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 الخلاصة

K الهدف الرئيسي من هذا البحث هو تقديم صنف  من الدوال الميرومورفيه الاحاديه التكافؤ
*
 (σ,τ,S)   المعرفه  بواسطه

المؤثر التفاضلي مع دراسة بعض الخصائص الهندسية مثل اللامساوات في المعامل ، نظرية النمو ونظرية التشويه ، نصف 

K في الفئة f(z)تحدب من قطر النجم وال
*
 (σ,τ,S)  كما يتم التحقق من مفهوم الالتفاف )ضرب هادمرد( ويتم الحصول على.

K جوارات عناصر الصنف
*
 (σ,τ,S)   

 

INTRODUCTION 
Denote by ∑ the class of functions of the form  

𝑓(𝑧) =  
1

𝑧
+ ∑ 𝑎𝑙𝑧

𝑙

∞

𝑙=0

 (1) 

which are analytic and univalent in the  

punctured open unit disk 

𝑈∗ = {𝑧 ∈ 𝐶: 0 < |𝑧| < 1} 

 A function 𝑓 ∈ ∑ is said to be meromorphic 

starlike if  

𝑅 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
) < 0  , 𝑧 ∈ 𝑈∗ 

We denote by ∑∗ the class of all meromorphic 

starlike function. 

 A function 𝑓 ∈ ∑ is said to be meromorphic 

convex if  

𝑅 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) < 0  , 𝑧 ∈ 𝑈∗ 

The class of all meromorphic convex functions 

will be denoted by ∑c.. 

Let 𝑓 ∈ ∑ be of the form (1) and 𝛾 , 𝛿  be real 

numbers with 𝛾 ≥  𝛿 ≥ 0, then the analogue of 

the differential operator given in [6] is defined as 

follows:  

𝐷𝛾,𝛿
0  𝑓(𝑧) = 𝑓(𝑧)   

𝐷𝛾,𝛿
1  𝑓(𝑧) = 𝐷𝛾,𝛿  𝑓(𝑧)   

 = 𝛾𝛿(𝑧2𝑓(𝑧))′′ + (𝛾 − 𝛿 )
(𝑧2𝑓(𝑧))ˊ

𝑧
+ ( 1 − 𝛾 + 𝛿)𝑓(𝑧) 

 𝐷𝛾,𝛿
𝑆  𝑓(𝑧) = 𝐷𝛾,𝛿 (𝐷𝛾,𝛿

𝑠−1𝑓(𝑧))  , 

𝑧 ∈ 𝑈∗  , 𝑠 ∈ 𝑁 = {1,2,3 ⋯ ⋯ }.  
If 𝑓 ∈∑ is given by (1), then we have 

 𝐷𝛾,𝛿
𝑆  𝑓(𝑧) =

1

𝑧
+ ∑ 𝐵(𝛾, 𝛿 , 𝑙 )𝑆

∞

𝑙=0

𝑎𝑙𝑧
𝑙  , 

 
𝑧 ∈ 𝑈∗ (2) 

where  

𝐵(𝛾 , 𝛿 , 𝑙) = [(𝑙 + 2)𝛾𝛿 + 𝛾 − 𝛿 ](𝑙 + 1) + 1. 
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Note that for 𝛿=0 and 𝛾=1, we obtain the 

differential operator introduced by [1]. 

In this paper, we shall try to obtain the coefficient 

estimates of the class 𝐾∗(𝜎, 𝜏, 𝑆), growth and 

distortion theorems, radii of starlikeness and 

convexity, convolution and neighborhoods of the 

elements for the class 𝐾∗(𝜎, 𝜏, 𝑆). 

A SET OF MAIN RESULTS 
In this section, we define the following subclasses 

of meromorphic function by utilizing the operator  

𝐷𝛾,𝛿
𝑠  .   

Definition 1: 

A function 𝑓(𝑧) ∈ ∑ of the form (1) is in the class 

𝐾∗(𝜎 , 𝜏 , 𝑆 ) if it satisfies the following inequality  

|
𝑧( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′′ + 2( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′

𝑧( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′′ + 2𝜏( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′
| < 𝜎 (3) 

(0 ≤ 𝜏 < 1  , 0 < 𝜎 ≤ 1   , 𝑆 = 1,2,3 … )       
This class was studied by many researchers by 

(for example Juma [3] and Mahmoud [5]). 

