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In this paper, we present the Generalized Gamma-Exponentiated Weibull distribution as a

Received special case of new generated Generalized Gamma - G family of probability distribution. The
29/11/2019 cumulative distribution, probability density, reliability and hazard rate functions are introduced.
Furthermore, the most vital statistical properties, for instance, the r-th moment, characteristic
function, quantile function, simulated data, Shannon and relative entropies besides the stress-
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INTRODUCTION Ay
In various fields of science, it is well known that ~ F(x;adp)es = ﬁ (1)
there is an ongoing need to choose a distribution P
that fits the data well. Numerous studies have and,
been done to introduce new generalized 1 () am1,-(2)
distribution families. These new distributions have fCadples = ay (a_d)x e ()

the common feature, see e.g [1-5], of having more
parameters. One of these distributions is the
Generalized Gamma (GG) that presented by [6]
(sometimes called Stacy distribution). The GG
distribution is an elastic family, in the set of shape
and hazard rate function, for modeling data in a
variety of research areas such as engineering,
hydrology, reliability\survival analysis also as a
statistical model of speech signals [7]. It includes
special  sub-models, among others, the
Exponential, Gamma, Weibull, and Rayleigh
distributions.

A random variable X has GG distribution if the
cumulative distribution function (cdf) and its
associated probability density function (pdf),
with three positive parameters (a, d, p), given
respectively, for x > 0 by [8],

30

)
and f(x; a,d,p)sc = 0 otherwise, where,

I'(-) is the gamma function, and y(-, -) is the
incomplete gamma function.

In this paper, a new family based on GG
distribution along with one of its special case,
named Generalized Gamma-Exponentiated
Weibull distribution, are proposed.

Generalized Gamma — G family

Suppose that G(x) and g(x) are any continuous
baseline cdf and pdf of a random variable X.
Also suppose that H(.) and h(.) represents the
cdf and pdf of any continuous distribution
respectively. The general formula of reliability
function for this class is given by,
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InG(x)

R(X)y-¢ = fo_ 3

Depending on (3), the general formula of cdf,
F(X)y-¢ =1—R(X)y-¢ ,and pdf, f(x)y_¢ =
— ;—x [R(x)y—¢], for this class will be,

h(x)dx = H(—InG(x))

FX)y_¢ =1—-H(-InG (x)) (4)

f@c = £5 h(=InG()) (5)

Let H(.) and h(.) that mentioned in (3),(4) and
(5), be the cdf and pdf of GG distribution [8],

recall (1) and (2), with three positive
parameters a, d, and p, as,

y[d ( In G(x)) ]
H(=InG(x)) _T (6)
M=n6()) = - & [~lnGEole-te-Gme®) (7

@
By substituting (6) and (7) in (4) and (5), the
cdf and pdf of new family named Generalized
Gamma — G (symbolized by GG-G) will be,

d (-1 p
145 TIHG(X)
F(xX)g6-¢ =1— —[p ( ) ]

(®)
r(;)
and,
f(x)GG %%‘g(_[ lnG(x)]d 1e ( lnG(x))p (9)
By using e* = 52, S 2¢ the pdf in (9) can

be re-written as,

P
2d gx)

f(x)GG—G ( )m[_l G(x)]
w (-1 [-1 pi
225 [Fn6e)
oo (D g

— c _ d+pi—-1
r(g) 1=0 ilqpt G(x)[ In G(x)]
Fori > 1, using (see [9])
o (_1)j+k+l _
[—Inz]* = Zk,zzo Z?:oa—]a C,lcc a
CkCa+k Pj,k Zl
we have,
[—In G(x)]d+pi_1 = Zloc?lzo Z?:o(_l)ﬂk”
(d+pi-1) Ck—d—pi+1
d+pi-1-j k
Cjk Cld+pl_1+kpj,k [G (x)]l
Now f(x)¢ge—¢ Will be,
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2 v (D g
p(ﬂ) 1=0 1 gpi G(x)

