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INTRODUCTION

Géhler presented the first developing for the
theory of 2-normed spaces while that of n-normed
spaces can be found in [1]. For every real normed
space X of dimension d > n, G ahler showed that
X can be viewed as an n-normed space by using
the Grahler n-norm, which is denoted by
II., ..., . |l. This n-norm is defined by using the set
of bounded linear functionals on X. Since then,
many researchers have studied operators and
functionals on n-normed space X (see
[2,3,4,5,6,7,8,9,10,11,12]). In [5], Pangalea and
Gunawan introduced the concept of n-dual spaces
and proved that for every real normed space X of
dimension d > n, there are two n-dual spaces
associated to X. The first is the n-dual space of
(X, |I-1), and the other is the n-dual space of
KI5 -5 - lg)- In case X is the [P space for some
1 < p < o, Pangalea and Gunawan have
investigated and given the relationship between
both n-dual spaces [5]. Gunawan (see, [12])
investigated the n-dual space of (X, ||.]|) by using
the (n-1)-dual space of (X,]|.]]). Then, focused on
a real normed space X of dimension d > n which
satisfies a property (G) and discussed the
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relationship between the n-dual space of (X,||.][)

and the n-dual space of (X|I.,..,.llg)- An
observation that both the n-dual space of (X,]|.|])
and the n-dual space of (X, ||, ..., . |l) are Banach

spaces. Soenjaya [6] proved an extension of the
Open Mapping Theorem to the case of n-Banach
space. Also, introduced the notions of n-bounded
and n-continuous operator and proved some
important results introduced the notions of n-
bounded and n-continuous operator and proved
some important results. Gunawan (see [11])
offered a dentition of n-inner products which is
simpler than (but equivalent to) the one
formulated by Misiak [8]. Also reproved the
Cauchy-Schwarz inequality and gave a necessary
and sufficient condition for the equality. Dutta and
Mazaheri [9], introduced the idea of constructing
sequence spaces with elements in an n-norm space
in comparison with the spaces c,, ¢, «© and the
Orlicz space and extended the notion of n-norm to
such spaces. Also, stated and defined some
statements about the n-best approximation in n-
normed spaces. Gunawan and Mashadi [10],
offered a simple way to derive an (n-1)- norm
from the n-norm and realized that any n-normed
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space is an (n-1)-normed space. Also showed that,
in certain cases, the (n-1)-norm can be derived
from the n-norm in such a way that the
convergence and completeness in the n-norm is
equivalent to those in the derived (n-1)-norm.
Using this fact, proved a fixed point theorem for
some n-Banach spaces. In 2015, K. Matsuzaki
[13] showed uniform convexity’s generalization in
the geometric group theory and proved the fixed
point property. Normal structure plays essential
role in some problems of fixed point theory.
Matsuzaki’s results applied to prove fixed point
theorems for nonexpansive type mappings in
normal n-normed spaces. Meng and Song [14]
extended the definitions of normal structure and
geometric properties in n-normed spaces. Fixed
point theorems for nonexpansive mappings are
proved via the normal structure condition in n-
normed spaces.

Definition (1.1) [2]: Let H be a real linear space
withdimH >n,ne Nand ||.,...,.||: H* - [0, )
be a function. Then (H,]|., ..., .|| ) is called a linear
n-normed space, if for all wy, ...,w,, € H, and < €
R.

(N llwy, ..., wull =0 & wy, ..., w, are linearly
dependent.

(N2) |lwy, ..., wy,|| is invariant under permutation.

(N3) ”Wll ---:Wn—lv x Wn” =
lo<| Wy, .o, Wn—g, wyll, V < € R

(N4) |IW1, '--rWTL—llu + v” S ||W1, ---JW‘l’l—llu” +
lwy, ., wp_1, v,V u,v €R.

A usual example of an n —normed space is the
following

Example (1.2) [15]: As an example of an n-
normed space, we may take H = R™, equipped
with the Euclidean n-norm

abs (

where
1,2,..,n.

lwy, wa, o, wyllg = |det(wij)| =

W11 Win )

w; = (Wi, ..., W) € R™ for each i=

Whi1 Whn

llwi, wy, ..., wyllg = the volume of the n-
dimensional parallelepiped spanned by the vectors
Wi, Wy, ..., Wy, In H. In special case n =1, (If H
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=R, R is the set of real numbers) |lw||g=the
absolute value of w, |w]|.

