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 الخلاصة
في هذا البحث ، بناءً على فكرة فضاء الطول الضبابي ، عرفنا الضرب الديكارتي لفضائيين ضبابيين الطول. لقد أثبتنا أن 

بابي. وبدقة أكثر ، ثبت أن الضرب الديكارتي لفضاءات طول الضرب الديكارتي لفضائيين ضبابيين الطول هوفضاء طول ض

ضبابية كاملة هو فضاء طول ضبابي كامل. من ناحية اخرى ، تم تقديم تعريفات فضاء الطول الضبابي المتراص ضبابياً 

يا ، وتم إثبات بالتتابع ، فضاء الطول الضبابي المتراص ضبابياً بشكل محسوب ، فضاء الطول الضبابي المتراص ضبابياً محل

 النظريات المتعلقة بها.

 

INTRODUCTION 
The publications in the theory of fuzzy set which 

was firstly introduced by Zadeh [1] show the 

intention of the researchers to generalize the 

classical notion of a set and a proposition to 

accommodate fuzziness. Zadeh indicates and 

writes in his research that, the concept of fuzzy 

sets is more general than ordinary sets, as the 

concept of fuzzy sets provides an appropriate 

starting point for building a conceptual framework 

that, in many respects, parallels the framework 

used in ordinary sets, indicating that fuzzy sets 

have a wider scope of application.                                          

In 1984, Katsaras [2] studied some properties of 

fuzzy normed and semi-normed spaces. Many 

authors like Felbin [3], Jian-Zhong and Xiao 

Xing-huaZhu [4] gave the concept of fuzzy 

normed spaces in various approaches.  

On the other hand, the notions of fuzzy normed 

space have been studied from various points of 

view. In particular, Xiao and Zhu [5] introduced a 

simplified definition of fuzzy normed linear space. 

They discussed some various structures of a fuzzy 

normed linear space. In 2009 Sadeqi and Kia [6] 

studied fuzzy normed space and its topological 

properties. Another approach for fuzzy normed 

spaces was considered in [7-11].                                            

The first aim goal of this paper is to study the 

Cartesian product of two fuzzy length spaces and 

investigate some important properties of this 

subject. The second goal is to introduced the 

definition of sequentially, countably, locally fuzzy 

compact fuzzy length space and proved basic 

theorems related to it. The remainder of this paper 

is organized as follows: In section 2, the main 

important properties of fuzzy length space on a 

fuzzy set are covered concisely. In section 3 we 

introduce the definition of the Cartesian product 

of two fuzzy length space and prove that the 

Cartesian product of two complete fuzzy length 

spaces must be complete fuzzy length space. 

Finally, in section 4 we presented the concept of 

sequentially, countably, locally fuzzy compact 
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fuzzy length space, and the main theorems related 

to it will be proved. 

PRELIMINARIES  
Definition 2.1 [12]: 

A binary operation ⋄:[0,1]^2→[0,1]  is called  t-

norm if ∀p,q,t,s∈[0,1] 

the following conditions hold:  

(1) p⋄q = q⋄ p 

(2) p⋄1 = p  

(3) (p⋄q )⋄t  =p⋄(q⋄t), 

(4) If p≤q and t≤s then p⋄t ≤q⋄s. 

 

Remark 2.2 [12]: 

For each p>q, there is t with p⋄t ≥ q and for each 

s, there is σ with s⋄s≥σ where p,q,t,s,σ∈ [0, 1]. 

 

Definition 2.3 [13]: 

 Let U be a universal set. A fuzzy point p in U is a 

fuzzy set with a single element and is denoted by 

𝒶α or (𝒶, α).  
 

Definition 2.4 [14]: 

Suppose that  �̌� is a fuzzy set in a linear space ℒ. 

Let ℱ̌ be a fuzzy set from �̌� to [0,1] and  ⋄ be a t-

norm with: 

(ℱ̌1) ℱ̌(𝒶α) > 0 for all 𝒶α ∈ �̌� 

(ℱ̌2) ℱ̌(𝒶α) = 0 if and only if for 𝒶α = 0 

(ℱ̌3) ℱ̌(𝒸𝒶, α) = ℱ̌ (𝒶,
α

|𝒸|
) where 𝒸 ∈ 𝕂, 𝒸 ≠ 0 

(ℱ̌4) ℱ̌(𝒶α + 𝒷β) ≥ ℱ̌(𝒶α) ⋄ ℱ̌(𝒷β)   for all 

𝒶α, 𝒷β ∈ �̌� 

(ℱ̌5) ℱ̌ is a continuous fuzzy set for all 𝒶α, 𝒷β ∈

�̌� and α , β ∈ [0,1]. 
Then (�̌�, ℱ̌, ⋄) is called a fuzzy length space 

(briefly, FL-space) on the fuzzy set �̌� . 
 