14
o k (—DItktlgepi-1)
Zk,l=0 Zj=0 d+pi—-1-j
C,I:_d_pi-l-lC}-kCld-'-pi_l-'_kPj,k [G(x)]l
Then the expansion formula for the pdf in (9)
will be,

f(Xge-¢ =

k (- 1)L+]+k+l

()Zlkl 02] 0

f()66-¢ =

ilgpt
(10)

(d+pi-1) }ic d- pL+1C Cd+pL 1+k
(d+pi—-1-j)
where P-O =1 forj > 0and

-1 (=)™ [m(j+1)-k]
B = k70 Ty I gy o
= 1,2, -

Generalized Gamma — Exponentiated
Weibull Distribution

Suppose that G(x) and g(x) in (8) and (9)
represents the cdf and pdf of exponentiated

Weibull  distribution  [10][11] with three
positive parameters «,f and (, given
respectively by,

N
G(x;a,B) = (1 - e_(E) ) (11)

a-1 x\% oo\ 51
glx; a,B0) = %{(%) ) (1 ) ) (12)

According to (8), the cdf of new distribution
named Generalized Gamma — Exponentiated
Weibull (symbolized by GG-EW) distribution

will be,
a1f\?
[ (o) ]
;)
and the pdf of GG-EW distribution can be
obtained, according to (9), as,

(13)

F(X)o-pw =1—

14
a x
ad ¢

o ()7
<1_e-<%>“)‘1 [_m(l_e-@“){]
_<—711n <1_e-(§)a>{>p

Now since,

f(X)6e-gw =
d-1

(14)
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a— x\%* @\ Sl
g1t =%(2) 7 6 (1 —e® ) (15)

Then, according to (10) and (15), the expansion
formula for the pdf of GG-EW distribution can
be obtained as,

1ocg' _1)itjt+k+l
f(X)ee—pw = ‘?T)ka,ho Z?:o%

(d+pi-1) k-d-pi+1 d+pi—-1+k
14 X —pi CkC pi— P] By
(d+pi-1-j) ’

. e NG
"W (1= W)

The reliability function of GG-EW distribution

can be obtained as,

ATl o

The hazard rate function of GG-EW distribution
can be obtained as,

(16)

R(X)g-pw =

ay —1

pag(g)“‘le-(%)“(l_e-(%) )

. <_§m[1_e-(§)a]g>l’] (18)
(— In <1 - e-(%)"‘)(f_l e_<_711“ (1_9_(%)“> )

Figures 1-4 are illustrating some of possible
shapes, for some selected adoptions of the
parameters, of the cdf, pdf, reliability and
hazard rate functions of the GG-EW
distribution.

STATISTICAL PROPERTIES OF THE
GG-EW DISTRIBUTION

r-th Moment

The r-th moment of GG-EW distribution can be
obtained from f0°° x" f(x)ge—gw dx. According to
(10) and then (16), its simply seen that the
integration will depend on g(x) [G(x)]*"! as in
(15), the r-th moment of GG-EW distribution can
be obtained as follows,

D(x) GG-EW =

algy
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p
i K (- 1)l+j+k+l
T _a- P —
EX")ge-Ew= (g) k=02 =0 P
P
_(d4pi=1) ~kok-d-pi+l dipi-1tkp L
(d+pi—1—j)c Ck € Pikt

x\ &

Jy areE (%)a_1 o)
<1_e—<%>“)“'1 ax

k (- 1)l+j+k+l

ilabt

a.|'°‘

/\
|
v

(d+pi—1)
(d+pi-1—j) j
k—d—pi+1 ~d+pi—1+k 1y
Ce G P71
where,
a-1 _(x\*
_f a{l (x) e (B)
B
1—e \8 dx

is the r-th moment of the EW distribution (see
[10][11]) with «,p, L, therefor the result of I*

will be,
e (£41) s 6
(_1)m(m + 1)_5_1 ;if JLEN
I =x

r —1Pm
AT (E+1) 54t
(- 1)m(m + 1)“‘1 pif ¢le N
where 1P, = (I -1Dl—-2)..({l -
N is the set of the natural number.
E(Xr%GG—EW =
FIE_;) BT (1 + 1)

Z"O Z Za 1(- 1)l+]+k+l+ﬂ1(d+pl 1)
Lil=0 £4j=0 ilaPi(d+pi—1-j)

k—d-pi+1 d+pi—-1+k ~{l-1
CpdP Ik il

m) and

Py (m+ 1)71 ; if (LEN

(19)

D
ad r r
wBT(5+1)
F(E) a
o o (—DFIRHEM (g 1)
Zi,k,l=() Z?:O Zm:o

ilaPi(d+pi-1-j)
k—d-pi+1 d+pi—1+k g1 -1Pm
Ck -p Ck C 14 gl-1"m
m!