Remark (1.3) [16]:
(H.Il., ..., . II), we have

In an n-normed space

1'”W1! ""Wn” = 0;

2-|lwy, oo, Wy, Wil = llwy, ooy Wyq, Wy +
awy + - +awp|,Vwy, .., w, EH
aq, ..., 0, €ER.

and

Definition (1.4) [15]: A sequence {u,} in a n-
normed space (H,]|., ...,.||) is said to be a Cauchy
sequence if limy, ;e llWy, ooy Whog, Uy — Uyl =
0.

Definition (1.5) [15]: A sequence {u,} in a n-
normed space (H,||.,...,.l]) is said to be
convergent if there is a point win H such that
lim,, 0 ||W1, oo, Wy—q, Uy, — ul| 0, if {u,}
converges to u we write u, - u asn - o, for
every wy, .., Wp_q in H.

Definition (1.6) [16]: A n-normed space is said to
be complete if every Cauchy sequence is
convergent to an element of H. A complete n-
normed space H is called n-Banach space.

We give some topological concepts in n-normed
space.

Definition (1.7) [15]: Let (H, ||., ...,.||) be a linear
n-normed space, G be a subset of H then the
closure of G is G = { u € H; there is a sequence
u, of G: u, »u}. We say G is sequentially
closed if G = G.

Theorem (1.8) [11]: Let (H,||.,...,.|]) be a linear
n-normed space, B be a nonempty subset of H and
u € B, then B is said to be u-bounded if there
exist some M > 0, ||lwy, ...,w,_j.ull <M, Vu €
B. If for all u € B, B is u-bounded then B is called
a bounded set.

Definition (1.9) [11,17]: Let (H,||.,...,.]]) be a
linear n-normed space. Then the mapping T: H —

H is said to be an A-contraction if there exists h €
[0,1),

Wi, o, Wp_, Tu = TV|| <h ||Wy, .., Wy_q, U —
V|, Vwy, ..., wp_q,u, v € H.

Definition (1.10) [12]: Let (H,][.,...,.]|) be a n-
normed space. A mapping T: H —H is called
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Picard mapping if 3u*€eH > Fr ={u"} and
T™(uy) —» u*,Vuy € H, where F; is the set of
fixed point of T.

In the following, we recall the fixed point theorem
for a contractive mappings on a closed and
bounded subset concerning

W ={wy, .., w,}.

Theorem (1.11) [11]: Let (H,||.,...,.]]) be a n-
Banach space and B < H be a nonempty closed
and bounded with respect to W. If T: B> B is
contraction mapping with respect to W, then T has
a unique fixed point in B.

Branciari [19], in 2002, studied the existence of
fixed point for mapping with a general integral
contractive condition of type in a complete metric
space and proved the following:

Theorem (1.12) [19]. Let (H,d) be a complete
metric space, h €(0; 1) and let T : H—> H be a
mapping such that for all u, v € H,

fd (Tu,Tv)

. u(@®de < b [ p(by. L)

where p:[0,4+0) = [0,4+0) is a Leshesgue
integrable mapping which is summable (i.e. with
finite integral) on each compact subset of [0, 4 0),
non-negative, and such that for each &>

0, fogu(t)dt > 0, then T has a unique fixed point
k € H such that for each u € H, lim,,_,o, T"u = k.

Next, some research works have been executed to
extending contractive conditions of integral type
for distinct contractive mappings satisfying
appropriate properties, see, Rhoades [20], Tarsh
[17], Lazam and Abed [12]. Inspired and
motivated by these consequent works, similarly,
some results are presented in complete n-normed
spaces which in turn generalize fixed point results.
Also, the existence of fixed point of mapping [21]
in the setting on n-normed spaces are analyze and
existence. We will follow previous work to obtain
similar results in the n-spaces

MAIN RESULTS

A class of contraction mappings, called A-
contraction, introduced by Akram et al. [22].
Below, we reform in n-normed spaces as the
following:

Let A = {x: R? - R, isafunction
satisfies condtions N;and N,} , where

(z1) o is continuous in three variables under the
Euclidean norm on R3.

