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INTRODUCTION

For set-valued mappings, Nadler [1] presented one
of the most important research on fixed points in
complete metric space. Then, fixed point theorems
for set-valued mappings were established in
different directions due to Reich[2 ], Many other
results can see in [3-8] In 2005, Mustafa [9]
introduced g- metric spaces, as, a generalization
of a metric space (X, d). Subsequently, many
fixed point results on such spaces appeared in [10-
12]. Recently Jachymski [13] established a result
of single-valued mapping in metric spaces with a
graph instead of partial ordering. Beg and Butt [4-
5] obtained sufficient conditions about the
existence of fixed points by a graph. This article
aims to employ previous ideas to present fixed
points and common fixed points for set-valued in
g — metric spaces. These results relate to the
content of the references [4-5, 13]. We begin with
the following definition

Definition (1.1) [8]:
Let M be a nonempty set and w: M 3—[0, )be a
satisfying the following condition:
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defining known contractive conditions on those points in the same path from a given graph.
Here, this procedure will be modified and used to find fixed points of order-preserve mappings
in a complete partially ordered g-metric space.

KEYWORDS: Fixed point, Directed graph, g-metric space, Set-valued mappings.
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1-w(p,q,e)=0ifandonly if p = q = e.
2-0< w(p,p,q),Vp,q € M withp # q.

3- wlppq) <wlpq,e) for all pge €
M with q # e.
4-w(p,q,e) = w(p,e,q) = -, (symmetryin  all

three variables).

5-w(p,q,e) < w(p,a,a) + w(a,q,e)for
all,g,e,a € M.

then the function w is called generalized metric on
M and the pair (M,w) is called a g —metric
space.

Example (1.2) [9]:

M =R*, with usual distance d(p,q) =Ip — ql,
for all p, q in M. Define w: M3 —R*

w (p.ge)=lp—ql+lg—el+le—
pl,forallp,q,e € M. Then wis a g —metric on
M.

Definition (1.3) [11]:
Let (M,w ) be a g-metric space, then w is called

symmetric if w(p,q,q9) = w(p,p,q) for all ,q,
E M.
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Example (1.4) [9]:
Let M = {p,q}andw(p,p,p) = w(q,q,q) =

0,w(p,p,q) =1,w(p,q,q) =2 and by symmetry
expand w to all of Mx M x M. Then w is a

g —metric, but w(p, q,q) # w(p,p, ).

Proposition (1.5) [12]:

Let (M,w ) be a g —metric space, then the
following are equivalent:

1- (M, w ) is symmetric.

g-w(p. 4,9) < w(p,q,a),Vp,q,a € M.
w(p,q,e) <

w(p,q,a) + w(e,p,b),Vp,q,e,a,b € M.

Definition (1.6) [11-8]:
Let (M, w)be a g -metric space and {r;} be a
sequence of points of M, if there exist L € N e>
0 for j,i,l = L then the sequence {r;} is said to
be
i) w - convergent to r ifw (r,7;,7;) <€ for all
i,j =L That is lim; j e w (7,75,7;) =0 as i,j
— 00,

i)w — Cauchy if w(ry,m,n) <€ forall i,j , 1
> L.That is a)(rj,rl-,n) —0asi,j,l— oo
iii) Ag—metric space ( M, w) is complete if every
w-Cauchy sequence is w-convergent in (M, w).

Proposition (1.7) [11]:
Let (M, w) be a g-metric space the following
statements are equivalent
i{r;} isw-convergent to r, if and only if
w(ry,13,7) = 0,asj - .

ii)w(rj,r,r) - 0,asj > . if and only if
w(rj,ri,r) - 0,asj,i - oo.

Remark (1.8) [9]:

Every g -metric (M, w) on M defines a metric
d, on M given by

do (,q) = w(p,q,9) + w(g,p,p) forallp,q €
M and

w(p,q,e) =max{lp—q llqg—e |,le—p I}.

Proposition (1.9) [9]:

Let (M,w) be ag —metric space, then for any
p,q,e, and a € M is following that

1. If w(p,q,e) =0thanp=q =e.

2. w(p,q.e) < w(p,p,q)+ w(q,qe).
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w(p,q.9)<2w(q,p,p).

w(p,q,e)< w(p,a,e)+w(a,q,e).
w(p,qe)< 2/3(wp,q,a)+
w(p,ae)+ w(a,q,e)).

