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Introduction

A semiring (S, +, -) with commutative addition
and an absorbing zero 0, is called an additively
inverse  semiring which introduced by
Karvaellas [5], if for every element a € S there
exists a unique element a'e S such that
a+a' +a=aanda’+a+a =a'. LetSbe
an inverse semiring and let T be an additive
mapping from S to itself, T is defined as a left
centralizer of S if T(xy)=T(x) y for all x,y €S
and right centralizer of S as (T) if T(xy) =
x T(y),T is called centralizer if it is both right
and left centralizer[8]. In this paper we will
represent S as an inverse semiring with a+a’
belong to the center of S. In [9] a commutator
[.,.] ininverse semirng is defined as [x,y] =
Xy+yx' = xy+y'x, and make inclusive use of
basic commuttator identities [xz , y] = x[z,y] +
[xylz, [x,zy] =[x,z]y+z[xy], for all x,y,z € S.
A derivation d is an additive mapping from S
to into itself satisfy d(ab) = d(a)b + a d(b),
for all a, be S see [9]. S is prime whenever
aSbhb=0thena=0o0r b =0 and semiprime
whenever aSa=0 implies that a = 0. S isn-
tortion free if na =0,aeS implies that

a = 0. A non empty subset | of S is said to be
an ideal in S if for smel, res imply
s+m€eland rs,sr € I,See [4]. An additive
mapping d from inverse semiring S to itself,
when a € S be a fixed element of S. Define
d:S—->S by dx)=][ax]forallx €S is
called derivation, for all x,y € S,d(xy) =
[a,xy] = x[a,y] + [a,x]y = xd(y) + d(x)y
(see[1]). When S be 2-tortion free semiprime
inverse semiring and U be an additive
subgroup of S then we can defined U as Jordan
ideal of Sifur+rue U, forallueU ,reS. In
this paper we recall the definition of centralizer
and illustrate this concept by example, also
generalize some results of Joso Vukman([2,3,4]
and Ram Awtar [6] in semiprime rings to
inverse semirings. T will denote an additive
mapping from S into itself satisfies the
condition:

Tur+ru)+u'T(r)+Tr)u' =0. @

In particular, if r = u in equation (1), then by
(1), we note that:
2T(u?) = T(w)u + uT (u) forall u € U.
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Put u™ = T(ur) +uT(r),

r* =T(@u) +T)u'.

This hypothesis is a corresponding case of
Heba. A. Shaker [10] on prime and semiprime
rings.

Preliminaries

Lemma (2.1) [5]:

Let S be an inverse semiring, for all a,b € S,
ifa+b=0,thena =b".

Definition (2.2) [8]:

Let S be an inverse semiring and T be an
additive mapping from S into itself. The left
centralizer of S is defined as T such
that: T(xy) = T(x)y forall x,y € S. Also right
centralizer of S as T, such that T(xy) =
xT(y) for allx,yeS. And T is called
centralizer if it is both right and left centralizer.
Example (2.3):

Let S be an inverse semiring, and M, (S) be the
set of all matrices of order 2 with usual
addition and usual multiplication on matrices,
let Ty, Ty:M,(S)— M,(S) be additive
mappings defined as:

Tl()ZC 3;) (2 3/),forallx,y,z,wes,

Tz(;c 3;)=(8 %),forallx,y,z,WES.

We have to show that T; is left centralizer and
T, is the right centralizer, as follows:

n(G ey
= (et B i)
_ ( 0 0

za+wc zb+ Wd)'

But,
nG D D=C e Y
- (za +wc zb+ Wd)

Thus, T; is the left centralizer. By the same
way we can find that T, right centralizer.

Results

Theorem (3.1): [8]