1. Coefficient Inequality: 
We derive the coefficient inequality for the class 

𝐾∗(𝜎, 𝜏, 𝑆) in the next theorem. 

 

Theorem 1: 

The function 𝑓(𝑧) given by (1) is in the 

class𝐾∗(𝜎 , 𝜏 , 𝑠 ), if and only if  

∑ 𝐵𝑙[𝑙(1 + 𝜎) + (1

∞

𝑙=1

+ 𝜎(2𝜏 − 1))] 𝑎𝑙

≤ 2𝜎(1 − 𝜏) (4) 

The result is sharp for the function 𝑓(𝑧) is given 

by:  

𝑓(𝑧) =
1

𝑧
+

2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)]
𝑧𝑙  , 𝑙 ≥ 1 (5) 

 

Proof: Suppose (4) holds, and if 

             |𝑧| = 1. Then by (3) , we have  

|
𝑧( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′′ + 2( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′

𝑧( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′′ + 2𝜏( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′
| < 𝜎  

 

|𝑧( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′′ + 2( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′| 

−𝜎|𝑧( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′′ + 2𝜏( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′| ≤ 0  

|𝑧[𝑧−1 + ∑ 𝐵(𝛾 , 𝛿 , 𝑙 )𝑆𝑎𝑙𝑧
𝑙]′′ + 2 [𝑧−1

∞

𝑙=1

+ ∑ 𝐵(𝛾 , 𝛿, 𝑙 )𝑆𝑎𝑙𝑧𝑙]′ 

∞

𝑙=1

| 

 −𝜎 |𝑧[𝑧−1 + ∑ 𝐵(𝛾 , 𝛿 , 𝑙 )𝑆𝑎𝑙𝑧
𝑙]′′ 

∞

𝑙=1

+                 2𝜏 [𝑧−1

+ ∑ 𝐵(𝛾, 𝛿, 𝑙 )𝑆𝑎𝑙𝑧𝑙]′

∞

𝑙=1

| ≤ 0 

Let 𝐵 = 𝐵(𝛾 , 𝛿 , 𝑙 )𝑆, Then we get 

|𝑧[2𝑧−3 + ∑ 𝐵(𝑙(𝑙 − 1))𝑎𝑙𝑧
𝑙−2] + 2[ −𝑧−2

∞

𝑙=1

+ ∑ 𝐵(𝑙)𝑎𝑙𝑧
𝑙−1]

∞

𝑙=1

| 

  −𝜎 |𝑧[2 𝑧−3 + ∑ 𝐵(𝑙(𝑙 − 1))𝑎𝑙𝑧
𝑙−2]

∞

𝑙=1

+ 2𝜏[ −𝑧−2 + ∑ 𝐵(𝑙)𝑎𝑙𝑧
𝑙−1]

∞

𝑙=1

|

≤ 0 

|2𝑧−2 + ∑ 𝐵(𝑙(𝑙 − 1))𝑎𝑙𝑧
𝑙−1 − 2 𝑧−2

∞

𝑙=1

+ ∑ 𝐵(𝑙)𝑎𝑙𝑧
𝑙−1

∞

𝑙=1

| 

  −𝜎 |2 𝑧−2 + ∑ 𝐵(𝑙(𝑙 − 1))𝑎𝑙𝑧
𝑙−1] − 2𝜏𝑧−2

∞

𝑙=1

+ 2𝜏 ∑ 𝐵(𝑙)𝑎𝑙𝑧
𝑙−1]

∞

𝑙=1

| ≤ 0 

│ ∑ 𝐵(𝑙(𝑙 − 1))𝑎𝑙𝑧
𝑙−1 + 2 ∑ 𝐵(𝑙)𝑎𝑙𝑧

𝑙−1│

∞

𝑙=1

∞

𝑙=1

 

−𝜎│(2 − 2𝜏)𝑧−2 + ∑ 𝐵(𝑙(𝑙 − 1))𝑎𝑙𝑧
𝑙−1

∞

𝑙=1

 

