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ABSTRACT
The main object of the present paper is to introduce the class of meromorphic univalent
function K* (o,t,S) defined by differential operator with study some geometric properties like
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Let f €Y be of the form (1) and y,d be real
INTRODUCTION _ numbers with y > § > 0, then the analogue of
Denote by ). the class of functions of the form the differential operator given in [6] is defined as
1 . follows:
= — 1 0 —
f@ =+ Y az M Y = £

=0

which are analytic and univalent in the
punctured open unit disk
Ur={z€e(C:0< |z| <1}
A function f €Y is said to be meromorphic
starlike if
R (Zf (2)

f(2)
We denote by )" the class of all meromorphic
starlike function.
A function f €Y is said to be meromorphic
convex if

zf ”(Z))

R(1+ <0,zeU*
( f'(2)

The class of all meromorphic convex functions

will be denoted by Y:€..

><0,ZEU*

Dy s f(2) =D, s f(2)

2 ,
=y8(z*f(2)" + (v — 6)@

+(1-y+8)f(2)

D55 f(2) = Dy 5 (D55£(2)) |
z€U* ,seN={1,23- ).
If £ €Y is given by (1), then we have

S _1 5.1 S l
Dy,af(Z)—;‘i‘ B(y,8,l) az",
1=0
z € U” (2

where
B(y,6,D)=[(l+2)ys+y—-8611+1)+1.
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Note that for 6=0 and y=1, we obtain the

differential operator introduced by [1]. —o|z[z7" + Z B(y,8,1)5az"]"

In this paper, we shall try to obtain the coefficient =1

estimates of the class K*(o,t,S), growth and + 2t [z71
distortion theorems, radii of starlikeness and

convexity, convolution and neighborhoods of the + ZB(V'5 [ az''|<0

elements for the class K*(o, 1, S).

A SET OF MAIN RESULTS
In this section, we define the following subclasses
of meromorphic function by utilizing the operator

S
V0 " + Z B()a;z"1]
Definition 1: OLEs

A function f(z) € Y of the form (1) is in the class
K*(o,t,S) if it satisfies the following inequality —

z(Dys f(2)" +2(Dy 5 f(2)) @)

z(D; s f(2))" +21(D; 5 f(2)) <0 o
8 ) I )
(0<t<1,0<0<1,5=123..) t2t[ -z +;B(Z)azzl ]

This class was studied by many researchers by <0
(for example Juma [3] and Mahmoud [5]). o

-2 _ -1 _ -2
1. Coefficient Inequality: 2277 z B(I0 = 1)ayz 2z
We derive the coefficient inequality for the class =1

K*(o,7,S) in the next theorem. n z B(l)a,z"

Let B = B(y 5, l)S Then we get

3 4 Z B(U(L — 1))ayz"2] + 2[ 22

z[2z73 + z B(l(l —1))a;z"7?]
=1

Theorem 1:
The function f(z) given by (1) is in the
cIassK*(a 7,s), ifand only if

2z7% 4+ Z B((l - 1)a;z""1] — 21272
=

Z BI[L(1 + o) + (1 + ZTZ B()az1]| < 0

=1
+ 0(2T -] 2 °°
<20(1-1) (4) | Z B(I(l - 1))a;z'"* + 2 Z BDaz " |
The result is sharp for the function f(z) is given 1=1 =1
by:

20(1—1)
Bl[l1+0)+ (1 +02t—-1)]

—o|(2-20z2+ Z B(l(l—1))a;z'?

f@) ==+ 2,121 (5)

Proof: Suppose (4) holds, and if +2TZ Bhaz' | <0
|z| = 1. Then by (3) we have =

z(Dy s f(2)" +2(D; 5 f(2)) <y

z(Dy s f(2))" +2t(D; 5 f(2))

Z BI(L— 1+ 2)a;z" 1)
=1

2-21 w— .
|2(Dys £ (@) +2(Dys f (@) 0| ==+ ) Bl -1+ 2@z <0
_G|Z(D sf(Z))" + ZT(D Sf(z)) | <0 L =1

Z BI(+ Day | 2|
z[z7? +ZB(V,5,I)Salz 1" +2[zt £,
=1

Z BI(l—1+20)aq | z|"?
=1

+ 3 B8, 1) ]
=1 —20‘(1—T)|Z|_2S0.
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Since|z| =1, we have
ZBl (I+1) +0(—1+20]a <2001 1),

then

Z BI[I(1+ 0) + (1 + 6 (27 — )]
=1

<20(1-1).
Thus, by the maximum modulus theorem,
We get € K*(o,1,5) .
Conversely, if f(z) of the form (1) is in the class
K*(o,t,S), then by (3) we get

z(Dy s f(2)" +2(Dy s f(2))

203, f@) + 22 (D%, T | < °
Thus,

Y2, Bl(l+ Dayz'?