Let S be a 2-torsion free semiprime inverse
semiring, and let T be an additive mapping T
from S to itself which satisfies T(xyx) +
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xT(y)x"=0,for allx€S. Then
centralizer.
Remark (3.2):
Note that by (1), we have:
(W'+()'=0,forallueUandr €S,
since:
Tur) +u'T(r) + T(ru) + T(r)u’
=T (ur+ru)+u'T(r)+T(r)u' =0.
Remark (3.3):
If S is a 2- torsion free semiprime inverse
semiring, and since (u)" + (r)* = 0. Hence by
Lemma (2.1), we have:
W'= (MY
Lemma (3.4):
Let S be an inverse semiring and U is a Jordan
ideal of S then for alla,b €U and x €S,
(ab + ba)x + x'(ab + ba) €U
Proof:
Since a€ U and for any x € S,we have,
xb + bx' €S , then we obtain:
a(xb + bx") + (xb + bx")a € U.
Buta(xb + bx') + (xb + bx')a = axb +
abx' + xba + bx'a, since S is inverse
semiring, we can replace x by x + x’ + x and
x'by x" + x + x' in above equation. So, it will
be:
axb + ab(x' + x + x") + (x+x"+
x)ba + bx'a
=axb + abx' + ab(x +x')+ (x +x")ba
+ xba + bx'a
= axb + abx' + xab
+ x'ab + bax + bax’
+ xba + bx'a
={(ax + x'a)b + b(ax+ x'a)} +
{x(ab + ba) + (ab + ba)x'}.
The left side is in U. Hence, the right side
x(ab +ba) + (ab +ba)' x isin U too.
Theorem (3.5)
Let S be a 2-torison free semiprime inverse
semiring then any non-zero Jordan ideal of S
contains a non-zero ideal of S.
Proof:
Let U+ 0 Dbe a Jordan ideal of S, suppose that
a,b e U. By Lemma (3.4), forany x € S,
xc+cx' €U, where ¢ = ab + ba, since
c€U, xc+cx €U. By addingxc+cx' to
xc+cx , we get2xce U, for all x€S.
Hence forally € S, (2xc)y + y(2xc) € U.
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Since2yxc e U. We obtain that 2xcy e U
for allx,yeS. That 1is,25cScU. Now,
25cS is an ideal of S, so we are done.
Unless 25¢S = 0, if25¢S = 0.

By our assumption ScS = 0 and so,
cScScSc = 0. Since S is semiprime inverse
semiring then, 25¢S = 0, this leads to ¢ = 0.
Also by using the semiprimness of S that is
given for all a,b € U then, ab + ba = 0. Let
O+xa€eU,thenfor x €S, b=ax+xa € U,
hence, a(ax + xa) + (ax + xa)a = 0. That is,
a’x+xa*+2axa = 0. Now, for a € U, 0 = aa +
aa = 2a®. Hence, a’= 0. The top relation then
reduces to 2axa=0 for all x €S, and
so,aSa =0, then a =0 , contrary to
assumption. Thus, we have U contains a non-
zero ideal of S.

Theorem (3.6):

Let S be a 2-torsion free of semiprime inverse
semiring, U be a Jordan ideal of S. Suppose
that t € S commutes with u® for all u € U, then
t commutes with every element of U .

Proof:

For all res, let d(r)=tr+rt', d is
derivation by definition (2.4) [7]. Since t
commutes with u?then, [t,u?] = 0. That s,
tu? +u?t' = dw?) =0, forallu € U.
Linearizing on u in above equation, we get:
d((u +v)?) = d(u? + uv + vu + v?)

=dw?) + d(uv + vu) + d(v?).
Thend(uv + vu) = 0, for all v,u € U. Since
d is additive, hence:

d(uv + vu) = d(uv) + d(vu) = d(u)v +
ud(v) + d(wv)u + vd(u) = 0.

Then, for all u,v € U, we have:
udw)+dwv+vduw) +dv)u=0 (2
Replacev by ur + ru, where r € S, we obtain:
d(w)(ur + ru) + ud(ur + ru) +
d(ur + ru)u + (ur + ru)d(u) = 0.
That is:

dw)ur + d(u)ru + ud(ur)

dw)ur + d(uw)ru + ud(w)r
+u?d(r)
+ud(r)u + urd(u) + d(u)ru
+ ud(r)u
+d(r)u? + rd(w)u + urd(u)
+rud(u) =0

Replace r by ru in (3), we get:
dwuru + d(w)ru? + ud(w)ru + u?d(ru)
+ ud(ru)u + urud(u)
+dw)ru? + ud(ru)u
+ d(rwu® + rud(wu
+ urud(u) + rud(u) = 0
That is,
dwuru + d(w)ru? + ud(wru + u?d(r)u +
u?rd(u) + ud()u? + urd(w)u + urud (u) +
dwru? + ud(Mu? + urd(wu + d(r)ud +
rd(w)u? + rud(w)u + urud(u) + ru?d(u) =
0.