+2𝜏 ∑ 𝐵(𝑙)𝑎𝑙𝑧
𝑙−1│ ≤ 0

∞

𝑙=1

 

|∑ 𝐵𝑙(𝑙 − 1 + 2)𝑎𝑙𝑧
𝑙−1)

∞

𝑙=1

| 

−𝜎 |
2 − 2𝜏

𝑧2
+ ∑ 𝐵𝑙(𝑙 − 1 + 2𝜏)𝑎𝑙𝑧

𝑙−1

∞

𝑙=1

| ≤ 0 

≤ ∑ 𝐵𝑙(𝑙 + 1)𝑎𝑙│𝑧│𝑙−1

∞

𝑙=1

 

+𝜎 ∑ 𝐵𝑙(𝑙 − 1 + 2𝜏)𝑎𝑙│𝑧│𝑙−1

∞

𝑙=1

− 2𝜎(1 − 𝜏)│𝑧│−2 ≤ 0. 
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Since│𝑧│ = 1 , we have 

∑ 𝐵𝑙[(𝑙 + 1) + 𝜎(𝑙 − 1 + 2𝜏)]𝑎𝑙 ≤ 2𝜎(1 − 𝜏),

∞

𝑙=1

 

then 

∑ 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]𝑎𝑙

∞

𝑙=1

≤ 2𝜎(1 − 𝜏).               
Thus, by the maximum modulus theorem,  

We get ∈ 𝐾∗(𝜎, 𝜏, 𝑆)  . 
Conversely, if 𝑓(𝑧) of the form (1) is in the class   

𝐾∗(𝜎 , 𝜏 , 𝑆), then by (3) we get 

 

|
𝑧( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′′ + 2( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′

𝑧( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′′ + 2𝜏( 𝐷𝛾,𝛿

𝑆  𝑓(𝑧))′
| < 𝜎 

Thus, 

|
∑ 𝐵𝑙(𝑙 + 1)𝑎𝑙𝑧

𝑙−1∞
𝑙=1

2(1 − 𝜏)
𝑧2 + ∑ 𝐵𝑙(𝑙 − 1 + 2𝜏) 𝑎𝑙𝑧𝑙−1∞

𝑙=1

| < 𝜎 

Since |𝑅(𝑧)| ≤ |𝑧|  for all 𝑧, we have  

𝑅 {
∑ 𝐵𝑙(𝑙 + 1)𝑎𝑙𝑧𝑙−1∞

𝑙=1

2(1 − 𝜏)
𝑧2 + ∑ 𝐵𝑙(𝑙 − 1 + 2𝜏)𝑎𝑙𝑧𝑙−1∞

𝑙=1

} < 𝜎 

 

(6) 

 

Now, we taking the worth of 𝑧  on the real axis so 

that the worth 

𝑧( 𝐷𝛾,𝛿
𝑆  𝑓(𝑧))′′

( 𝐷𝛾  ,𝛿
𝑆  𝑓(𝑧))′

 

 is real, then the denominate of (6) and  𝑧 → 1− 

through positive real value, we have the inequality 

(4) . 

The result is sharp for 𝑓(𝑧) , defined by 

𝑓(𝑧) =
1

𝑧
+

2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]
𝑧𝑙 . 𝑙 ≥ 1   (7) 

 

Corollary 1: Let  𝑓 ∈ 𝐾∗(𝜎 , 𝜏 , 𝑆 ). T 

𝑎𝑙 ≤
2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]
 , 

where  

 0 ≤ 𝜏 ≤ 1  
and 

 0 < 𝜎 ≤ 1    , 𝑠 = 1,2,3, …  

2. Growth and Distortion Theorems: 
We derive some properties distortion and growth 

of 𝑓 ∈ 𝐾∗(𝜎, 𝜏, 𝑠) in the next theorems. 

 

Theorem 2: 

    If 𝑓(𝑧) ∈ 𝐾∗(𝜎 , 𝜏 , 𝑆 ) of the form (1), then 

for 0 < │𝑧│ = 𝑟 ,we get 
1

𝑟
+

𝜎(1 − 𝜏)

𝐵(1 + 𝜏𝜎)
 𝑟 ≤ |𝑓(𝑧)|

≤
1

𝑟
+

𝜎(1 − 𝜏)

𝐵(1 + 𝜏𝜎)
𝑟 ,       

with equality for       

𝑓(𝑧) =
1

𝑧
+

𝜎(1 − 𝜏)

𝐵(1 + 𝜏𝜎)
𝑧  .  