Py (m+ DEt S f N
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Depending on the particular value of
E(X")¢e—gw; (r = 1,2,3,4),another properties of
this distribution for instance the mean, variance,
coefficients of skewness and kurtosis can be
obtained.

The Characteristic Function
The characteristic function of GG-EW distribution
can be obtained from

[ %) (t)
E(eltx) = Zr=o lr E(X")6-sw
where E(X")¢e—gw as in (19).

The Quantile Function and Simulated Data
The 100 g** quantile of GG — EW random
variable, is defined as a solution of,

P(x < x4) = F(x),,_p,, With respect to x,,
where x, >0and 0 <q <1.

Therefor the quantile function x, of GG-EW
random variable can be obtained by solving
numerically the following non-linear equation,

[ X aré p]
al ol ()
V|lp'< 2! [1 B J| (20)
r(;)
A random variable X has the GG-EW

distribution can be simulated by solving
numerically the following nonlinear equation,

a-or(5)- y[ﬁ(—%ln[l - e‘(%)aDp] =0 (21)

where U has the standard uniform distribution.

deo-gw =1 —

Shannon Entropy
The Shannon entropy of the GG-EW distribution
can be obtained

from — fooo In(f () gg-ew) f (X e—pw dx .

Taking the natural logarithm of the pdf in (14), we
get,

In(f (¥ ggpw) = In (ﬁ)

p

#e=n () () -m(1- )
r@-ol-n(1- 6]

- (‘fm <1 _ e‘(%)af)p

Thus, the Shannon entropy of the GG-EW
distribution is given by,

ln(;fg;f)+<a-m<m<g>>
e (( L )) "
ol
e[ 6

where E(X%) as in (19) with r = a .
Based on (16), E (ln (%)) can be obtained as,

SHeo-pw = —

—1n1€7

oo}

()=o)
2

i (_1)i+j+k+l (d + pi _ 1)
ilaPi(d +pi—1—))
0j=0

k—d-pi+1 d+pi-1+k
C, TPk

i,k

Let

P

W= F‘l(_(ig)z(;k,l=o Z?:o
p

C,’:_d_leCjk’ Cld+pi—1+k Pj,k
So that

E Wf ln )a_l
) (H @ )“ i

Letu = (%)a Sdu=2 (%)a_l dx , then,

-1
Wj —ln(u)—u ae

(_1)i+j+k+l (d+pi—1)
ilaPi(d+pi—1—j)

[1—e ]S 15 ua_ldu

= we J In(w) e (1 — e )51 du
a Jo

Now, for (1 — e~*)$!=1 we have two cases,
Caseone: If {l —1 > 0, using

o (D! T(b+1)
(1-2)P =32, ===

i
il T(b-i+1) z* for




Al-Mustansiriyah Journal of Science
ISSN: 1814-635X (print), ISSN:2521-3520 (online)

|z| < 1,b > 0, we get,

E (ln (%()) = %fwln(u) e ¥

g (=D™TrEH

m! (¢l — )
WS, CDMTQD
a “™OmITl—m)

f In(u) e~M+Du gy

_we (—D)™TD
a m= "m!T(Cl —m)

——=T(D) [¥(1) —In(m + 1)]

mud

(m+1)

Case two: If {I—1 < 0, using

(1—z)"b=2£0% szl <1,b > 0, we

geta

£(n(5)) =7 [ naw e

n\— = — nu) e
B a Jo

., T@l—-14+m) _
m0 T ¢ W
w¢ r(¢{l—1+m)

(o]

a M0 mIT@El-1)
j In(u) e~(M*+Du gy

Wg ., T@—1+m)
T a ™I T -1)

r@) [p(1) —In(m + 1]