Use (3) to obtain:

(d)ur + dw)ru + ud(w)r + u?d(r) +
ud(r)u + 2urd(u) + d(w)ru + ud(r)u +
dm)u? + rd(w)u + rud(wWu + (u?r +
2uru + ru®)d(u) = 0
Then, forall u e U,r € S,

(W?r + 2uru + ru?)d(u) = 0 (4)

U is Jordan ideal, it follows that:

ur +ru € U, and uu + uu = 2u? € U.

But,

4uru = 2uru + 2uru =

2u(r+r' + r)u+ 2uru
=2u(r + r")u + 2uru + 2uru
=2u(r+r' +r+ru
+ 4uru
=2u(r+rHu+22ulr+ru
+ 4uru
=2u¥(r+r)+ (@ +1r)2u?
+ 4uru
= 2u’r + 2u?r’ + 2ru?
+ 2r'u? + 4uru
= 2u’r + 2uru + 2ru?

+ ud(ru) T+ Zuru 4
+dur)u + d(ruwu + urd(u) + (3) + {2u®r' +r'2u”} »
rud(u) =0 = 2{u(ur + ru) + (ur + rw)u} + 2ur’' +
Thus, r'2u?}.
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The first and the second terms on the right
hand side are in U. Hence, 4uru € U.
Therefore, if we replace v by 4uru in (2),
where r € S then:
ud (4uru) + d(w)duru + 4urud(u)
+ d(4uru) =0
0 = 4{ud(w)ru + u?d(ru) + d(u)uru

+ urud (u) + d(w)ru?

+ 4d(ru)u
= 4{ud (W)ru + u?d(r)u + u?rd(u) +
dwuru + urud(w) + d(w)ru? + ud(r)u? +
urd(u)u}.
Since S is a free 2-torsion then:

ud(W)ru + u?d(r)u + u?rd(w)
+ d(uw)uru + urud(u)
+ d()ru? + ud(r)u?
+ urd(u)u = 0.

(5)

Replace r by ru in (5), we have:
ud(w)ru? + u?d(ru)u + u?rud(u)
+ d()uru? + uru?d(u)
+ d(w)ru® + ud (ru)u?
+urud(w)u =0
That is,
ud(Wru? + u?d(r)u? = urd(w)u +
u?rud(u) + d@w)uru? + uru?d(u) +
d(w)ru® + ud(ud + urd(w)u? +
urud(u)u =0
So,
(udWru + u?d(r)u + u?rd(u) +
d(wuru + d(w)ru? + ud(r)u? + urd(wW)u +
urd(w))u + W?ru + uru?)d(w) = 0.
By (5), and forall u € U,r € S, we get:
u?ru + uru?)d(u) = 0. (6)
Since,0 = d(u?) = d(uw) = ud(w) + dW)u,
then by Lemma (2.1) we have, ud(u) =
d(u)u'. By multiplying on the right of (4) by
u', we get (u?ru + 2uru? + rud)'d(u) = 0.
Adding equation (6) to the last equation, we
have:
W?ru + uru®)d(u) + (W?r'u + 2ur'u? +
r’'ud)d@) =W +rHu+ulr +rHu? +
ur'u? + r'u®)dw) =(u@ +rHu? +
u(r + rHu? + ur'u? + r'u®)d) =
ur+r' +r+7r +r)u+r'ud
= (ur'u®> +r'u®)d@) = 0.
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Thus, (uru? + ru®)d(u) = 0. So:
(ur + rwu?d() = for res, ueuU (7)

where s € S in (7), we will replace r by rs, and
we mean uoshy us+ su forallu € U.
Since,
u(rs) + (rs)u =[u,rls+r(ues) =urs +

r'us + rus + rsu
=urs+ (r'+r)us + rsu =urs +
u(r'+r)s+rsu=urs+ur's +urs+rsu
= urs + rsu.
Then we get, {[u,7]s + r(u o s)} u?d(u) = 0.
Since 7 (us + su)u?d(u) = 0,by (7), so:

