B}. The Cartesian product of two fuzzy
length spaces introduced as follows:

Definition 3.1:

Suppose that (A, F 4, ¢) and(M, Fz, o) be two
FL- spaces. The Cartesian product of (A, F 4, o)
and(M, Fj;, o) is the product space (A X
M, F, o) where A x M is the Cartesian product
of the fuzzy sets A and M and F is a mapping
from A x M into [0,1] given by :
F((awbp)) = Fi(a) OF 5 (),
(G bg) € A X M.

for all

Theorem 3.2:

If (A, F 4, 0) and(M, Fz, o) are two FL- spaces
under the same continuous triangular norm. Then
(A X M, F, o) is an FL- space.
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Proof:

For each (a,, &), (1y, v5)in A X M , we have
(F1) since Fj;(ay) >0 andFyp(bg) >0 we
have F((aq #p)) = Fi(aq) o Fiz(6g)  hence
F((awbp)) >0 for all (aybp)€AXM.
(F2) Fs(ay) =0 if and only if a, =0 and
Fiz(bg) =0 if and only if & = 0. Together
Fi(ay) o Fir(6g) = 0 if and only if (a,, &5) =

(0,0). Hence F((aq6g)) =0 if and only if
(aq&4) = (0,0).

(F3) For each a, € A, Fi(ca,a) =F, (a, %)
where c€Kc#0 and Fp(ct,B) =
F (4 B

Fre (6, |c|)'

Now we have

F((c(an 6p)) = F((ca, o), (ct,B))
= jfcﬂV(CCL O() 0-7\5]\7[(06’ B)

= B
=F, ( T I)OTM<1? m)
=F (e bp),%)
where
vy = min{a, B}, o, B € [0,1] .
(jf'4) iqu(aa + /LLY) = jf'dq(da) 0 .']\f'dq(uy) Also
fﬂ(ﬁ’ﬁ + 05) = fﬁ(!ﬁg) 0 753\7[(/0’5). Now

~

F ((aw bp) + (1, v5)) = F(au +uy)
o fﬁ(!ﬁg + 4!5)

> [Fa(aq) o Fa(uy)] o [Fig(bp) o Fip(vs)]
> [Fi(ad) o Fue(bg)] o [Faluy) o Fip(vs)]
> ?v'((aa, frﬁ)) 13 ?v'((uy, /U’s)).

(F5) Since F; (a) is continuous for all a, € A
and Fj;(&g) is continuous for all &g € M .
Hence  F((aw6p)) = Fi(aq) o Fir(6p)
continuous for each (a,, &g) € A X M where
a,B €[0,1].

Hence (A x M, F, o) is an FL- space.

Let ® and ¢ are continuous t-norm then @® is said
to be stronger than o if for each p,q,t;s € [0,1].
Then (pog) © (tos ) =(pOL) o (qOs ).

Theorem 3.3:
Suppose that (A, F 4, ¢) and(M, F 5z, ©) be two
FL- spaces under t-norm o. If ® is a continuous

triangular norm stronger than o then (A x
M, F,®) is an FL- space.
Proof:

Assume that (aq, 63) , (tty, v5) € A X M. Then

F ((aa, b5) + (uy, 08)) = F((ae + uy),
(bp + v5))
= ﬂf"dq(a,a + ’bl/y)@jf'ﬁ(/ﬁ’s + 05)
> [Fa(aq) o Fi(uy)O[F 3 (b5) o Fir(vs)]
> [Fi(a)OF j¢(6p)] o [Fa(1ey)OF 5z (v5)]

> F ((a,a, I?B)) o F ((uy, /zrg)).

(F5) Since  F; (aq)is continuous for all
aqg € A and Fjy(6p) is continuous for all
bg € M.

Hence  F((aq bp)) = Fi(a) OF 7 (65)
continuous for each (a,, &g) € A X M where
o,B €[0,1]. Hence (A X M,F,®) is an FL-
space.

The sequence {(a,, a,)} in an FL- space (A,
F, o) is called fuzzy converges to a fuzzy point
aq € A if limp,e F((ay, ay) —ay) = 1[15].
The next proposition discuss the convergence of a
sequence in an FL- space (A x M, F, ©).