Definition 2.5 [14]: 

Suppose that (�̌�, ℱ̌, ⋄) be an FL-space and 

assume that 𝒶α ∈ �̌� ,where α ∈ [0,1]. Given 

0 < ϵ < 1  then, ℬ̌(𝒶α, ϵ)={𝒷β ∈ �̌�: ℱ̌(𝒷β −

𝒶α) > 1 − ϵ} is called the fuzzy open fuzzy ball 

with a center 𝒶α ∈ �̌�  and radius ϵ.  

 

Definition 2.6 [14]:  

 In an FL-space (�̌�, ℱ̌, ⋄), a fuzzy sequence 
{(𝒶n, αn)}  is said to be 

(i)Fuzzy converges to a fuzzy point 𝒶α ∈ �̌� if for 

each 0 < γ < 1   ,  ∃ N with ℱ̌((𝒶n, αn) −
(𝒶, α)) > 1 − γ,  for all n ≥ N. 

(ii) Fuzzy Cauchy   if for any 0 < γ < 1,  ∃ N 

with ℱ̌((𝒶n, αn) − (𝒶m, αm) > 1 − γ,  for all 

n, m ≥ N. 

 

Definition 2.7 [15]: 

Let (�̌�, ℱ̌�̌�, ⋄) be an FL-space and �̃� ⊆ �̌�. Let Ĝ 

be a family of fuzzy open fuzzy sets in �̌� that has 

the property �̃� ⊆ ⋃ CC∈Ĝ , in other words, for any 

𝒶α ∈ �̃�  there exists C ∈ Ĝ   such that 𝒶α ∈ C, then 

Ĝ is said to be a fuzzy open fuzzy covering or 

fuzzy open fuzzy cover of �̃�. A finite subfamily of 

Ĝ  that itself represents a fuzzy cover is said to be 

a finite sub-covering or a finite subcover of �̃�. 

 

Definition2.8 [15]: 

Let (�̌�, ℱ̌�̌�, ⋄) be an FL-space if there exists a 

finite sub-covering for every fuzzy open fuzzy 

covering Ĝ  of �̌�, this means there exists a finite 

subfamily {G1, G2, G3, … , Gn} ⊆ Ĝ   such that 

 �̌� ⊆ ⋃ Gi
n
i=1  then (�̌�, ℱ̌�̌�, ⋄)  is called a fuzzy 

compact space. 

CARTESIAN PRODUCT OF TWO 

FUZZY LENGTH SPACE  
 The Cartesian product of two fuzzy length spaces 

will be introduced in this section. Then we prove 

that the Cartesian product of two fuzzy length 

spaces is also fuzzy length space. In the end, we 

prove that the Cartesian product of two complete 

fuzzy length spaces is a complete fuzzy length 

space. 

For any two sets 𝒜 and ℬ, the Cartesian product 

𝒜 × ℬ is defined by 𝒜 × ℬ = {(𝒶, 𝒷): 𝒶 ∈
𝒜 , 𝒷 ∈ ℬ}. The Cartesian product of two fuzzy 

length spaces introduced as follows: 

 

Definition 3.1: 

Suppose that  (�̌�, ℱ̌�̌�, ⋄) and(ℳ̌, ℱ̌ℳ̌, ⋄) be two 

FL- spaces. The Cartesian product of (�̌�, ℱ̌�̌�, ⋄) 

and(ℳ̌, ℱ̌ℳ̌, ⋄) is the product space (�̌� ×

ℳ̌, ℱ̌, ⋄) where �̌� × ℳ̌ is the Cartesian product 

of the fuzzy sets �̌� and ℳ̌ and ℱ̌ is a mapping 

from �̌� × ℳ̌ into  [0,1] given by : 

ℱ̌((𝒶α, 𝒷β)) = ℱ̌�̌�(𝒶α)⨀ℱ̌ℳ̌(𝒷β), for all 

(𝒶α, 𝒷β) ∈ �̌� × ℳ̌. 