[u,r]Su?d(w) =0
Replace r by d(u), we obtain:
[u, d(w)]Su?d(u) =0

ud(w)S u?d(u) + dw)u'Su?d(u) =
ud (w)Su?d(u) + ud(w)Sud(u) = 0
Then,2ud (u)Su?d(u) = 0, since S is 2-torsion
free implies that ud(u)Su?d(u) =0, so
u?d(u)Su?d(u) = 0, by semiprieness we get:

u?d(u) =0, forallu e U (8)

In (8) replaceu by u + v, we have:
u+v)2du+v)=0

u?d(w) + v?2dw) + (uv +
vu)d(u) + (uv + vu)d(v) =0

9)

Replace v by v', we get

u?d(w) +v?d@) + (wv’ +
v'u)d(u) + (uv’ + v'u)d(v) = 0.
Then, u?d(v)' + v2d(u) +

(uv' + v'u)d(u)

+(uv + vu)d(u) =0

(10)

Adding (9) to (10), we have:

u?(dw) + d()") + 2v2d(u)
+ (uv + uv’ +vu
+ v'u)d(u)
+ 2(uv + vu)d(v)
=0

(11)

By adding (9) to (11), we have:

u?(d) +d)' +3v%d(u) + (uv + uv’ +
uv + vu + vu + vu')d(u) + 3(uv + vu)d(v)
= 0.
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So,
u?d(@) + 3v2d(w) + (uv + (12)
vu)d(u) + 3(uv + vu)d = 0
From (2), we get:
u?d(v) + (uv + vu)d(u)
+ (uv + vu)d(v) (13)

= v2d(u)’

Now substitute (13) in (12), we get:

3v2d(u) + vid(w)' + 2(uv + vu)d(v) = 0.
vid(u) + v3du) + v2d(u) + vid(u)' +
2(uv + vu)d(v) = 0,

that is 2v2d(u) + 2(uv + vu)d(v) = 0.
Replacing v by 2v2 to obtain,

4wrd(u) + 2QQuv? + 2v*u)d(v?) = 0.
Since d(v?) =0 for all veU, then
4v*d(u) = 0, since S is 2-torsion free then,

v*d(u) =0 forueU,andr €S (14)

uo(ru+ur’)+ (ru+ur')u
= uru + u?r’ + ru? + uwru’
=u(r +ru+ru?® + u?r’
=ulr +u?r’ +u?r' +ru?
=ru*+u?r’ €eu
and so, 2(ru?+u?r’) e U. It follows that
4u’r and 4ru? are in U. Therefore, replacing
u by 4u’r where r € Sin (4), we get
vid(4u?r) = 4v*d(u?r) = wrd(W)r +
4v*u?d(r) =0 for all ueU, res. In
view of (14), 2v*d(u?) = 0.
Hence, 4v*u?d(r) = 0. In particular,

ubd(r)=0,forueU,res (15)

LetM ={x € S|xd(r) =0,forall re S}
By Lemma (3.2) [7], M is right and left ideal.
LetS =S / M, then by Lemmas (3.3) [7], (3.4)
[7], (8.5) [7], S is 2-torsion free semiprime
inverse semiring.

Then by (14), u® = 0, forall i« € U, where U
A Jordan ldeal of S. We will show that if
u® =0 forall u € U, where U is Jordan ideal
of 2-torsion free semiprime inverse semiring S,

thenu =0 forall u e U. For u e U,r € S we
have 2u? € U, and so:

(2u?) (2u®) + (2u?) (2u®) = 8u? e U.
Therefore,8(u*r + ru*) € U, and hence,
0 = 8%(u'r + ru*)®.
Multiply on the right byu*r, to
obtain 8%(u*r)” = 0. Hence, (u*r)” =0. If
for some u, u* # 0, then u*S is non zero right
ideal of S, in which the seventh power of every
element is zero by lemma of levizkis theorem
on inverse semirings, S would have a non zero
nilpotent ideal. This is impossible for
semiprime inverse semiring.
Hence, u* = 0 forallu € U. By repeating the
above argument twice can show that u =
0 forallu € U. Hence, U = 0. And by this we
infer that U = 0, that is U c Mand by the
definition of M, ud(r) =0, for u € U,r € S.
Now replace r byrx, for x € S, then uSd(r) =
0. As tSc S, utSd(r) =0. Buttu S d(r) =
0, thus we infer that:

d(u)Sd(r) =0,forr € S,u € U.