6. w(p,q,e) < (w(p,a,a)+w(q,aa)+
w(e,aa)).

o~

Below, if (M,w) is a g-metric space, 2™ =
{(A:p+=AcM} and CB(M)={A:0+AC
M, A is closed & bounded} and K(M) =

{A: @ # A c M, A is compact},

and 2={The Hausdorff}.

Definition (1.10) [1]:

The point p in M is called a fixed point of the set-
valued mapping S: M - 2M ifpe Spandp is a
fixed point of a single mapping S: M - M if p
= Sp.

Definition (1.11) [1]:

The mapping H: M3 - R* is called
Hausdorff g —distance on CB(M), if

(A, B, C) = max{suppes w(p, B, C),suppep
w(p,C,A), suppec w(p, 4, B)},

where w(p,B,C) =d,(p,B) +d,(B,C) +
de (P, C), de(p,B) = inf{d,(p,q9),q € B},
d,(A,B) =inf{d,(a,b),a € A,b €

Band A, B, C € CB(M),}.

the

Lemma (1.12) [1]:

i) IfA,B € CB(M) with 2(4,B,B)<e then
Va € A 3b € B such that w(a, b,b) < e.

ii) IfA,B € CB(M) and a € A, then ve > 0,3
b € B suchthat w(a,b,b) < 2(A,B,B) +«.

Lemma (1.13) [11]:

i) IfA € CB(M) andB € K(M) then V a € A,
3 b € Bsuchthat:w(a, b,b) < 2(A, B, B).

i) Let {4;} be a sequence in CB(M) and
limjo, 2(4;, 4, A) = 0 for A € CB(M).Ifp; € 4;
and lim;_,,, w(pj,p,p) = 0,thenp € A.

Definition (1.14) [4-5]:

Let G, be a graph with finite vertices denoted by
V(G,) and finite edges E (G, ) of different pairs of
different elements of V(G,). Also, G, denotes
the converse of G,( , which is obtained by
reversing the direction of its edges.
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Definition (1.15) [4-5]:

A graph G,” is called directed if its edges are
symmetric, then E(G,”) = E(G,) U E(G, ™).
Definition (1.16) [5-4]:

we say that H is a subgraph of G,ifV(H) <
V (G,) and E(H) S E(G,).

Definition (1.17) [4-5]:

If each edge in G, has an associated weight
function W: E(G,) - R then G,is called A
weighted graph.

Definition (1.18) [4-5]:

Let p, g € V(G,). A path in G, from p to q of
length j (j € NU{0})is a sequence (p;)i_, S
V(Gr) 2 po = p,pj =q and (p;—1,pi) € E(Gy),
i=12,...,j.

Definition (1.19) [4-5]:

The length of the path is the number of elements
in E(G,).

Definition (1.20) [4-5]:

If there is a path between any two vertices of G,
then G, is called connected otherwise it is
disconnected. Moreover, G,is weakly connected if
G,~ is connected.

Let G, be the component of G,, consisting of

all edges and vertices which are contained in some
path inG,beginning at p. Assume thatG is such
that E(G,) is symmetric, then The equivalence
class [p]g, defined on V(G,) by the rule R (uRv if
there is a path from u to v) is V(Grp)= [r]a, -
See[13].
Jachymski [13] proved some fixed point results
for the G,-contraction mapping in a metric space
endowed with a graph, and he stated the following
results,

Definition (1.21) [13]:

Let M be a complete metric space. A single-
valued mapping S: M —- M is a Banach G,-
contraction if (p,q) € E(G,) implies (Sp,Sq) €
E(G,),and VY(p, q) € E(G,) 3IKe€ (0,1)>3
w(Sp,5q) <kw(p,q).

property A: for any sequence (p;)jen in M,
ifp; > pand (p;,pj+1) € E(G,) for j € N, then
(pjr p) € E(Gr)
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By using Banach G,-contraction, Jachymski
proved that:

Theorem (1.22) [13]:

Let M be a complete metric space with property
A: for any sequence (p;) ey in M, ifp; — pand
(pj,pj+1) €E(G,) for j € N, then there is a
subsequence (py;)jen With (py;,p) € E(G,) for

jEN. Let SSM->M be a G-
contraction and My := {p € M: (p,Sp) €
E(G)}.