 

Theorem 3.2: 

 If (�̌�, ℱ̌�̌�, ⋄) and(ℳ̌, ℱ̌ℳ̌, ⋄) are two FL- spaces 

under the same continuous triangular norm. Then 

(�̌� × ℳ̌, ℱ̌, ⋄) is an FL- space. 
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Proof: 

 For each (𝒶α, 𝒷β) , (𝓊γ, 𝓋δ)in �̌� × ℳ̌ , we have 

(ℱ̌1) since ℱ̌�̌�(𝒶α) > 0 and ℱ̌ℳ̌(𝒷β) > 0 we 

have ℱ̌((𝒶α, 𝒷β)) = ℱ̌�̌�(𝒶α) ⋄ ℱ̌ℳ̌(𝒷β)  hence 

ℱ̌((𝒶α, 𝒷β)) > 0 for all (𝒶α, 𝒷β) ∈ �̌� × ℳ̌. 

 (ℱ̌2) ℱ̌�̌�(𝒶α) = 0  if and only if  𝒶α = 0 and 

ℱ̌ℳ̌(𝒷β) = 0  if and only if  𝒷β = 0. Together 

ℱ̌�̌�(𝒶α) ⋄ ℱ̌ℳ̌(𝒷β) = 0 if and only if (𝒶α, 𝒷β) =

(0,0). Hence ℱ̌((𝒶α, 𝒷β)) = 0  if and only if 

(𝒶α, 𝒷β) = (0,0). 

 

(ℱ̌3) For each 𝒶α ∈ �̌�,   ℱ̌�̌�(𝒸𝒶, α) = ℱ̌�̌� (𝒶,
α

|𝒸|
) 

where 𝒸 ∈ 𝕂, 𝒸 ≠ 0 and ℱ̌ℳ̌(𝒸𝒷, β) =

ℱ̌ℳ̌ (𝒷,
β

|𝒸|
). 

 Now we have 

ℱ̌((𝒸(𝒶α, 𝒷β)) = ℱ̌((𝒸𝒶, α), (𝒸𝒷, β)) 

                    = ℱ̌�̌�(𝒸𝒶, α) ⋄ ℱ̌ℳ̌(𝒸𝒷, β) 

                        = ℱ̌�̌� (𝒶,
α

|𝒸|
) ⋄ ℱ̌ℳ̌ (𝒷,

β

|𝒸|
) 

=ℱ̌ (((𝒶α, 𝒷β),
γ

|𝒸|
) 

where  

γ = min{α, β} , α, β ∈ [0,1] . 

(ℱ̌4) ℱ̌�̌�(𝒶α + 𝓊γ) ≥ ℱ̌�̌�(𝒶α) ⋄ ℱ̌�̌�(𝓊γ). Also 

ℱ̌ℳ̌(𝒷β + 𝓋δ) ≥ ℱ̌ℳ̌(𝒷β) ⋄ ℱ̌ℳ̌(𝓋δ). Now 

 ℱ̌ ((𝒶α, 𝒷β) + (𝓊γ, 𝓋δ)) ≥ ℱ̌�̌�(𝒶α + 𝓊γ) 

 ⋄ ℱ̌ℳ̌(𝒷β + 𝓋δ) 

≥ [ℱ̌�̌�(𝒶α) ⋄ ℱ̌�̌�(𝓊γ)] ⋄ [ℱ̌ℳ̌(𝒷β) ⋄ ℱ̌ℳ̌(𝓋δ)] 

≥ [ℱ̌�̌�(𝒶α) ⋄ ℱ̌ℳ̌(𝒷β)] ⋄ [ℱ̌�̌�(𝓊𝛾) ⋄ ℱ̌ℳ̌(𝓋δ)]  

≥ ℱ̌((𝒶α, 𝒷β)) ⋄ ℱ̌((𝓊γ, 𝓋δ)). 

 

(ℱ̌5) Since  ℱ̌�̌�  (𝒶α) is continuous for all 𝒶α ∈ �̌� 

and ℱ̌ℳ̌(𝒷β) is continuous for all 𝒷β ∈ ℳ̌ . 