(z,) f c<x(c,d,d) or c<x(d,cd) or
¢ <x (d,d,c) for all c,dthen3dh €[0,1)3 ¢ <
hd.

Definition (2.1): A self mapping T on a n-normed
space H is said to be A-contraction, if
lwy, o, Wy_q, Tu = Tv|| < [[lwy, oo, Wp_q, u —
U”, ”er o Wno1, U — Tu”:

llwy, ..., wp_q, v — Tv|[], for all u, v € H and some
x€E A.

Example (2.2): Let (H,][.,...,.]|) be a n-normed
space and T: H— H, T is A-contractions if T
satisfies one of the following:

i) Kannan's type condition [18]:
”Wl' - Wn1, Tu— TU” < S[ ||W1I o Wpo1, U —
Tu'” + ”Wll ---:Wn—lf V= TU”]! s € [Ol% )

i) lwy, o, Wp_q, Tu — To|| <

AW, oo, Wiy, u = Tull[lws, oo, Wy g, v = T |
h e€[0;3).

Firstly, we need to prove that T is Kannan's type
whenever it satisfies the condition in (ii)

Let T: H— H be as in (ii). Then there exists some
h € [0,1) this condition. By the geometric mean
of two positive real numbers p, g always precedes

. . . . pt+q
their arlthme;uc mean, that is /pq < - - So that
hypq < h= ¥ h € [0,1). Hence with

p=|lwy,..,wp_q,Tu—ul,q =
llwy, ..., wp_q, v — Tv||, we have

h\/”Wll o Wno1, Tu— u”llwlr s Wno1, Tv — v” <

S{”Wll oy Wno1, Tu— u” + ”Wl, oy Wno1, Tv —

v}

For all s€[0,) and for all u,v€H. This,
together with (ii), implies to
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lwi, oo, Wp_q, Tu — Tv|| <

h\/||W1, v Won_1, Tu — ull|lwy, .., wy_q, Ty — v||
< s[llwy, o, Wy, Tu — uf| +

[lwi, oo, wp_q, Ty —v[] .

Let T : H> H be a Kanann's type, therefore,
3s € [0,2) such that (i) holds for all u,v € H.
Keeping one suchs fixed, we define a map
f: R} >R, as
B(9,p,q9) =s(p+4q),V 9,p,q €ER,. Bis
continuous since addition and multiplication of
reals are continuous.

Case I: If g<pB(g,p,p) =s(p+p) then
g < kp with k = 25 € [0,1).

Case Il: If g<pBpgpr) =s(g+p) then
g<s(g+p) gives g< ip =kp with
k=-—¢€[01).

Case ll1: If g < B(p,p, g) we have g < kp with
k = ﬁ € [0,1). So, in any case g < kp for some
k € [0,1). Hence B € A.

Now, by taking

g =llwg, ..,wy_,u—vl,p=
[lwi, oo, Wpq, Tu — u|
q = llwyg, ..., wy_q, TV — V||

and

and using the inequality in (i), we get that

lwy, ., Wy, Tu — Tv||
< 6(llwy, oo, Wy, Tu — u|
+ llwy, oo, Wyog, T = v|)

vil,

= p(llwy, ...,

Wn—l: Tu - u”l

Wn_1, U —
ws, ...,

lwg, oo, Wy, T —v||), Vu, v € H.
1 n—1

This shows that T is an A-contraction whenever T
be as in (i) or (ii).

The summablity has an active role in the next
result.

Definition (2.3): A Lesbesgue-integrable function
u: [0,400) = [0, +0) is summable if
[lu(t)|?dt < o for each compact subset of
[0, +0).
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.|I) n-Banach space,

Wn—1;TU—TV”

u(t)dt <

Wn—1;u—17||

T:H- H and
X u(t)dt,\l

lw,...,
o
||W1,...,Wn_1,u—Tu||
<[ Jo u(t)dt
u(t)dt

Theorem (2.4): Let (H,][., ...,
“Wl:'--:
()
Wn—1,v=TV||

w1,
0

For all u,v e H and some xe A, where u:
[0, +00) = [0, +00) is a summable such that

Forall e > 0, [ u(t)dt >0 (3)

Then T is Picard operator.