Proof: By hypothess  𝑓 ∈ 𝐾∗(𝜎, 𝜏, 𝑠), we get from 

Theorem 1 

∑ 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

∞

𝑙=1

𝑎𝑙

≤ 2𝜎(1 − 𝜏), 
that is,  

∑ 𝑎𝑙

∞

𝑙=1

≤
2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]
, 

then 

𝑎𝑙 ≤
𝜎(1 − 𝜏)

𝐵(1 + 𝜎𝜏)
 .                                       

Thus, for  0 < │𝑧│ = 𝑟 < 1 , we have 

|𝑓(𝑧)| ≤
1

│𝑧│
+ ∑ 𝑎𝑙|𝑧|𝑙

∞

𝑙=1

, 

|𝑓(𝑧)| ≤
1

𝑟
+ ∑ 𝑎𝑙  𝑟 ,

∞

𝑙=1

 

≤
1

𝑟
+

𝜎(1 − 𝜏)

𝐵(1 + 𝜎𝜏)
,             │𝑧│ = 𝑟 

So,  

|𝑓(𝑧)| ≥
1

│𝑧│
− ∑ 𝑎𝑙|𝑧|𝑙    ≥    

1

𝑟
− ∑ 𝑎𝑙  𝑟

∞

𝑙=1

∞

𝑙=1

 

≥
1

𝑟
−

𝜎(1 − 𝜏)

𝐵(1 + 𝜎𝜏)
  

Thus, the proof is completed.   
 

Theorem 3: 

If 𝑓(𝑧) ∈ 𝐾∗(𝜎 , 𝜏 , 𝑆 ) of the form (1), then for 

0 < |𝑧| = 𝑟 < 1, we get  
1

𝑟2
−

𝜎(1 − 𝜏)

𝐵(1 + 𝜏𝜎)
≤ |𝑓′(𝑧)| ≤

1

𝑟2
+

𝜎(1 − 𝜏)

𝐵(1 + 𝜏𝜎)
 , 

with equailt for 

http://creativecommons.org/licenses/by-nc/4.0/
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𝑓(𝑧) =
1

𝑧
+

𝜎(1 − 𝜏)

𝐵(1 + 𝜏𝜎)
𝑧. 

Proof: Utilizing Theorem 1, we get 

∑ 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]𝑎𝑙

∞

𝑙=1

≤ 2𝜎(1 − 𝜏), 
 

then  

𝑎𝑙 ≤
𝜎(1 − 𝜏)

𝐵(1 + 𝜎𝜏)
  

Thus, for 0 < |𝑧| = 𝑟 < 1   

|𝑓′(𝑧)| ≤ |
−1

𝑧2
| + ∑  𝑙

∞

𝑙=1

𝑎𝑙|𝑧|𝑙−1 ,  

≤
1

𝑟2
+

𝜎(1 − 𝜏)

𝐵(1 + 𝜎𝜏)
 

Also, 

|𝑓′(𝑧)| ≥ |
−1

𝑧2
| − ∑  𝑙

∞

𝑙=1

𝑎𝑙|𝑧|𝑙−1, 

≥  
1

𝑟2
−

𝜎(1 − 𝜏)

𝐵(1 + 𝜎𝜏)
        

3. Radii of Starlikness and Convexity: 
The radius of starlikeness and convexity 

for𝐾∗(𝜎, 𝜏, 𝑠) is given by the following theorems: 

 

Theorem 4: 

 If 𝑓(𝑧) ∈   𝐾∗(𝜎 , 𝜏 , 𝑆 ) of the form (1), then 𝑓  
 is meromorphically starlike of order λ 

  (0 ≤ λ < 1) in the disk |𝑧| < 𝑟1(𝜎 , 𝜏 , 𝑆 , 𝜆) , 

 wehere  

𝑟1(𝜎 , 𝜏 , 𝑆 , 𝜆)

= 𝑖𝑛𝑓𝑙≥1 {
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)](1 − 𝜆)

2𝜎(𝑙 + 2 − 𝜆)(1 − 𝜏)
}

1
𝑙+1

 