Hence  ℱ̌((𝒶α, 𝒷β)) = ℱ̌�̌�(𝒶α) ⋄ ℱ̌ℳ̌(𝒷β) is 

continuous for each (𝒶α, 𝒷β)  ∈ �̌� × ℳ̌ where 

α , β ∈ [0,1]. 
Hence (�̌� × ℳ̌, ℱ̌, ⋄) is an FL- space. 

 

Let ⨀ and ⋄ are continuous t-norm then ⨀ is said 

to be stronger than ⋄ if for each p,q,t,s ∈ [0,1]. 

Then (p⋄q) ⨀ (t⋄s ) ≥(p⨀t) ⋄ (q⨀s ). 

 

Theorem 3.3: 

   Suppose that (�̌�, ℱ̌�̌�, ⋄) and(ℳ̌, ℱ̌ℳ̌, ⋄) be two 

FL- spaces under t-norm ⋄. If ⨀ is a continuous 

triangular norm stronger than ⋄ then (�̌� ×
ℳ̌, ℱ̌, ⨀) is an FL- space. 

Proof:  

Assume that (𝒶α, 𝒷β) , (𝓊γ, 𝓋δ) ∈ �̌� × ℳ.̌  Then  

ℱ̌ ((𝒶α, 𝒷β) + (𝓊γ, 𝓋δ)) = ℱ̌((𝒶α + 𝓊γ), 

(𝒷β + 𝓋δ)) 

= ℱ̌�̌�(𝒶α + 𝓊γ)⨀ℱ̌ℳ̌(𝒷β + 𝓋δ) 

≥ [ℱ̌�̌�(𝒶α) ⋄ ℱ̌�̌�(𝓊γ)]⨀[ℱ̌ℳ̌(𝒷β) ⋄ ℱ̌ℳ̌(𝓋δ)]  

≥ [ℱ̌�̌�(𝒶α)⨀ℱ̌ℳ̌(𝒷β)] ⋄ [ℱ̌�̌�(𝓊γ)⨀ℱ̌ℳ̌(𝓋δ)]  

≥ ℱ̌ ((𝒶α, 𝒷β)) ⋄ ℱ̌ ((𝓊γ, 𝓋δ)). 

 

 (ℱ̌5) Since  ℱ̌�̌�  (𝒶α) is continuous for all 

𝒶α ∈ �̌� and ℱ̌ℳ̌(𝒷β) is continuous for all 

𝒷β ∈ ℳ̌.  

Hence  ℱ̌((𝒶α, 𝒷β)) = ℱ̌�̌�(𝒶α)⨀ℱ̌ℳ̌(𝒷β) is 

continuous for each (𝒶α, 𝒷β)  ∈ �̌� × ℳ̌ where 

α , β ∈ [0,1]. Hence (�̌� × ℳ̌, ℱ̌, ⨀) is an FL- 

space. 

The sequence {(𝒶n, αn)} in an FL- space (�̌�, 

ℱ̌, ⋄) is called fuzzy converges to a fuzzy point 

𝒶α ∈ �̌� if limn→∞ ℱ̌((𝒶n, αn) − 𝒶α) = 1[15]. 

The next proposition discuss the convergence of a 

sequence in an FL- space (�̌� × ℳ̌, ℱ̌, ⨀). 

 

Proposition 3.4: 

   Let {(𝒶n, αn)} be a sequence in an FL- space 

(�̌�, ℱ̌�̌�, ⋄)  converges to 𝒶α ∈ �̌�  and {(𝒷n, βn)}  

is a sequence in an FL- space (ℳ̌, ℱ̌ℳ̌, ⋄

)converge to 𝒷β ∈ ℳ̌. If the continuous triangular 

norm ⨀ is stronger than ⋄ then  

{((𝒶n, αn), (𝒷n, βn))}  is a sequence in (�̌� ×
ℳ̌, ℱ̌, ⨀)  converge to (𝒶α, 𝒷β) in �̌� × ℳ̌ , 

where ℱ̌= ℱ̌�̌�⨀ℱ̌ℳ̌. 

Proof:  

From the previous Theorem 3.3, (�̌� × ℳ̌, ℱ̌, ⨀) 

is FL- space. Now for each (𝒶α, 𝒷β) , (𝓊γ, 𝓋δ) ∈

�̌� × ℳ̌ , limn→∞ ℱ̌[((𝒶n, αn), (𝒷n, βn)) −

(𝒶α, 𝒷β)] = limn→∞ ℱ̌�̌�[(𝒶n, αn) −

𝒶α] ⨀ limn→∞ ℱ̌ℳ̌[(𝒷n, βn) − 𝒷β] = 1 

Hence {((𝒶n, αn), (𝒷n, βn))}   converge to 

(𝒶α, 𝒷β). 