A =D <o
Z—2+Zl 1Bl(l—1+21)alzl 1
Since |R(2)| < |z| for all z, we have
Y2, Bl(l+ 1)az?t <o (6)

% + X2, Bl(l— 1+ 20)qz!t

Now, we taking the worth of z on the real axis so
that the worth

z(Dys f(2)"
(D 5 f(2))

is real, then the denominate of (6) and z - 1~
through positive real value, we have the inequality

(4) .
The result is sharp for f(z) , defined by

f@)=-+ 201 ~ ) ZLl=1 (7
"z BlA+0)+(1+o@r-D)] 7 (7

Corollary 1: Let f € K*(o,7,S). T
20(1—1)

U BIA+ )+ A to@i—D)]’
where
0<t<1
and
0<o<1 ,s=123..

2. Growth and Distortion Theorems:
We derive some properties distortion and growth
of f € K*(o,1,s) in the next theorems.

Theorem 2:
If f(z) € K*(g,t,S) of the form (1), then
for0< |z| = r ,we get
0( )
— L r<
t 5Ty S V@
1 o(1-1)

Tr +B(1+Ta)r’
with equality for
g(l—1
FD =3+ Frray”
o)
Proof: By hypothess f € K*(o,1,s), we get from
Theorem 1

z BI[I(1 + o) + (1 + 621 — 1))] a
=1

<20(1—1),
that is,
- 20(1 —1)
Z 'SBIlA+0)+(1+02r-1)]
then
o(1-1)

<—-.
al_B(1+ar)
Thus, for 0 < |z| =r <1, wehave

F@l<—+ Y alzl,
| z|

r
=1
“r B(+4o01) zZh=r
So,
(o] 1 (o]
F@Iz =Y aldt = —= > ar
|Z| =1 r =1
1 o(1-1)
“r B(l+o71)

Thus, the proof is completed.

Theorem 3:
If f(z) e K*(o,t,S) of the form (1), then for
0<|z|=r<1,weget

1 o(1-1) o(1-1)

rz B(1+TO')_|f()| B(1+ 10)’
with equailt for
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0(1 - 1)

fz) = B(1 + ra)
Proof: Ut|||2|ng Theorem 1, we get

z Bl[l(l +0)+ (1 +o(27 — 1))]al
- <20(1—71),

then
o(l—1
B(1 + o7)
Thus,for0<|z| —r<1

@< }Zlm&ﬁl

0(1 — T)
B(1+ o7)

Also,
z lal|Z|l 1
0(1 — T)

If' @) =
B(1 + o1)

1
=z

3. Radii of Starlikness and Convexity:
The radius of starlikeness and
forK* (o, 1, s) is given by the following theorems:

Theorem 4:

If f(z) € K*(o,7,S) of the form (1), then f
is meromorphically starlike of order A
(0<A<1)inthedisk |z| < ry(o,7,5,4),
wehere

r(o,7,5,1)

convexity

1

. Bl[ll+o)+ (1 +02rt-1]A1 -2
= Wiz 26 +2-1D(1—-1)

The result is sharp for f(z) is given by the
following

1 20(1—1) .
f(z) ==+ z',
z Bl[l1+0)+(1+0@r—1)]
[>1
Proof: It is sufficient to prove that
zf'(z ) <1-2
f (Z)
Zf&)+1__2£ﬂb+nmﬂ
f(2) |zt ER, 4zt
_ IR+ Daylz ™
T 1-32 a |zt
Thus,

i

83

Z?il(l +1) alz|™?