(m+1)
Therefor

A

n(5)) =

B
p A
a_d £2 & (- 1)L+}+k+l+m (d+pi-1)
(2) a “LRILM=0%=0 14l 1pi-1-j)(m+1)!
P

C,f d— pl+ICk Cd+pl 1+kP]k F(l;if_l;)

[W@)—Intm+1)] ; ifl—-1>0 (23)
:;d EZ Zk ( 1)l+]+k+l (d+pl 1)
r(%) a “LRIM=0%)=0 14pi(g1pi—1—j)(m+1)!

le —d- pl+1ck Cd+pl 1+kP rfl-1+m)

Jk -1
[W(@)—In(m+1)] ; ifd—-1<0

Volume 31, Issue 2, 2020

DOI: http://doi.org/10.23851/mjs.v31i2.775

TogetE <ln (1 — e_(%)a», using

In(1—12) = E{’°OZ+1 |z| < 1and e™%, we get

A ey
ln<1_e-<%> >7ﬁ

k+1

1 w0 (—D7/k+1
=—Zi_ 0k+177T=0"11 (B“) xer

(- 1)r+1(k+1)r 1
=2p 02720 0o pgar

Then,

E (ln <1 = e‘%)a)) -

- - (_1)T+1(k + 1)T—1
= ZpsoZrzo 1 gar E(X*)

Also, to get E (ln [— In (1 — e_(%)a>f]>' using

ln(1—z)=—2{°§127,l; lz] <1
_1\Kk(,_1k+1
Inz =372, "0 0<z<2

(a+b)" =33, Clra* bk, n > 0and e %, we
have,

(1Y
(-]
=In [—(ln (1 — e_(%)a)]

= In({) +In [— In (1 — e‘(%)a>]

=" Z}l:ol Cjn+1(—1)n+1_j

xar

In

=1In({) +X3%,

n+1
X a ]
)
Zk=1
2n+1—j
= In({) + Zi e
ay
-(3)
crn+t Zk=1eT

2n
= In(() + 52 oz CT pn

n+1 J
a
—(k1+k2+-~~+k-)(£)
$@_yo  yo & l
k1=1 kz_l k'=1 k1k2 ki
_ o wnt1 D0
= ln(()+2n OE] 0 —Tl+1 C]
(-1)?

X iy o B, ——————
k1—1 k2—1 k =14i=0 k1k2 k il

i

(Cex + by + oo 4y (E)a)

Hence,
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E (m —1In (1 — e‘@aﬂ) =In({)

+ 200 02n+1 Zkl ... k]_lz 20 Cn+1

(_1)2n+1 j+1 1 (25)
n+l  kiky . kil

ki +ky + - +k;\| ,

() ey

Finally for ([— 1n<1 - e‘(%)a)r> using [—In(1 —

2)]P =230 220 Cp bsm 2P+ and e 7% we
get,

0%\ 1P
[— In <1 - e_<ﬁ) >]
(x)“ p+j+k
= %20Zk20C} b (e A )

~+j+i0(%)”

( D" (p+j+k\"

r! ( L ) x
( D p+jtk\ .
r! ( B ) x

= ZJfOZ,?_OC-p bk] e
- z:ooozk OCp bk]

= Z]iozlilozﬁioc}p by,

So that,

e\ 17
E (|:- In (1 - e_(E) )] ) = Z]?zozlio:OZ:O:OC}P
(26)

" (P+J'+k)r E(X)

bk'j r! B*

where,

by j = (kao) 2 U+ 1) — k] a; by Lj s
by; = a}and a, = (k+2)™*

Therefor from (23), the Shannon entropy of the
GG-EW distribution is given by,

waﬂ

+(1-a)E (1n (—)) + B%E(X“)

o)

@7)
NS
+(1-d)E (ln —ln(l ) ) D
p _(z)a p
+(9) E([_ln(l_e ’ )])
where, the expectations can be obtained

respectively from (24), (19), (25), (26) and (27).
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The Relative Entropy
The relative entropy of the GG-EW distribution
can be obtained from

fooo In

Taking the natural logarithm of the f(x)gc—gw IN
(14) relative to the f;(x)ge—gw With parameters