 

Proposition 3.5: 

   Let {(𝒶n, αn)} be a fuzzy Cauchy sequence in an 

FL- space (�̌�, ℱ̌�̌�, ⋄)  and {(𝒷n, βn)}  is a fuzzy 
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Cauchy sequence in an FL- space (ℳ̌, ℱ̌ℳ̌, ⋄). If 

⨀ stronger continuous triangular norm than ⋄ then 
{((𝒶n, αn), (𝒷n, βn))}  is fuzzy Cauchy sequence 

in an FL- space (�̌� × ℳ̌, ℱ̌, ⨀) where ℱ̌= 

ℱ̌�̌�⨀ℱ̌ℳ̌. 

Proof:  

From the previous Theorem 3.3, (�̌� × ℳ̌, ℱ̌, ⨀) 

is an FL- space. Now for each (𝒶α, 𝒷β)  ∈ 

�̌� × ℳ̌,  
lim 
n→∞

ℱ̌[((𝒶n, αn), (𝒷n, βn)) −((𝒶m, αm), 

(𝒷m, βm))] = lim 
n→∞

ℱ̌�̌�[(𝒶n, αn)-(𝒶m, αm)] ⨀  

                    limn→∞ ℱ̌ℳ̌[(𝒷n, βn) − (𝒷m, βm)]  
Since {(𝒶n, αn)} be a fuzzy Cauchy sequence in 

(�̌�, ℱ̌�̌�, ⋄)  then limn→∞ ℱ̌�̌�[(𝒶n, αn) −
(𝒶m, αm)] = 1. Also, since {(𝒷n, βn)}  is a fuzzy 

Cauchy sequence in (ℳ̌, ℱ̌ℳ̌, ⋄), then 

limn→∞ ℱ̌ℳ̌[(𝒷n, βn) − (𝒷m, βm)] = 1. 

We get limn→∞ ℱ̌[((𝒶n, αn), (𝒷n, βn)) −

((𝒶m, αm), (𝒷m, βm))] = 1 

Hence {((𝒶n, αn), (𝒷n, βn))}   is fuzzy Cauchy 

sequence in an FL- space (�̌� × ℳ̌, ℱ̌, ⨀). 

 

It is well known that in an FL- space (�̌�, ℱ̌�̌�, ⋄)   

every fuzzy convergent sequence is fuzzy 

Cauchy[15]. Besides, FL- space (�̌�, ℱ̌�̌�, ⋄) is 

called fuzzy complete if each fuzzy Cauchy 

sequence in �̌� fuzzy converges to a fuzzy limit 

point in �̌�. The product of two complete FL- 

space spaces is proved to be complete FL- space 

in the following theorem. 

 

Theorem 3.6 : 

   Let (�̌�, ℱ̌�̌�, ⋄) and(ℳ̌, ℱ̌ℳ̌, ⋄) are two 

complete FL- spaces. If  ⨀ is a continuous 

triangular norm stronger than the continuous 

triangular norm ⋄ then (�̌� × ℳ̌, ℱ̌, ⨀) is a 

complete FL- space. 

 

Proof: 

 (�̌� × ℳ̌, ℱ̌, ⨀)  is an FL- space by Theorem 3.3. 

Let {((𝒶n, αn), (𝒷n, βn))}   be a fuzzy Cauchy 

sequence in  �̌� × ℳ̌, that is for each (𝒶α, 𝒷β)  ∈

�̌� × ℳ̌, 

lim
n→∞

ℱ̌[((𝒶n, αn), (𝒷n, βn))-((𝒶m, αm), 

(𝒷m, βm))] =limn→∞ ℱ̌�̌�[(𝒶n, αn) − (𝒶m, αm)] 

⨀ lim
n→∞

ℱ̌ℳ̌[(𝒷n, βn) − (𝒷m, βm)] 