Proposition 3.4:

Let {(a,, a,)} be a sequence in an FL- space
(A, F;,0) converges to a, € A and {(6y, Bn)}
is a sequence in an FL- space (M, Fj, o
)converge to & € M . If the continuous triangular
norm © is stronger than o  then
{((an, ), (Bn,By))} is a sequence in (A X

M,F,©) converge to (aq bp) in AXM ,
where F= F ;OF ;.
Proof:

From the previous Theorem 3.3, (A x M, F, ®)
is FL- space. Now for each (aq,6¢), (uy, v5) €
A XM im0 f"[((dn, ay), (&, Bn)) —
(aw 19[3)] = limy,e F4[(an, on) —

aq] ©lim,_, TV'M[(&H, Bn) — &B] =1

Hence {((an, ay), (64, Bn))} converge to
(@ bp)-

Proposition 3.5:
Let {(a,, a,)} be a fuzzy Cauchy sequence in an
FL- space (A, F4,0) and {(6y,B,)} is a fuzzy
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Cauchy sequence in an FL- space (M, F;, ©). If

@® stronger continuous triangular norm than o then

{((ap, ap), (b4, Bn))} is fuzzy Cauchy sequence

in an FL- space (A xM,F,®) where F=

F10F 5.

Proof:

From the previous Theorem 3.3, (A X M, F, ®)

is an FL- space. Now for each (aq6g) €

A X M,

rlll_l;go jf'[((a'nr O(n), (ﬁn: Bn)) _((a'm: am);

(&m' Bm))] = 1111—r>£>lo j{/i [(a’n» an)'(a'm» am)] O]
lirnn—mo fﬁ[[(’g"nr Bn) - (&mr Bm)]

Since {(an, a,)} be a fuzzy Cauchy sequence in

(A, Fj o) then  lim,_e F 4[(an, on) —

(am, am)] = 1. Also, since {(6y,,Bn)} is a fuzzy

Cauchy sequence in (M, Fj7,0), then

limy 6 jf']ff[ [(64, Bn) — (B, Bm)] = 1.

We get limp, e F[((@n, an), (64, B)) —

((am' om), (B, Bm))] =1

Hence {((an, an), (b4, Bn))} is fuzzy Cauchy

sequence in an FL- space (A x M, F, ®).

It is well known that in an FL- space (A, F, ©)
every fuzzy convergent sequence is fuzzy
Cauchy[15]. Besides, FL- space (A, Fj, o) is
called fuzzy complete if each fuzzy Cauchy
sequence in A fuzzy converges to a fuzzy limit
point in A. The product of two complete FL-
space spaces is proved to be complete FL- space
in the following theorem.

Theorem 3.6 :

Let (A, Fj0) and(M, Fjz,0) are two
complete FL- spaces. If (© is a continuous
triangular norm stronger than the continuous
triangular norm o then (A xM,F, Q) is a
complete FL- space.

Proof:

(A x M, F,®) isan FL- space by Theorem 3.3.
Let {((an, an), (44, Bn))} be afuzzy Cauchy
sequence in A x M, that is for each (a,, &5) €
A X M,
rlli_l;gojf'[((a'n: an)r (’&nr Bn))'((a'm’ O(m),

(&m: Bn\l))] :limn—mo jf'ﬂ [(a’n: an) - (a’m' O(m)]
© rP_r)l;lo“]:]\\/'[ [(br, Bn) — (bm, Bm)]

Hence limy, o F 4[(an, an) — (@m, am)] = 1 and
limp, e Fi7[(Bn, Bn) — (Bm, Bm)] = 1. Therefore

{(ay, ay)} is a fuzzy Cauchy sequence in (A,
Fi0) and {(6,Bn)} is a fuzzy Cauchy
sequence in (M, Fjz,9). But (A, Fz 0) and
(M, F3z, 0) are complete FL- space, then there is
a fuzzy point a, € A and 64 € M such that
im0 Fa[(an, an) —ae] = 1 and
limy e F 37 [ (60, Bn) — 63| = 1. Hence

limy, o jf'[((a'n' o), (b, Bn)) - (a'ou ’&B)] =
limn—>oo j{fi[(dn’ an) - a’a] ©

limp e ﬁﬁ[(/ﬁ’n, Bn) — fvs] = 1.