Proof: Let u, € H, define a sequence u,,, =
Tu,. Foreachn € N,n > 1, from (2) we get

||W1’---’Wn—1vun_un+1|| _
Jy u(e)de =
”W1 p(t)de

N
U
/
"\

Wn—1,TUn—1—Tupyl|

||W1 Wn—1,Un—1—Unll (t)dt \
o u(o)de, )

Wn—1Un-1—Tun-1ll

ceWn—1,Un—TUp||

f||W1 Wn-1,Un—-1 un”,u,(t)dt \
||W1 Wn—1,Un-1 un”'[,l(t)dt
”Wl Wn—1,Un— un+1”'u(t)dt

By the condition N, of function o« then

f0||W1,---IWn—1'un—un+1||u(t)dt <

hJ'O”Wl:"-iwn—lJun—l_un”#(t)dt (4)

for some h € [0, 1) as <€ A. In this fashion, one
can obtain

flhernosininl o gy <
O T

S hZ fO”Wl:---JWn—l:u‘n—Z_u‘n—lnM(t)dt S . S
K f0||W1,---'Wn—1,uo—u1||M(t)dt
Taking limit as n — oo =

lim,,_., fO||W1:-..,Wn—1,un—un+1” u(t)dt = 0,
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ash €[0,1).
Which from 3) implies that,
limy, oo [[Wy, oo, Wy g, U — U4 || = 0.

()

Now, to show that {u,} is a Cauchy sequence. If
it is not. Then 3¢ > 0 and subsequences {m,} and
{nq} dmy <ng < Mgy with

||W1) "-JWn—ly umq - unq || 2 g,
||W1, oy W1, U, — unq_1|| <. (6)
Now
||W1» e Wno1 Umg—1 = Ung—1 ”
< ||W1, v, Wn 1, umq_1 - umq ||
W W g — g |
< ||W1, s Wi 1, U, -1 —
umq” + & (7)
From (5) and (7) getting that

”W1r---'Wn—1rumq—1_unq—1 ”

lim u(t)dt

— 00
n 0

< [T u(tdt )
Using (4), (6) and (8) we get

£ ”wl,...,wn_l,umq—unq”
j u(t)dt s] u(t)dt
0

0

ot
<h ] u(t)de
0
&
<h f u(t)dt
0

Which is a contradiction, since h € [0,1).
Therefore, {u,} is Cauchy sequence, and
convergent. The Limit is called s. By (2) we have

f()||W1;---an—1‘TS_un+1” u(t)dt =

flwapenotsTunl gy

||W1'~--:Wn—1r5_un”
[ [ wor, |
0

”Wl,...,Wn_l,S—TS”
<<| | oy
0

.l'||W1»--,Wn—1run—un+1||
0

u(t)dt /
Taking limit as n — oo, to get
[lW1,eWn—1,Ts=5]|
| u(Odt =
0

[lWi,eoWn—1,5=Ts||
o« <0f u(t)dt, 0>
0

By condition N, of function c,
[lW1,eoWn—1,Ts=5]|
f u®)dt =h.0=0
0

Which by (3), implies that ||wy,...,w,_1,Ts —
s|l=0orTs =s.

Suppose that r be another fixed point, r # s .
So, by (2) getting

f”er---rWn—l:S_r” ﬂ(t)dt —

0
J-Ollwl,...,wn_l,Ts—TrH M(t)dt
follwl,...,wn_l,s—rll ,Ll(t)dt,
< follwl,...,wn_l,s—TsllM(t)dt’
fOHWl!'"!WTL—er_Tr” #(t)dt
=

(J‘O||W1'---'Wn—1'5_7”|| #(t)dt , fO”Wlu-uWn—l's_s” #(t)dt , fOHer---:Wn—l'T_T“ ﬂ(t)dt)
= (f”wl'""wn_l's_r” u(t)dt, 0,0)

By  condition N, of

fO||W1,---,Wn—1‘S_r” 'u(t)dt =0

function o,

which, from (3), implies that ||wy,...,w,_;, 5 —
r|| = 0ors =r,i.e., fixed point is unique.