Hence limn→∞ ℱ̌�̌�[(𝒶n, αn) − (𝒶m, αm)] = 1 and 

limn→∞ ℱ̌ℳ̌[(𝒷n, βn) − (𝒷m, βm)] = 1. Therefore 

{(𝒶n, αn)} is a fuzzy Cauchy sequence in (�̌�, 

ℱ̌�̌�, ⋄)  and {(𝒷n, βn)}  is a fuzzy Cauchy 

sequence in  (ℳ̌, ℱ̌ℳ̌, ⋄). But (�̌�, ℱ̌�̌�, ⋄) and 

(ℳ̌, ℱ̌ℳ̌, ⋄)  are complete FL- space, then there is 

a fuzzy point  𝒶α ∈ �̌� and 𝒷β ∈ ℳ ̌ such that 

limn→∞ ℱ̌�̌�[(𝒶n, αn) − 𝒶α] = 1 and 

limn→∞ ℱ̌ℳ̌[(𝒷n, βn) − 𝒷β] = 1. Hence 

limn→∞ ℱ̌[((𝒶n, αn), (𝒷n, βn)) − (𝒶α, 𝒷β)] =

limn→∞ ℱ̌�̌�[(𝒶n, αn) − 𝒶α] ⨀    

limn→∞ ℱ̌ℳ̌[(𝒷n, βn) − 𝒷β] = 1. 

Thus {((𝒶n, αn), (𝒷n, βn))} fuzzy converges to 

(𝒶α, 𝒷β) in �̌� × ℳ̌. This shows (�̌� × ℳ̌, ℱ̌, ⨀) 

is a complete an FL- space. 

LOCALLY AND SEQUENTIALLY 

COMPACT FUZZY LENGTH SPACE  
 This section is devoted to presenting the concept 

of the sequentially, countably, and locally fuzzy 

compact fuzzy length space and clarifying the 

relationship between these concepts. First, we 

introduce the concept of sequentially fuzzy 

compact fuzzy length space as follows. 

 

Definition 4.1:  

   An FL- space (�̌�, ℱ̌�̌�, ⋄)  is called sequentially 

fuzzy compact FL- space if each sequence in �̌� 

has a convergent subsequence. 

 

Theorem 4.2: 

    Let (�̌�, ℱ̌�̌�, ⋄)   be an FL- space. Then the 

following statements are equivalent: 

(1) (�̌�, ℱ̌�̌�, ⋄)  is a sequentially fuzzy compact 

FL- space.  

(2) Every infinite subset has a fuzzy limit point. 

 

Proof: 

 Let �̃� be an infinite subset of �̌� and let 

{(𝒶n, αn)} be a sequence in �̃�. Since (�̌�, ℱ̌�̌�, ⋄) is 

sequentially fuzzy compact the sequence contains 

a convergent subsequence and the limit is a fuzzy 

limit point of �̃� . 

 

Now consider {(𝒶n, αn)}  be a sequence in �̌�. If 

the set {(𝒶1, α1), (𝒶2, α2), … . , } is finite, then one 

of the fuzzy points, say (𝒶i°
, αi°

), satisfies 

(𝒶i°
, αi°

) = (𝒶j, αj), j ∈ N. Hence the sequence 

{(𝒶i°
, αi°

)}(𝓈i°
) is a subsequence of {(𝒶n, αn)} 

fuzzy converges to (𝒶i°
, αi°

). Suppose that the set 

{(𝒶1, α1), (𝒶2, α2), … . , }   is infinite. Then by 
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assumption, it has at least one fuzzy limit point 

𝒶α ∈ �̌�. Let 𝔫1 ∈ N with ℱ̌�̌�[(𝒶n1
, αn1

) − 𝒶α] >

0. Let 𝔫k+1 ∈ N with 𝔫k+1 > 𝔫k and 

ℱ̌�̌�((𝒶nk+1
, αnk+1

) − 𝒶α) > 1 −
1

k+1
. Then the 

sequence {(𝒶nk
, αnk

)}   fuzzy converges to 𝒶α. 