The result is sharp for 𝑓(𝑧) is given by the  

following 

𝑓(𝑧) =
1

𝑧
+

2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]
𝑧𝑙  ,

𝑙 ≥ 1   
Proof: It is sufficient to prove that  

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
+ 1| ≤ 1 − 𝜆, 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
+ 1| = |

∑ (𝑙 + 1)𝑎𝑙𝑧
𝑙∞

𝑙=1

𝑧−1 + ∑ 𝑎𝑙𝑧𝑙∞
𝑙=1

|

≤
∑ (𝑙 + 1)∞

𝑙=1 𝑎𝑙|𝑧|𝑙+1

1 − ∑ 𝑎𝑙
∞
𝑙=1 |𝑧|𝑙+1

  

Thus, 

∑ (𝑙 + 1) ∞
𝑙=1 𝑎𝑙|𝑧|𝑙+1

1 − ∑ 𝑎𝑙
∞
𝑙=1 |𝑧|𝑙+1

≤ 1 − 𝜆, 

∑(𝑙 + 2 − 𝜆) 

∞

𝑙=1

𝑎𝑙|𝑧|𝑙+1  ≤ 1 − 𝜆 , (8) 

by Theorem 1, we have  
      

∑ 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)]

∞

𝑙=1

𝑎𝑙

≤ 2𝜎(1 − 𝜏) (9) 

Therefore, 

 

|𝑧|𝑙+1  

≤  
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))](1 − 𝜆)

2𝜎(1 − 𝜏)(𝑙 + 2 − 𝜆)
, 

│𝑧│

≤ {
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))](1 − 𝜆) 

2𝜎(1 − 𝜏)(𝑙 + 2 − 𝜆)
}

1
𝑙+1

 

 

Theorem 5: 

If 𝑓(𝑧) ∈  K∗(𝜎 , 𝜏 , 𝑆 ) of the form (1), then 

 𝑓  is meromorphically convex of order 𝜙  

(0 ≤  𝜙 <  1 )  in |𝑧| < 𝑟2  (𝜎 , 𝜏 , 𝑆 , 𝜙)  
where 

𝑟2(𝜎 , 𝜏 , 𝑆 , 𝜙) =    

𝑖𝑛𝑓𝑙≥1 {
𝐵[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)](1 − 𝜙)

2𝜎(1 − 𝜏)(𝑙 + 2 − 𝜙)
}

1
𝑙+1

. 

The result is sharp for 𝑓(𝑧)  is given by the 

following: 

𝑓(𝑧) =
1

𝑧
+

2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]
𝑧𝑙 ,

𝑙 ≥ 1. 
Proof: It is sufficient to prove that  

|
𝑧(𝑓(𝑧))

′′

(𝑓(𝑧))′
+ 2| ≤ 1 − 𝜙, 

|
𝑧(𝑓(𝑧))

′′

(𝑓(𝑧))′
+ 2|

= |
𝑧[𝑧−1 + ∑ 𝑎𝑙𝑧

𝑙]′′ + 2∞
𝑙=1 [𝑧−1 + ∑ 𝑎𝑙𝑧𝑙∞

𝑙=1 ]′

[𝑧−1 + ∑ 𝑎𝑙𝑧𝑙∞
𝑙=1 ]′

|

= |
∑ 𝑙(𝑙 + 1)𝑎𝑙𝑧

𝑙−1∞
𝑙=1

𝑧−2 + ∑ (𝑙)𝑎𝑙𝑧𝑙−1∞
𝑙=1

| 

≤
∑ 𝑙(𝑙 + 1) ∞

𝑙=1 𝑎𝑙|𝑧|𝑙+1

1 − ∑ 𝑙 ∞
𝑙=1 𝑎𝑙|𝑧|𝑙+1

 ≤ 1 − 𝜙, 

if   
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∑  𝑙(𝑙 + 1)

∞

𝑙=1

𝑎𝑙|𝑧|𝑙+1 

≤ (1 − 𝜙) (1 − ∑ 𝑙𝑎

∞

𝑙=1 𝑙

|𝑧|𝑙+1) , 

 

 

that is, if 

∑[𝑙(𝑙 + 1) + 𝑙 − 𝑙𝜙]