Zl 1 |Z|l+1

<1

-2,

Z(l+2 D alzl*t <1-2, )
by Theorem 1, we have

Z Bl[l(l+o)+(1+0R2t—1)]q

- <20(1-1) )
Therefore,

|Z|l+1

Bl[l(l+0)+ (1 +0@t—-1)](1-2)
201—-0)(l+2-2) ’

1

p

- Blll+ o)+ (1+0c@r—1)]1-21
_{ 2010 —)(I+2—-2)

Theorem 5:

If f(z) € K*(o,7,S) of the form (1), then
f is meromorphically convex of order ¢
0O<¢p<l)inlzl<r, (o,7,S,9)
where

TZ(O-IT'S'd)) =

] Blll+0)+(1+cR2t—1D](A—-9¢) l%l
mflﬂ{ 20l—D)(+2 - ) } '
The result is sharp for f(z) is given by the
following:
_1 20(1—1) :
IO = BT o+ (Lro@—D)]
[>1.

Proof: It is sufficient to prove that
2(f@)" ~

Fay =TT
2(f(2)"

F@y °

z[z7 + X2, alzl]” +2[z7 + 32 az'’
[z71+ Y72, a2t

ZRa i+ Daz

z72 4+ 32, (DHazt 1

Y2 L+ 1) afz|T

1-X2; Layz|*+?

<1-¢,

if
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z 1L+ 1) ay|z|'*
=1

<(1-¢) 1—Zla 2|11 |,
=1

l

that is, if

[+ 1) +1—1p]alz]""t <1-¢,

o)

Zl[l 12— dlalz*t<1-¢

=1

(10)

From (10) and Theorem 1, we obtain
|Z|l+1

Bl[l(l+0)+ (1 +02t—-1)](1—-¢)
- 201 =)l +2— @] ’
| 2]

- B[l(1+a)+(1+0(21—1))](1—(;{)) Ll
_l 2001l —)(l+2—¢) l

o~
[y

4. Convolution

Theorem 6:

If f(z)and g(z) € K*(o,7,S) ,then
(f*g)(Z)E K*(p,z,S) for

f2) = —+ Zalz 9@ =+ Zblz

where

1 o
(fr9)@) =+ Zalblzl, p

202(1—-0)(+ 1)
- 202(1 —7)(+2t1-1)—-Bll(1+0)+ 1+ ot —1))]?

Proof: Hence f,g € K*(0,1,S), then by using
Theorem 1, we get

i BI[l(1+0) + (1 + 027 — 1))]

- 20(1—1) a=1
and,

z Bl[l(1+0)+ (1 + 02t —1))] b <1
- 20(1—-1)

We need to find the largest p such that

o]

2 BlI(1+p)+ (1 +pt—1))]
2p(1—-1)
y Cauchy — Schwarz inequality, we have

albl <1.

S BII(1+0) + (1 + a2t — 1))]
; D Jab <1 (11)

To proof Theorem 6, it is sufficient to prove that
Bl[l(1+p)+ (1 + p(2T — 1))]

2p(1—1) by
Bl[ll+o)+(1+0R2t—-1))] ——
- 20(1—1) abr,
which is equivalent to
— pll(1+ o)+ (1+0(2t—1))]
Vv b =

oll(l+p)+ (A +p2t—1))]
From (11), we get

= 20(1—1)
“=BINA+ o) + (1 + 0(2t — )]
We must prove that
20(1—1)
Blll{(1+0)+ (1 + 02t —1))]
- pll(1+0)+ 1+ 01— 1))]

o[l(1+p)+ (1 +p2r-1))]

such that
202(1 = D[l + p) + (1 + p27 — 1))]

< Blp[i(1 +0) + (1 + (21 - D)]’,
202(1 =)+ 1) + p(l + 27— 1)]
<Blp[l(1+0) + (1+ a2t —1))]3
202(1 — 1) + 1)
<Blp[l(14+0)+ (1+ 02t —1)]?
—20%p(1—1)(l + 21— 1),
202(1—1)(1+ 1)
> p[2o?(1—-1)(+21-1)
—Bl[il(1+0)+ (1
+ o2t - 1)]%],
which gives
p

202(1—-)(l+ 1)

202(1 —7)+2t—-1)—-Bl[l(1+0)+(1+02t—1))])?