Then the following hold:

1.card Fix S = card{[pls.~:p e M}, }.

2.FixS #gifand only if M5 # 9 .

3.S has a unique fixed point iff there exists p, €
M, such thatMs € [polg,~.

4. Forany p € Mg, 5|[Po]a; is a Picard operator.

5. I1f Mg # ¢ and G, is a weakly connected, then
S is a Picard operator.

Beg and Butt [10] presented a version of
Jachymski's Theorem for set-valued mappings as
the following:

Definition (1.23) [13]:

Let M be a complete metric space. The mapping:
M - CB(M)is said to be a G,-contraction if
3k € (01) 302SpSq) <k(p.q) V.q) €
E(G,) and if u € Spand € Sq > w (u,v) <
kw (p,q) + a,V a > 0then (u,v) € E(G,).

Theorem (1.24) [13]:

Let Mbe a complete metric space with property
(A). LetS:M - CB(M) be a G,
contraction and Mg := {p € M: (p,u) € E(G,)
for some u € Sp}, then the following hold:

1. For any p € M, S|[pl¢,~has a fixed point.

2. If M's + @ and G, is weakly connected, then S
has a fixed point in M,

3. IfS":= U{[pls,~:p € Mg}, then S|y has a
fixed point.

4.1fS < E(G,) then S has a fixed point.

5. FixS # 0 oM = 0.

MAIN RESULTS
Let (M, w) is a completeg — metric space and G,
is a directed and weighted graph with E(G,) is
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symmetric such that E'(G,) contains all loops, i.e.,
A € E(G,), where A denote the diagonal of the
Cartesian product M x M.

Definition (2.1):
Let S: M - CB(M) be a set-valued mapping. S
is called a G,-contraction if S preserves edges of
G, 1.e.,

Vp.q € M, (p,q) € E(Gy)
E(Gy)
And Jk € (0,1) 3 2(Sp,Sq,Se) <
kw(p, q,e),Vp,q and e belong to the same path.
Metaphorically, it can be the expression like the
following: p, q and e belong to (G,) .

=(Sp,Sq) €

Definition (2.2):
The mapping S: M - CB(M) is said to be a G,-
contraction if there exists a k € (0,1) such that

0 (SpSq,Se) <k(p,q,e) for al (pgq,e) €
E(Gy).

Definition (2.3):

Let (M,w)be a g— metric space and

S,H,T:M — CB(M). The mappings S,H,T are
said to be G, -contractive if there exists k €
(0,1) such that (p #q #e),(p,q,e) € M then
N(Sp,Hq,Te) < kw(p,q,e),and u € Sp and
v € Hgw €Te with w (u, v,w) <
kw(p, q,e) then(u,v,w) € E(G,).

The symmetry of 2 and w implies the following:

Proposition (2.4):

IfS: M - CB(M)is a G,-contraction then S
is also a G, — contraction.

The following property is needed

Property (B):

Ifu € Sp,v € Sgqandw € Se 3> w (u,v,e) <
kw (p,q,e) + a, Va > 0 then u, v and w belong
to the path of length 2.

Theorem (2.5):

Suppose that the triple (M,w,G,)has the
properties (A-B). Let S: M - CB(M) be a G,-
contraction and Mg := {p € M: (p,u,v) €
E(G,) forsomeu € Sp,v € Su }.

Then the following hold:

1. Forany p € Mg, S| [p]¢,~has a fixed point.

98

2. If M's # @ and G, is weakly connected, then S
Fix$S # @1 M.

3.1fS":= U{[plg,~:p € M}, thenFix S |, .9
4.1fS < E(G,) then Fix S # Q.