 ∞

𝑙=1 

𝑎𝑙|𝑧|𝑙+1  ≤ 1 − 𝜙, 

∑ 𝑙[𝑙 + 2 − 𝜙]

 ∞

𝑙=1 

𝑎𝑙|𝑧|𝑙+1 ≤ 1 − 𝜙 

  (10)  

From (10) and Theorem 1, we obtain       
|𝑧|𝑙+1  

≤  
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))](1 − 𝜙)

2𝜎(1 − 𝜏)𝑙[𝑙 + 2 − 𝜙]
 , 

│𝑧│

≤ [
𝐵[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))](1 − 𝜙)

2𝜎(1 − 𝜏)(𝑙 + 2 − 𝜙)
]

1
𝑙+1

  

4. Convolution 
Theorem 6: 

 If  𝑓(𝑧) and  𝑔(𝑧) ∈  𝐾∗(𝜎 , 𝜏 , 𝑆 ) ,then  
( 𝑓 ∗ 𝑔)(𝑧) ∈  𝐾∗(𝜌, 𝜏 , 𝑆 ) for  

𝑓(𝑧) =  
1

𝑧
+  ∑ 𝑎𝑙𝑧

𝑙

∞

𝑙=0

  , 𝑔(𝑧) =  
1

𝑧
+  ∑ 𝑏𝑙𝑧

𝑙

∞

𝑙=0

, 

where  

(𝑓 ∗ 𝑔)(𝑧) =  
1

𝑧
+  ∑ 𝑎𝑙𝑏𝑙𝑧𝑙  ,

∞

𝑙=0

   𝜌

≤
2𝜎2(1 − 𝜏)(𝑙 + 1)

2𝜎2(1 − 𝜏)(𝑙 + 2𝜏 − 1) − 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]2 

 

Proof: Hence  𝑓, 𝑔 ∈  𝐾∗(𝜎 , 𝜏 , 𝑆 ), then by using 

Theorem 1, we get 

∑
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)

∞

𝑙=1

 𝑎𝑙 ≤ 1     

and, 

∑
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)

∞

𝑙=1

𝑏𝑙 ≤ 1   

We need to find the largest   𝜌 such that  

∑
𝐵𝑙[𝑙(1 + 𝜌) + (1 + 𝜌(2𝜏 − 1))]

2𝜌(1 − 𝜏)

∞

𝑙=1

 𝑎𝑙𝑏𝑙 ≤ 1. 

By Cauchy – Schwarz inequality, we have 

    

∑
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)

∞

𝑙=1

√ 𝑎𝑙𝑏𝑙 ≤ 1 (11) 

To proof Theorem 6, it is sufficient to prove that  

𝐵𝑙[𝑙(1 + 𝜌) + (1 + 𝜌(2𝜏 − 1))]

2𝜌(1 − 𝜏)
 𝑎𝑙𝑏𝑙

≤
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)
√ 𝑎𝑙𝑏𝑙 , 

which is equivalent to   

√ 𝑎𝑙𝑏𝑙 ≤
𝜌[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

𝜎[𝑙(1 + 𝜌) + (1 + 𝜌(2𝜏 − 1))]
   

From (11), we get  

√ 𝑎𝑙𝑏𝑙 ≤
2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]
        

We must prove that  

2𝜎(1 − 𝜏)

𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

≤
𝜌[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

𝜎[𝑙(1 + 𝜌) + (1 + 𝜌(2𝜏 − 1))]
  

such that 

2𝜎2(1 − 𝜏)[𝑙(1 + 𝜌) + (1 + 𝜌(2𝜏 − 1))] 

≤ 𝐵𝑙𝜌[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]
2

,   

2𝜎2(1 − 𝜏)[(𝑙 + 1) + 𝜌(𝑙 + 2𝜏 − 1)] 
≤ 𝐵𝑙𝜌[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]2,   
2𝜎2(1 − 𝜏)(𝑙 + 1)  
≤ 𝐵𝑙𝜌[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]2

− 2𝜎2𝜌(1 − 𝜏)(𝑙 + 2𝜏 − 1), 
2𝜎2(1 − 𝜏)(𝑙 + 1)                                     
≥  𝜌[2𝜎2(1 − 𝜏)(𝑙 + 2𝜏 − 1)