We will extend the idea of the previous theorem
for a pair of mappings (F,T) to be a Picard
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operators where H has two related n-norms in Similarly, one can show that
integral setting. fo”wl"“'W”‘l‘uz_”g”q u(t)de <
Theorem (2.5): Let H be a linear space with two ~ h fo”wl"“""’“‘l'”l"”z”q p(t)de (11)
n-norms ||, ...,.|l, and |, ...,. [l and

In general, for any i € N odd or even,
- ”er'"rWTL—llu_v”p
<
Lo u®dt < W nosti=ttisally oy oy
”er---rWn—l:u_U”q fo M(t) t —
fo u(t)dt, forall u,v € H R
h fo u(t)dt (12)

ii.  Hiscomplete dependingon |[., ...,. 1,
ii.  F, T are self-mappings on H such that T is
continuous depending on [[., ...,. |, and

follwl,...,wn_l,Tu—Fvllq u(t)dt <

fOIIWv---'Wn-l’u_v“q u(t)dt, \
N | f”er""Wn_l'u_Tu”qﬂ(t)dt’ |

0
\follwl,...,wn_l,v—Fvllq u(t)dt

Vu,ve H with some «e A, where u:
[0,4+00) - [0,40) is a summable such that for

all e >0, fogu(t)dt > 0. Then F and T are Picard
operators.

9)

Proof: For each integer m >0, we define
Uzm+1 = TUzm, Uzmiz = Flamis

Then by (9) we get, f)"* """ y()de =
Jyrenemrele yyde

J.0||W1,...,wn_1,uo—u1Ilq u(t)de, \‘
u(t)de,

f0||W1r---rWn—1'u1—Fu1||q u(t)dt

W1, wWn—1,Ug—TU
< f0|| 1 n—-1,Uo o||q

f(j|wl,,_.,wn_1,uo—u1 llq u(t)dt ,\
SOC f0||W1'""Wn_1‘u0_u1”q,U(t)dt'

waenesisiala oy gy

By condition N, of function o then

follwlr"'rwn—lJul_MZHq u(t)dt S
hfollwlr'"rwn—buo_ul”q u(t)dt,

for some h € [0,1) (10)
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for some h € [0,1). So, for any m € N odd or
even, obtaining that
fO||W1;---;Wn—1'um—um+1||q ,u(t)dt <

pm f0||W1:---»Wn—1,uo—u1||q ,u(t)dt (13)

By Theorem (2.5-i) getting
J‘0||W11---1Wn—1jum_um+1”pH(t)dt <
J‘0||W11---1Wn—1jum_um+1”qH(t)dt <
hn fOHle---vW‘n—l!uO_ul”q ﬂ(t)dt
As

limm_wo fO||W1....,Wn—1,um—um+1”pH(t)dt — O,h €
[0,1)

m — oo =

From (3) implies that lim,,,_, . ||wy, ..., Wp_q, U, —
Um+llp =0 (14)

To prove that {u,,} is a Cauchy sequence with
respect to (H,]|., ...,.|l). For any integer a > 0

f0||W11---rWn—1:um_um+a”p ,Ll,(t)dt <

J.O||w1,...,Wn—1;um_u'm"'a”q #(t)dt

<

J‘O||W11---1Wn—1:um_um+1”q M(t)dt +

f()'lwl""’wn_l’um+1_um+2”qy(t)dt + -+

+ 0'|w1,...,wn_l,um+a—1‘”m+“”q p(t)de

<

hmf||W1,---,Wn—1,uo—u1||q

0 u(t)dt +
pm+l f0||W1,---,Wn—1.uo—u1||q’u(t)dt o

+hm+a-1 follwli---:wn—lruo_ulllq#(t)dt

hm

J‘”WL---'Wn—l'uO_
1-h

o tallq u(t)dt - 0,as m — .