Thus {((a,, ap), (U4, By))} fuzzy converges to
(aq &p) in A x M. This shows (A x M, F, ®)
Is a complete an FL- space.

LOCALLY AND SEQUENTIALLY
COMPACT FUZZY LENGTH SPACE
This section is devoted to presenting the concept
of the sequentially, countably, and locally fuzzy
compact fuzzy length space and clarifying the
relationship between these concepts. First, we
introduce the concept of sequentially fuzzy
compact fuzzy length space as follows.

Definition 4.1:

An FL- space (A, F 4, ©) is called sequentially
fuzzy compact FL- space if each sequence in A
has a convergent subsequence.

Theorem 4.2:

Let (A, F;,0) be an FL- space. Then the
following statements are equivalent:
(1) (A, Fj;,0) is a sequentially fuzzy compact
FL- space.
(2) Every infinite subset has a fuzzy limit point.

Proof:

Let ¢ be an infinite subset of A and let
{(ay, ay)} be asequence in €. Since (A, F 4, 0) is
sequentially fuzzy compact the sequence contains
a convergent subsequence and the limit is a fuzzy
limit point of C .

Now consider {(a,, a,)} be a sequence in A. If
the set {(a4, 1), (a,, a3), ..., } is finite, then one
of the fuzzy points, say (a;.,q;), satisfies
(@i, a;.) = (a, ), j€N. Hence the sequence
{(ai, @,)}(si.) is a subsequence of {(an, ay)}
fuzzy converges to (a;., a;.). Suppose that the set
{(ai, 1), (ay, a3), ..., } Is infinite. Then by
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assumption, it has at least one fuzzy limit point
aq € A. Let ny € N with F4[(an,, an,) — ao] >
0. Let mng €N with mny,; >mne and
~ 1

Fil(ang,,r %ny,,) — aa) > 1 - = Then the
sequence {(an,, an, )} fuzzy converges to a,.

In an FL- space (A, F 4, o) a subset € is said to be
totally fuzzy bounded (or fuzzy pre-compact) if
for each 0 < e < 1, there exist fuzzy points
W, Wy, W3,...,w, Such that thf: fuzzy set
{(6, Bl)J (1{2, B2), ..., (b, Bn)} € C  whenever
aq in A, Flag— (41,B;)) > (1 —¢€) for some
(’&ir Bl) € {(’6/1' BI)J (/6’2, BZ)I ] (’&n» Bn)} This
fuzzy set of fuzzy points

{{(61,B1), (62,B2), ..., (b, Bn)}is called the e-
fuzzy net[15]. The following proposition shows

the equivalent relationship between fuzzy compact
and sequentially fuzzy compact FL- space.

Proposition 4.3:

Let (A, F;,0) be an FL- space. Then the
following statements are equivalent:

(1) (A, F ;3,0) is a fuzzy compact.

(2) (A, F;,0) is sequentially fuzzy compact
Proof:

Let A be fuzzy compact then by Theorem
2.2.13[15] A, is fuzzy totally bounded and
complete. Suppose that {(a, a,)} be any
sequence in A. Since A is totally fuzzy bounded
using Theorem 2.2.9[15], we have the sequence
{(a,, ay)} contains a fuzzy Cauchy subsequence
say {(an,, 0tn, ) }- So {(angon)} fuzzy
converges to a, € A since A is fuzzy complete.
Hence every sequence {(a,, a,)}in A contains a
fuzzy convergent subsequence {(ay,, an, )} -

Now suppose that A sequentially fuzzy compact,
that means every sequence {(a,, a,)} in A has a
fuzzy convergent subsequence {(ay,, oy, )} . Now
by using Theorem 2.2.9[15], we have A is totally
fuzzy bounded. It remains to show that A is fuzzy
complete. let {(a, a,)} be a fuzzy Cauchy
sequence in A. By assumption {(a,, a,)} has a
subsequence {(ap,, ay, )} that fuzzy converges to
a fuzzy point a, €A. We shall show
that {(a,, a,)} fuzzy converges toa,. Let
0 <y < 1 be given by Remark (2.2), there is
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0<p<1 such that - WO A - p >
(1— y). Now {(an,on )} fuzzy converges
to a, , that is, there exist N1 such that