5. FixS +# 0 © Mg # 0.

Proof: 1. Letp, € Msthen there exists p;
€ Spy, p2 € Spy such that py, p1, p, belong

to the same path, metaphorically, py, p1,p2 €
E(G,). Since S is G,.-contraction, we have

12 (Spo, Sp1, SP2) < kw(po, P1, P2)-

Using Lemmal.12,and property (B), we have the
existence of an p; € E(G,) such that
w(p1,p2,03) < 2(Spo,  Sp1,SP2)

k w(po,p1,p2) +k.(1)

Again let p;, € Spy,p, € Sp1,p3 € Sp,, such
that p,, p2, p; belong to the same path, p;, p,, p3
€ E(G,). Since S is G,-contraction, we have
Q(Sp1, Sp2, Sp3) < kw(po, p1,p2)

Also, by property (B), we have the existence of an
ps € E(G,) such that

+k <

w(P2, 03, P4) < 2(Sp1, Spz, Sps)+ k? 2)
Using (1) in (2), we obtain
w(P2, 03, P4) < k? w(po, p1,p2) + 2k* (3)

Continuing in this way we have p;, € E(G,) and
WP Pj+1,Pj+1) < kK w(po, p1,p2) + jkI (4)
Now, we prove that {p;}is g — Cauchy sequence
in M.

Y52ow (P Pjs1Piaz) < @0, 1 D2) Tio kj +
Z;ozo k] < 00,

Thus {p;}is a g— Cauchy sequence. By
completeness, it converges to p in M.

The next step is devoted to showing that p is a
fixed point of S. By applying property (A) and G,-
contractivaty of S, we have Q (Sp;, Sp,Sp)<
kw(pj,p,p). Since p;.; € Spjandp; - p,
therefore by Lemma 1.13, p € Sp. So, (pj;,p)
€ E(G,)for j € N, we infer that (po, p1, ... D;,
p) isapathin G, and sop € [pylg,~-

2. SinceMs # ¢, dAp, € M. And G, is weakly
connected, thus [py]s,~ = M and by part 1, S has
a fixed point.

3. From 1 and 2, it holds.
4, S € E(G,)
ue€

Spandp,

u, belong to the same path, metaphorically,
p,u, € E(G,) soMg = Mand by 2 and 3, S has a
fixed point

5. Let FixS # @=3p €FixS 3 p € Sp.As AC
E(Gy);s0, (p,p,p) € E(Gr) >p € M. S0 My

= for all EM
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# @. Conversely, ifMs # @then FixS + @ follows
from 2 and 3.

Corollary (2.6):

Let (M,w,g) have the property A and G, is
weakly connected then every G,-contraction
S: M - CB(M) 3 py,p1,belong
to the same path, metaphorically, py, p1, €
E(G,). For somep; € Sp, has a fixed point.

Theorem (2.7):

Let S,H,T:M - CB(M)be G, -contractive
with  properties A, B. Set Ms:= {p €
M: (p,u,v) € E(G,) forsomeu € Sp,v € Su}.
Then the following hold:

1. For any p € Sp,S,H,T|[p]Grhave a common
fixed point.

2. If Mg+9¢ and G, is weakly connected,
then F, H, T have a common fixed point in M.

3. If M= U{[plg:p € MS}, thenFix F N
Fix H N FixT |p+ 0.
4.1f S € E(G,)then Fix F n Fix H N FixT # ¢
Proof.

1. Letp, € Mthen there exists p; € Sp, and p, €
Hp,, such that py, p;, , p2belong to the same path
of length 2, metaphorically, po, p1, , P2 € E(G,).
Since S,H,Tare G,-contractive, we have
2 (Spo, Hp1, Tp2) < kw(po, p1,P2)-

Using Lemma 1.12, and property (B), we have the
existence of p; € T'p,such that
gs )(pl,pz,ps) < kw (Po, P1,P2)

Again let p; € Spy,p2 € Sp1,p3 € Sp,, such that
D1, P2, P3 belong to the same path, p4, p,, p3
€ E(G,). SinceS, H, T is G,-contraction and since
E(G,) is symmetric, we have

2 (Sp2, Hp1, Tpo) < kw(p1,p2,p3)

< k*w(po, p1,P2)-
Lemma 1.12gives the existence of p,€ Spssuch
that

w(P2,P3,04) < k?* w(Po, 1, D2) (6)
Continuing in this way we havep,;,; € Sp,; and
D2j+2 € Hpzjyr, and pyji3 € TDyjie, J =
0,1,2.. AlsO pzji1,P2j+2: D2j+3 belong to the
same path of length 2, metaphorically,
P2j+1, D2j+2, P2j+3 € E(Gr) such that

W), Pj+1,Pj+2) < k) w(po, P1,P2) (7)