− 𝐵𝑙[𝑙(1 + 𝜎) + (1
+ 𝜎(2𝜏 − 1))]2], 

which gives 
𝜌

≤
2𝜎2(1 − 𝜏)(𝑙 + 1)

2𝜎2(1 − 𝜏)(𝑙 + 2𝜏 − 1) − 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]2
 

 

Theorem 7: 

If the functions  𝑓𝑗(𝑧)(𝑗 = 1,2) denoted by 

𝑓𝑗(𝑧) =  
1

𝑧
+  ∑ 𝑎𝑙 ,𝑗𝑧𝑙

∞

𝑙=1

 , (𝑎𝑙,𝑗 ≥ 0 , 𝑗 = 1,2) 

be in 𝐾∗(𝜎 , 𝜏 , 𝑆 ) ,then the function 𝑔(𝑧) 

defined by  
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𝑔(𝑧) =  
1

𝑧
+  ∑(𝑎𝑙,1

2 + 𝑎𝑙,2
2 )𝑧𝑙 ,

∞

𝑙=1

 

is in the class  𝐾∗(𝜑 , 𝜏 , 𝑆 ) ,where 

𝜑 ≤
4𝜎2(𝜏 − 1)(𝑙 + 1)

4𝜎2(1 − 𝜏)(𝑙 + 2𝜏 − 1) − 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]2  

 

 

Proof: Hence 𝑓𝑗 ∈  𝐾∗(𝜎 , 𝜏 , 𝑆 ), (𝑗 = 1,2). 

Then utilizing Theorem 1,we get 

 

∑
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)

∞

𝑙=1

𝑎𝑙 ,𝑗  ≤ 1  , 𝑗

= 1,2 
since  

∑ (
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)
)

2

𝑎𝑙,𝑗
2

∞

𝑙=1

     

≤ (∑
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)]

2𝜎(1 − 𝜏)

∞

𝑙=1

𝑎𝑙,𝑗)

2

        

≤ 1 , (𝑗 = 1,2)     
and  

∑
1

2
(

𝐵𝑙(𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))

2𝜎(1 − 𝜏)
)

2∞

𝑙=1

(𝑎𝑙,1
2

+ 𝑎𝑙,2
2 ) ≤ −1 

Therefore, we need to find the largest 𝜑 such that  

𝑙(1 + 𝜑) + (1 + 𝜑(2𝜏 − 1))

𝜑

≤
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]2

4𝜎2(1 − 𝜏)
 ,   𝑙 ≥ 1. 

Hence  
𝜑

≤
4𝜎2(𝜏 − 1)(𝑙 + 1)

4𝜎2(1 − 𝜏)(𝑙 + 2𝜏 − 1) − 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]2
    

 

Theorem 8: 

Let 

𝑓(𝑧) =  
1

𝑧
+  ∑ 𝑎𝑙𝑧

𝑙

∞

𝑙=1

 ∈  𝐾∗(𝜎 , 𝜏 , 𝑆 )  

, 

and 

𝑔(𝑧) =  
1

𝑧
+  ∑ 𝑏𝑙𝑧𝑙

∞

𝑙=1

   

with │𝑏𝑙│ ≤ 1 ,is  

in the class  𝐾∗(𝜎 , 𝜏 , 𝑆 ) . Then  𝑓(𝑧) ∗ 𝑔(𝑧) ∈
  𝐾∗(𝜎 , 𝜏 , 𝑆 ) . 

Proof : From Theorem 1, we get  

∑ 𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]𝑎𝑙

∞

𝑙=1

≤ 2𝜎(1 − 𝜏)  
Hence 

∑
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)

∞

𝑙=1

│𝑎𝑙𝑏𝑙│ 

     = ∑
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)

∞

𝑙=1

𝑎𝑙│𝑏𝑙 

 ≤
𝐵𝑙[𝑙(1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))]

2𝜎(1 − 𝜏)
        

Thus, 

  𝑓(𝑧) ∗ 𝑔(𝑧) ∈   𝐾∗(𝜎 , 𝜏 , 𝑘).  
Corollary 2: 

Let 

(𝑧) =  
1

𝑧
+ ∑ 𝑎𝑙𝑧

𝑙∞
𝑙=1  ∈   𝐾∗(𝜎 , 𝜏 , 𝑆 ), 

and 

   𝑔(𝑧) =  
1

𝑧
+  ∑ 𝑏𝑙𝑧

𝑙  

∞

𝑙=1

 

for 0 ≤ 𝑏 ≤ 1  
is in the class  𝐾∗(𝜎 , 𝜏 , 𝑆 ).Then 

𝑓(𝑧) ∗ 𝑔(𝑧) ∈   𝐾∗(𝜎 , 𝜏 , 𝑆 ).  