Theorem 7:
If the functions f;(z)(j = 1,2) denoted by

1 < l
fiz) = E+ Zald-z )
=1
bein K*(o,7,S) ,then the function g(z)
defined by

(a,; =0,j=1.2)
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1 oo
9@ = -+ ) (abs +aiy)z!
=1

isinthe class K*(¢,t,S ) ,where
< 40?(t— 1A+ 1)
Y210l +2t-D-BIl(1+ ) + (L + o2t — )]

Proof: Hence f; € K*(0,7,5),(j = 1,2).
Then utilizing Theorem 1,we get

[ee)

z Bl[l(1+0)+ (1+0(2r — 1))]

£ 20(1—1) @ <1,
=1,2
since
- Bl[l(l +0)+ (1 +o0(27 — 1))] ? 5
( 20(1—-1) ) Li
=1 )
S BII(1+0)+ (140t —1)]
= (Zl 20(1—7) ““’)
<1,(=12)
and
O 1 (BII(+0) + (1 +a2T - D)),
;5< 20(1—1) > (al'l
+af,) < -1

Therefore, we need to find the largest ¢ such that
(1+¢)+(1+¢92r-1)

4
_ 2
< Bl[l(1+0)+ (1 + 02t —1))] s
40%(1 —1)
Hence
@

- 40?2(t— 1D+ 1)
T40?(1-1)(l+2t—-1) —-Bll(1+0)+ (1 + 0Tt —1)))?

Theorem 8:
Let

1 (o]
f(z) = ;+ Ealzl € K*(o0,7,S)
=1

and

_1 oob l
9@ = —+ D bz
=1

with |b,| <1 is

in the class K*(o,t,S). Then f(z)*g(2) €
K*(o,7,S).

Proof : From Theorem 1, we get

Z Bl[l(1+0)+ (1 + 02t —1))]a
= <20(l-1)

Hence

C BI[I(1+0) + (1+ 07— 1))]
; 20(1—1)

OB+ o)+ (1+0(2 - 1))
B ; 20(1—1)

- Bllll+0)+ (1 + 02t —1))]

- 20(1—1)

Thus,

f(z2)*g(z) € K*(o,1,k).

Corollary 2:

Let

(2) = §+ Y. qz' € K*(o,7,5),
and

1 (o]
g(z) = ~+ Zblzl
=1

for0<b<1
isin the class K*(a,t,S).Then

f(z)xg(z) e K'(o,7,S).

5. Neighborhood on K*(o, T, S):

In the section, the concept of neighborhood of
analytic function was first introduced by
Goodman [2] and then generalized by
Ruscheweyh [7]. Lin and Srivastava [4],
investigated this concept for the elements of
several famous subclass of analytic function.

We define the (1, &)Neighborhood of a function
f(2) el

by

Ng(f) = [9 € 2:9(2)

= Z_l
+Zblzl and Zl|al—bl| SE}
=1 =1

For the identity function e(z) =z, we get

Nig(e) = {g €X:9(2)

=z 1+ Zblzl and Zl|bl| SE}
=1 1=1

|ab, |

al|bl

Lemma:

The function f(z) € Y is said to be in the
class K*(o,1, S, ¢) if there exists a function

g(z) € K*(o,1,S), such that
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f(2)

— -1l <1-9, 13
55~ ! (13)
(zeU,0<9<])

Theorem 9:
If g(z) € K*(o,1,s) and
§B((1+0)+(1+a27t-1)))]
9=1- ,(14)
B((l+o)+(1+02t—1)—-20(1—-1)

then Ny (g9) © K*(0,7,5,8).
Proof: Assume that f € N;:(g). Then we have
from (12) that

D la—bl<g,
l_

V\7hich suggests the coefficient inequality

Z|az bl<g, (eN)

Hence g € K*(o,1,5),we get from corollary 1

S

20(1—1)
Bl((1+a)+(1+0@2r-1D))’

=1
From (13),we get
| f(2) | Yi=ila; — byl
9(2) 1-221b
§B((1+0)+(1+02r—-1)]
" B((1+0)+(1+02r—-1))—20(1—7)
=1-97.

Since, by lemma f € K*(0,1,S,§) for 9 given by

(14).
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