<
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since h € [0,1). Therefore, {u,,} is Cauchy.
Hence by completeness of H, {u,,} converges to
some s €H, ie. [[wy, .., wy_q,upm —sll, 20 as
for somes € H. Since T is continuous with
respect tol|., ..., . |[,, we have

0= limm—wo follwl""'wn_l'uzmH_S”p,ll(t)dt —

lim,, o f0||W1....,Wn—1,u2m—5||P u(e)dt

. yesWn_1,TS—
= lim,,_o, fo“W1 Wn_1,Ts=5llp u(t)dt

So, by (3) llwy, ., Wn_1, Uz —sll, =0 e
Ts = s. Now by (9)

f()llWl,...,Wn_l,S—FS”q ‘u(t)dt —
follwl,...,wn_l,Ts—Fsllq u(t)dt

ey,
< fonwl’m'wn_l’s_TS”q‘u(t)dt, |
follwl,...,wn_l,S—FS”q #(t)dt

<« (0,0, fonwl""’w"‘l’s_FS”qu(t)dt)
Then by condition N, of function
) fonwl""'W”‘l'S_FS"q ut)dt <h.0=0 (15)

and by (3) Fs = s, thus s is a fixed point of F and
T. To prove the uniqueness, assume that r # s be
fixed point of F and T. By (9), having

||W1'---'Wn—1r5_r”q
f u(t)dt
0

fllwl,...,wn_l,Ts—Frllq
0

u(t)dt

follwl,...,wn—l'S—T“q [J.(t)dt ) \
follle"'rWn—lJS_Tsllq M(t)dt )

f()llWl,...,Wn_l,r—Frllq u(t)dt

IA

(04

SOC (fO”WL...,Wn—LS—T‘"q u(t)dt ) 0,0)

< h.0=0as x€EA.

Then by (3) we get [lwy,...,wy_1,s —7llg =0
andsos =r.
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If T = F, then the Theorem (2.5) gives as follows.

Remark (2.6): If replace the mapping F by
identity mapping in Theorem (2.5) then T is
Picard operator.

Another similar result is achieved if the continuity
of T with respect to ||.,...,.|[, is replaced by
assuming the continuity at a point. Then the same
conclusion under much less restricted condition is
obtained.

Theorem (2.7): Let H be a linear space with two
norms ||., ...,.[l, and [, ...,.[l4 and

J'||W1,---,Wn—1'u—17||p
0
J‘”WL---:Wn—l»u_V”q
0

u(t)dt <
u(t)dt, forall u,v € H

The mapping T : H—H is continuous at s € H
with respect to ||., ...,. |, and

J'||W1,---,Wn—1'Tu—TU||q

o u(®)dt <

J-O”W]_,...,Wn_l,u—v”q H(t)dt’
- | follwl,...,wn_l,u—TuIIqH(t)dt‘ |
\follwl,...,wn_l,v—Tvllq ,Ll(t)dt

For all w,ve H, some «xe A, where u:
[0, 4+00) - [0,40) is a summable such that for

all £ >0, [ u(O)dt > 0

(16)

iii. There exists a point u, € H such that
{T™u,} has a subsequence {T™iuy}
converging to s in (H,[[., ..., [l

Then T is Picard operator.

Proof: Construct a sequence {u,,} by w41 =
Tu,, for m=>0 ie u; =Tuyu,=Tu
T?uy, ..., Uy = T™u,. By similar argument in the
proof of Theorem (2.5), the sequence {u,,} is
Cauchy with respect to ||., ...,.[l,. Hypothesis(iii)
guarantee the convergence
subsequence of a subsequence {u,, } of {un} to s,
therefore {u,,} converges to sin H with respect
toll.,..,.ll, ie limp,eou,=s. And the
continuity of T at s with respect to ||.,...,. 1,
implies that
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0= limm—wo fO||W1:---rWn—1:um+1—5||IJ ,Lt(t)dt —

11mm_>oo follwl,,Wn_l,Tum—S”pH(t)dt

. yesWn_1,TS—
= lim,,_o, fo“W1 Wn_1,Ts=5llp u(t)dt .

SO, by (3) ”Wl' v, Wno1) Ts — S”p ES 0
Ts = s. Thus T is Picard operator.

i.e.

Remark (2.8): If u(t) =1 over [0,+0) in each
above results then the contractive condition of
integral type convert into a contractive condition
not involving integrals.
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