5. Neighborhood on 𝑲∗(𝝈, 𝝉, 𝑺): 
In the section, the concept of neighborhood of 

analytic function was first introduced by 

Goodman [2] and then generalized by  

Ruscheweyh [7]. Lin and Srivastava [4], 

investigated this concept for the elements of 

several famous subclass of analytic function. 

We define the (𝑙, 𝜉)Neighborhood of a function 

𝑓(𝑧) ∈ ∑ 
by  

𝑁𝑙,𝜉(𝑓) = {𝑔 ∈  ∑: 𝑔(𝑧)

= 𝑧−1

+ ∑ 𝑏𝑙𝑧
𝑙    𝑎𝑛𝑑 ∑ 𝑙│𝑎𝑙 − 𝑏𝑙│ ≤ 𝜉

∞

𝑙=1

∞

𝑙=1

} 

For the identity function 𝑒(𝑧) = 𝑧, we get  

𝑁𝑙,𝜉(𝑒) = {𝑔 ∈ ∑ ∶ 𝑔(𝑧)

= 𝑧−1 +  ∑ 𝑏𝑙𝑧
𝑙   𝑎𝑛𝑑 ∑ 𝑙│𝑏𝑙│ ≤ 𝜉

∞

𝑙=1

∞

𝑙=1

} 

 

Lemma: 

The function 𝑓(𝑧) ∈ ∑ is said to be in the 
class 𝐾∗(𝜎, 𝜏, 𝑆, 𝜉) if there exists a function 

𝑔(𝑧) ∈ 𝐾∗(𝜎, 𝜏, 𝑆), such that 
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│
𝑓(𝑧)

𝑔(𝑧)
− 1│ < 1 − 𝜗  , (13) 

(𝑧 ∈ 𝑈 ,0 ≤ 𝜗 < 1)    

Theorem 9: 

If 𝑔(𝑧) ∈ 𝐾∗(𝜎, 𝜏, 𝑠) and 

𝜗 = 1 −
𝜉[𝐵((1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)))]

𝐵((1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)) − 2𝜎(1 − 𝜏)
 , (14) 

then 𝑁𝑙,𝜉(𝑔) ⊂  𝐾∗(𝜎, 𝜏, 𝑆, 𝜉). 

Proof: Assume that 𝑓 ∈  𝑁𝑙,𝜉(𝑔). Then we have 

from (12) that 

∑ 𝑙|𝑎𝑙 − 𝑏𝑙|

∞

𝑙=1

≤ 𝜉, 

which suggests the coefficient inequality  

∑|𝑎𝑙 − 𝑏𝑙| ≤ 𝜉 ,     (𝑙 ∈ 𝑁)

∞

𝑙=1

 

Hence  𝑔 ∈ 𝐾∗(𝜎, 𝜏, 𝑆),we get from corollary 1 

∑ 𝑏𝑙 ≤
               2𝜎(1 − 𝜏)

𝐵𝑙((1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)))
 ,

∞

𝑙=1

 

From (13),we get 

│
𝑓(𝑧)

𝑔(𝑧)
− 1│ <

∑ |𝑎𝑙 − 𝑏𝑙|∞
𝑙=1

1 − ∑ 𝑏𝑙
∞
𝑙=1

  

≤
𝜉[𝐵((1 + 𝜎) + (1 + 𝜎(2𝜏 − 1)))]

𝐵((1 + 𝜎) + (1 + 𝜎(2𝜏 − 1))) − 2𝜎(1 − 𝜏)
 

= 1 − 𝜗.   
Since, by lemma 𝑓 ∈ 𝐾∗(𝜎, 𝜏, 𝑆, 𝜉) for 𝜗 given by 

(14). 
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