Next, we will show that {p;} is ag-Cauchy

sequence in M. Leti > j. Then
w(Pj:Pi:Pi) < w(Pj’Pj+1'Pj+1)
+ (U(pj+1:pj+2'pi+2)
+ - 0(pi-1,Pi, Pi)
<[k + k¥ + o+ ko (po, p1,P1)
=K1+ Kk + -+ koo p1,p1)
=k/[1- kl_]/ll - klw(o, P1,P1)-
Because k € (0,1),1- k'7/ < 1.
Therefore w(p;,pi,p;) > 0 as j — co=>{p;} is
a g — Cauchy sequence, =converges to p € M.
To show thatp € Sp n Hp N Tp. For j even: By

(A-B), pj,p belong to the same path, pj,p €
E(G,). Therefore using
G, — contractivity, we have

2 (Sp;, Hp,Tp) < kw(p;,p,p).
Since pj;1 € Spj,and p; - p.by Lemma
1.13 = Hp,p € Tp. For j odd:
As  pj,p,belongto the same path  p;,p €

E(Gy),
kw(p,pj,p;)
Hence, the same arguments as above p € Sp.

Next asp; ,pj;;+1 belongto the same path p;
Dj+1 € E(Gy)also Pj,p
belong to the same path  pj,p,€ E(G,), for
J € N. We infer that (py, py, ....pj,p) is a path in
Grandsop € [polg,-

2. Since Mg # @, =3 py € Mgand since G, is
weakly connected then [pols, = Mand by 1,
mappings S and H, T have a common fixed point
in M.

3. It follows from parts 1 and 2.

4.5 € CE(G,) = all p e Mbe such that there
exists some u € Sp belong to the same path
p,u€ E(G.)so Mg=Mand by 2 and 3.5,
H, T have a fixed point.

N(Sp, Hp, Tp) <

Remark (2.8):

Replace Mg by My:= {p e M:(p,u,v) €
E(G,) for some u € Hp,v € Hu}in conditions
1-3 of Theorem 2.7, the conclusion remains true.
That is IfMUMyUM;  then  getting
FixS nFixH n FixT = @ which follows easily
from 1-3. Similarly, in condition 4 we can replace
S c E(G,)byH < E(G,).
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Corollary (2.9):

Let the triple (M, w, g) have the property (A). If
G,is weakly connected then G,-contractive
mappings S, H,T : M - CB(M) such that (p,,
p1, D) for some p; € Spyhas a common fixed
point

Corollary (2.10):

Let (M, w) be a e-chainable complete g — metric
space for somee> 0. Let S, HT:M -
CB(M)be such that there exists k € (0, 1) with
0 < w(p,q,e) <e = N(Sp,Hq,Te) <
kw(p,q,e). Then S and H,T have a common

fixed point.

Proof.

EG) = {(pg) € MxM 0 < w(pqe) <
€} (8)

The e-chainability of (M,w) means G, is
connected.

If p, q, e, belong to the same path, p, q, e €
E(G,), then

N(Sp,Hq,Te) < kw(p,q,e) <ke<e

and using Lemma 1.12, for each u € Sp we have
the existence ofv € Hqg andw e Tesuch
that w(u,v,w) < € which
implies u, v, w, belong to the same pathu, v,w €
E(G,).Hence S and H, T are G,-contractive.

Also (M, w, g) has property (A). Indeed if p; —»
p, then w(p;p,p) < e for sufficiently j.
thereforep;, p, belong to the same path p;, p, €
E(G,). So, by Theorem 2.7 (2); S and H, T have a
common fixed point.

Theorem (2.11):

Let S,H,T: M — CB(M)be G, -contractive
mappings and properties A, B hold. SetMy: =
{p € M:(p,u,v) € E(G,) for someu €
Sp, v € Su}. Then the following hold:

1. For any p € Sp,S,H,T|i,has a common
fixed point.

2. If M # ¢ andG, is weakly connected, then @ #
Fix FNFix HN FixT[J M.

3. If M":= U{[pls,.:p € Mg},Fix FNFix HN
FixT |p+ 0.

4.1f S € E(G,)then Fix F N Fix H N FixT # 9.
5.If M5 # @then FixS # @.

Proof. The parts 1-4 can be proved by putting
S = Hin Theorem 2.7 and 5 obtained from the
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Remark 2.8 We observe that the symmetric of
E(G,) is not needed in Theorem 2.11.
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