Fj ((ank,ank) - aa) > (1—p) for all
n, = N1. Since the sequence {(a,, ay)}is fuzzy
Cauchy, there exist N2 such that F ;((ap, ay) —
(@m am)) > @ —p)  for all mn >N2. Let
N = min{N1,N2} then F;[(a, ay) —aqsl =

:qu“ ((a'nv an) - (a'nk' ank)) ¢ ﬁ:ﬁ ((a'nki ank) -

) > 1= wel-w> 1= )

For all n > N. This completes the proof.

Now in the following definition, we introduce the
concept of countably fuzzy compact FL- space.

Definition 4.4:

An FL- space (A, F, ) is said to be countably
fuzzy compact if every open countable cover has a
finite subcover.

In the following theorem, a fuzzy compact FL-
space (A, F, o) is proved to be a countably fuzzy
compact.

Theorem 4.5:

A fuzzy compact FL- space (A, F,o)
countably fuzzy compact.

Proof:

Let G be a countably fuzzy open fuzzy cover for
A, and since A, is fuzzy compact, then G has
finite subcover which covering A. Hence (A,
F, o) is countably fuzzy compact FL- space.

is

Theorem 4.6:

Suppose that (A, F, ¢) be an FL- space. If (A,
F, ¢) is countably fuzzy compact, then (A, F, )
is fuzzy totally bounded.

Proof:

Consider G; = B((a;, o;), €) be a countable fuzzy
open fuzzy cover for A, with center(a;, o;) and
radius €. Since A is countably fuzzy compact,
then there exist a finite subcover of A, that is
means for each a, € A,a, € UL, G; , this
means for each a, € A thereis j = {1,2,3,...,n}
such thata, € UL, G; =B((a;, o), €). Then the
set {(a1, 1), (ay, a3), ..., (ay, ay)} is form an e-
fuzzy net for A, i.e., (A, F,o) is fuzzy totally
bounded.
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Theorem 4.7:

Suppose that (A, F, o) be a sequentially fuzzy
compact FL- space. Then (A, F, o) is a countably
fuzzy compact.

Proof:

Since (A, F,¢) is sequentially fuzzy compact
FL- space, and by using Proposition 4.3 and
Theorem 4.5, then (A, F, ¢) is a countably fuzzy
compact FL- space.

Inan FL- space (A, F,o), a fuzzy set € is a
fuzzy neighborhood of a fuzzy point a, if there
exists an fuzzy open fuzzy ball B(a, €) with
centre a, € A and radius €, such that B(agy, €) =
{/6’3 € dfijf'(,&ﬁ - da) >

1 — €} is contained in C.

Definition 4.8:

A FL- space (A, F,o) is called locally fuzzy
compact FL- space if each a, € A has a compact
fuzzy neighborhood.

Theorem 4.9:

Every fuzzy compact FL- space (A, F,9) is a
locally  fuzzy  compact FL-  space.
Proof:

Suppose that (A, F, ¢) be a fuzzy compact FL-
space. Then by Definition 2.8 every fuzzy open
fuzzy cover G; has finite subcover, that is mean
S S UL, G. Now for each a, €A implies
B(ay €) € UL, G, that is mean each a, € A has
a fuzzy compact B(a,, €). Hence (A, F, o) is a
locally fuzzy compact FL- space.

Proposition 4.10:

If (A, F,o) is sequentially fuzzy compact FL-
space, then (A, F, o) is a locally fuzzy compact
FL- space.

Proof:

Since (A, F,o) is sequentially fuzzy compact
FL- space, then by Proposition 4.3 (A, F, o) is
fuzzy compact and by Theorem 4.9  we
obtain (A, F, o) is a locally fuzzy compact FL-
space.

CONCLUSIONS

The concept of the Cartesian product of two fuzzy
length spaces is presented. It was proved that the
Cartesian product of two complete fuzzy normed
spaces is complete fuzzy normed space. Also, we
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have introduced the concept of the sequentially,
countably, and locally fuzzy compact fuzzy length
space with a discussion and study of the basic
theorems of these concepts.
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