(ay, dy,p1, a1, F1, 1), We get,

4 d1
fge-Ew\ _ Frag T(31)pa
In (f1(x)cc-5w) = In r(ﬂ) B %21(1

—(@=DIn(B) + (&, = 1) ln(ﬁl)

+(a — ay) In(x) — (_)a + (;1)

_m(l e (f)“)m(l_e—(ﬁ%)“l)
Hd-1) (ln [_ (- e—(%)“)‘])
1) (ln [_ ln(l_e—@“)“])
_<—7c1n(1_e—<%>“))’°
(n{i=ci)

So that the relative entropy of the GG-EW
distribution can be obtained as,

2 ag (pl)/fl)

REGG—gw = ln( ( )371“151
1

—(a—=1DIn(B) + (a; = DIn(By)

+(@ = a)E(n(N) = 2 EX®) + 5 EX™)

E <1n <1 e (’-D“)) +E <1n (1 e (é‘fl))
= (in[omf1 - @Y

+(d-1E (l 1 (1 X)Qq]){l

—(d, - 1)E (ln —In (1 - e‘(ﬁ) ) ] )

~()E (— In (1 - e‘()‘é)a»p

N (—m (1 _ H))

where E(ln(X))zE(ln(%))+ln(ﬁ) and the

expectations can be obtained from (19), (24), (25),
(26) and (27) with specified parameters.

(—f(x)GG_EW) f()e-gw dx .

f1(X)ee-Ew

(28)

The Stress Strength
Let Y and X be the stress strength random
variables that independent of each other follows
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respectively GG-EW with different parameters,
then the stress strength can be obtained by,

SSee-Ew = fooo fx () go—gw Fy(x) dx where,

x \%1 €1 P1
Fy<x>=1—@y[§, (—al—lln[l—e_(ﬁ) ] ) ]

— ]l oy U
8y T ()

pP1
dq | .
x \%1 51 P1 E+L
[(—iln[l—e_(ﬁ_l) ] ) ]
a
) dq+ip
=1-— 2?00(_1)1(5—1) -
i= . .
F(ﬁ) L!(p—i+l)

(fi )

PNAN L4
Similarly to [— In (1 — e_(E) >l , We get,

(<1 @—)D

— y® yoo yoo ~ditipy
= XjZoZk=02r=0(; by,

. . '
(d1+1p1+1+k) T

(v

r!

ai
1

Then,
(_1)i+r

ilr!

1
Fr(x) =1——3x Z?j’,k,r:o

r(zy)

1 d1+ip1
(2_1) dy+ip; (29)
(Z—i+i) J
b (d1+iﬁp1;1+j+k) xar
Now based on (30), the stress strength of the

GG-EW distribution can be obtained as,

3 1 o (_1)i+r
SSee-ew =1— @Zi-i-kﬂo it
1

({_1)d1+i171 .

@ dy+ipy (30)

@) O

P1
. . r
b (55 e
1

where,

E(X%") asin (19) with a,r instead of r,
b= (kap) T, [+ 1) —kla; by—y;
boj = a) and a; = (k +2).

CONCLUDING REMARKS

A new generated family of continuous
probability distributions based on Generalized
Gamma distribution has been proposed. The
Generalized Gamma - Exponentiated Weibull
(GG-EW) distribution is discussed as a special
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case of this new family. The cdf, pdf, reliability
function (R) and hazard rate function (D) along
with the most vital statistical properties of
proposed distribution are derived. In addition,
the stress-strength SS = P(Y < X) is obtained
when Y and X represents the stress and strength
random variables that independent of each other
follows respectively GG-EW with different
parameters.

I
1 1 H i 4 H i ! 8 LI i 1 H 1 4 § § J § H L

Figure 1. Plots of the cdf for some parameter values and
the others equal to 1.

Figure 2. Plots of the pdf for some parameter values and
the others equal to 1.
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1] 1 2 3 ! § § i i L 1 1 1 2 3 l 5 § ! 1] L] ]

Figure 3. Plots of the R(x) for some parameter values
and the others equal to 1.

Figure 4. Plots of the D(x) for some parameter values
and the others equal to 1.
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