 

In an FL- space (�̌�, ℱ̌�̌�, ⋄) a subset �̃� is said to be 

totally fuzzy bounded  (or fuzzy pre-compact) if 

for each 0 <  ϵ <  1, there exist fuzzy points 

ω1, ω2, ω3, . . . , ωn such that the fuzzy set 

{(𝒷1, β1), (𝒷2, β2), … , (𝒷n, βn)} ⊂ �̃� whenever 

𝒶α in �̌�, ℱ̌(𝒶α − (𝒷i, βi)) > (1 − ϵ) for some 

(𝒷i, βi) ∈  {(𝒷1, β1), (𝒷2, β2), … , (𝒷n, βn)}. This 

fuzzy set of fuzzy points 

{{(𝒷1, β1), (𝒷2, β2), … , (𝒷n, βn)} is called the ϵ-

fuzzy net[15]. The following proposition shows 

the equivalent relationship between fuzzy compact 

and sequentially fuzzy compact FL- space. 

 

Proposition 4.3:  

Let (�̌�, ℱ̌�̌�, ⋄)   be an FL- space. Then the 

following statements are equivalent: 

(1)(�̌�, ℱ̌�̌� ,⋄) is a fuzzy compact. 

(2) (�̌�, ℱ̌�̌�, ⋄)   is sequentially fuzzy compact 

Proof:  

Let �̌� be fuzzy compact then by Theorem 

2.2.13[15] �̌�, is fuzzy totally bounded and 

complete. Suppose that {(𝒶n, αn)}  be any 

sequence in �̌�. Since �̌� is totally fuzzy bounded 

using Theorem 2.2.9[15], we have the sequence 

{(𝒶n, αn)} contains a fuzzy Cauchy subsequence 

say {(𝒶nk
, αnk

)}.  So {(𝒶nk
, αnk

)} fuzzy 

converges to 𝒶α ∈ �̌�  since �̌�  is fuzzy complete. 

Hence every sequence {(𝒶n, αn)}in �̌� contains a 

fuzzy convergent subsequence {(𝒶nk
, αnk

)} .  

 

Now suppose that �̌�  sequentially fuzzy compact, 

that means every sequence {(𝒶n, αn)}  in �̌� has a 

fuzzy convergent subsequence {(𝒶nk
, αnk

)} . Now 

by using Theorem 2.2.9[15], we have �̌� is totally 

fuzzy bounded. It remains to show that �̌� is fuzzy 

complete. let {(𝒶n, αn)}  be a fuzzy Cauchy 

sequence in �̌�. By assumption {(𝒶n, αn)} has a 

subsequence {(𝒶nk
, αnk

)}  that fuzzy converges to 

a fuzzy point 𝒶α ∈ �̌�. We shall show 

that {(𝒶n, αn)} fuzzy converges to 𝒶α. Let 

0 <  γ <  1  be given by Remark (2.2), there is 

0 <  μ <  1  such that (1 −  μ) ⊚̃ (1 −  μ) >

 (1 −   γ). Now {(𝒶nk
, αnk

)}  fuzzy converges 

to  𝒶α , that is, there exist N1 such that 

ℱ̌�̌� ((𝒶nk
, αnk

) − 𝒶α) > (1 − μ)   for all 

𝔫k  ≥  N1. Since the sequence {(𝒶n, αn)} is fuzzy 

Cauchy, there exist N2 such that ℱ̌�̌�((𝒶n, αn) −

(𝒶m, αm)) > (1 − μ)   for all 𝔪, 𝔫 ≥ N2. Let 

N = min{N1, N2} then ℱ̌�̌�[(𝒶n, αn) − 𝒶α] ≥

 ℱ̌�̌� ((𝒶n, αn) − (𝒶nk
, αnk

)) ⋄ ℱ̌�̌� ((𝒶nk
, αnk

) −

𝒶α) > (1 −  μ) ⋄ (1 −  μ)  >  (1 −   γ)  

For all 𝔫 ≥  N. This completes the proof. 

Now in the following definition, we introduce the 

concept of countably fuzzy compact FL- space. 

 

Definition 4.4:  

An FL- space (�̌�, ℱ̌, ⋄)  is said to be countably 

fuzzy compact if every open countable cover has a 

finite subcover. 

 In the following theorem, a fuzzy compact FL- 

space (�̌�, ℱ̌, ⋄)  is proved to be a countably fuzzy 

compact. 

 

Theorem 4.5:  

 A fuzzy compact FL- space (�̌�, ℱ̌, ⋄)   is 

countably fuzzy compact. 

Proof: 

Let Ĝ be a countably fuzzy open fuzzy cover for 

�̌�, and since �̌�, is fuzzy compact, then Ĝ  has 

finite subcover which covering �̌�. Hence (�̌�, 

ℱ̌, ⋄)    is countably fuzzy compact FL- space. 

 

Theorem 4.6:  

Suppose that (�̌�, ℱ̌, ⋄)  be an FL- space. If (�̌�, 

ℱ̌, ⋄) is countably fuzzy compact, then (�̌�, ℱ̌, ⋄)  

is fuzzy totally bounded. 

Proof: 

Consider Ĝi = ℬ̌((𝒶i, αi), ϵ) be a countable fuzzy 

open fuzzy cover for �̌�, with center(𝒶i, αi) and 

radius ϵ. Since �̌� is countably fuzzy compact, 

then there exist a finite subcover of �̌�, that is 

means for each 𝒶α ∈ �̌�, 𝒶α ∈ ⋃ Ĝi
n
i=1  , this 

means for each 𝒶α ∈ �̌� there is  j = {1, 2, 3, … , n} 

such that 𝒶α ∈ ⋃ Ĝj =n
i=1 ℬ̌((𝒶j, αj), ϵ). Then the 

set {(𝒶1, α1), (𝒶2, α2), … , (𝒶n, αn)} is form an ϵ-

fuzzy net for �̌�, i.e., (�̌�, ℱ̌, ⋄)     is fuzzy totally 

bounded.   
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Theorem 4.7:  

Suppose that  (�̌�, ℱ̌, ⋄) be a sequentially fuzzy 

compact FL- space. Then (�̌�, ℱ̌, ⋄) is a countably 

fuzzy compact.  

Proof: 

Since (�̌�, ℱ̌, ⋄)     is sequentially fuzzy compact 

FL- space, and by using Proposition 4.3 and 

Theorem 4.5, then (�̌�, ℱ̌, ⋄)  is a countably fuzzy 

compact FL- space. 

 

In an FL- space (�̌�, ℱ̌, ⋄), a fuzzy set �̃�  is a 

fuzzy  neighborhood of a fuzzy  point 𝒶α if there 

exists an  fuzzy open fuzzy ball  ℬ̌(𝒶α, ϵ) with 

centre 𝒶α ∈ �̌� and radius ϵ, such that ℬ̌(𝒶α, ϵ) =

{𝒷β ∈  �̌�: ℱ̌(𝒷β − 𝒶α) >

1 − ϵ} is contained in �̃�. 

 

Definition 4.8: 

A FL- space (�̌�, ℱ̌, ⋄) is called locally fuzzy 

compact  FL- space if each 𝒶α ∈ �̌� has a compact 

fuzzy neighborhood. 

 

Theorem 4.9: 

Every fuzzy compact  FL- space (�̌�, ℱ̌, ⋄)  is a 

locally fuzzy compact  FL- space. 

Proof:  

Suppose that (�̌�, ℱ̌, ⋄) be a fuzzy compact FL- 

space. Then by Definition 2.8 every fuzzy open 

fuzzy cover Ĝi  has finite subcover, that is mean 

𝒮 ⊆ ⋃ Ĝi
n
i=1 . Now for each 𝒶α ∈ �̌� implies 

ℬ̌(𝒶α, ϵ) ⊆ ⋃ Ĝi
n
i=1 , that is mean each 𝒶α ∈ �̌� has 

a fuzzy compact ℬ̌(𝒶α, ϵ). Hence (�̌�, ℱ̌, ⋄)  is a 

locally fuzzy compact FL- space. 

 

Proposition 4.10: 

If (�̌�, ℱ̌, ⋄)  is sequentially fuzzy compact FL- 

space, then (�̌�, ℱ̌, ⋄)  is a locally fuzzy compact 

FL- space. 

Proof:  

Since (�̌�, ℱ̌, ⋄)  is sequentially fuzzy compact 

FL- space, then by Proposition 4.3 (�̌�, ℱ̌, ⋄)  is 

fuzzy compact and by Theorem 4.9  we 

obtain (�̌�, ℱ̌, ⋄)  is a locally fuzzy compact FL- 

space. 

CONCLUSIONS 
The concept of the Cartesian product of two fuzzy 

length spaces is presented. It was proved that the 

Cartesian product of two complete fuzzy normed 

spaces is complete fuzzy normed space. Also, we 

have introduced the concept of the sequentially, 

countably, and locally fuzzy compact fuzzy length 

space with a discussion and study of the basic 

theorems of these concepts. 
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