In particular, d(u)S d(r) = 0,for u € U. This
says that(d(u)S)? =0, which implies
thatd(u) = Oforall u € U. Because S is
semiprime, hence t commutes with every
element of U.
Theorem (3.7):

Let S be a 2-torsion free semiprime inverse
semiring, U be a Jordan ideal of S, suppose that
t € S commutes with every element of [U,U],
then t commutes with every element of U.
Proof:

Forallr € S, u,v € U, we have:

(uv + vwr + r'(uv + vu)
= uvr + vur + ruv’ + rvu’
=uvr+vur+ @ +r'+r)
uv' + (r+r' +r)vu’
= uvr + vur + ruv’ +
u(r'+r)v' +rvu’ + v’ +r)u’
= uvr + vur + ruv’ + uwrv + urv' + rvu’ +
vru+vru’ = {u(vr + rv) + (vr + rv)u'} +
{fv(ur + ru) + (ur + ru)v'}.
Thus,

[UoU,S] c [U,U] (16)
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Again foru,v € U and r € S, we have:
(uv + vu')r + r'(uv + vu')
=uvr + vur’ + ruv’ + rvu
=uvr+vur' + (r+r' +rjuv’
+(r+r' +r)vu
=uvr +vur’ +ruwv’ +u(@r’' + r)v' + rvu
+v(r'+r)u
=uvr + vur’ +ruv’ + wrv +urv’' + rvu
+vr'u+vru
= {u(vr + rv) + (vr + rv)u}
+ {v'(ur + ru) + (ur + ru)v'}
Thus,

[[U,U],S|cU-U (17)

Suppose F = U o U + [U, U], clearly that F is
an additive subgroup of S. In view of (16) and
(17), we obtain:
[F,S]=[U-U+4+[U,U],S]=[U-U,S] +
[[U,U],S]c[UUl+U-U=F.
Hence, F is a lie ideal of S, from equation (16)
and the hypothesis yield:

[[UoU,tlt] c[[U,ULt] =0
Therefore,
[[F,tl,t] = [[U-U,t],t] +[[U U] t],t] = 0.
By Theorem (3.11) [7], we have [t, F] = 0.
But:
[t,Uo U] c[t,[U Ul +UoU]=0.
Hence for u € U, [¢t, 2u?] = 0.
So, [t,u?] = 0 forall u € U.
Therefore, by Theorem 3.6, we infer that
[t,u] = 0forallu € U.
Thus, t commutes with every element of U.
Lemma (3.8):

Let S be a 2-torsion free semiprime inverse
semiring, U be a Jordan ideal, for all u €
U,r €S if u’e Z(S), then (u%)" =O0.

Proof:
Since (u®)'=T(u?) 4+ u?T(r)", and by the
following:
1. Tur+ru) +u'T(r) + T(r)u' =0,
2. T + rd)+u’ T(r) + T(r)'u? =0,
forall r € S,u € U, and since u’e Z(S), then:
T(u?r) + 2u®T(r)' = 0.

Since S is 2-torsion free, then:

w?)" = T(?r) + u?T(r) = 0.
Lemma (3.9):

Let S be a 2-torsion free prime inverse
semiring, and U be a Jordan ideal. Then for
allr € Sand u € U, T(uru) + uT(r)u’ = 0.
Proof:

Replace ®by (u.2r + 2r.u) in equation (1),
then we get:

T(u(u.2r +2r.u) + (u.2r + 2r.w)u +
u'T(u.2r+2r.u) + T(u.2r + 2ru)u’ =0
= TQu?r + 2uru + 2uru + 2ru’+ 2u’
Wrr)+Tru) +2T(@r)+Tr)wu' =0
= T(2u’r + 2ru®) + 4T (wru + 2u'uT (r)

+2u'T(r)u + 2uT(r) + 2T(r)uu’ =0
That is,
T(2u’r + Zruz) + 4T (uru) + 2u'uT (r) +
4u'T(r)u + 2T (r)uu’ = 0.
Since uu + uu € U, and U is Jordan ideal, so,
2u’e U, and then:
TQu?r + T(2ru?) + 4T (urw) + 2uT(r)’ +
4u'T(r)u + 2T (r)'u? = 0.
Since,
1. 2T (u?r) + 2T (ru?) + 2u?T(r)' +
2T (r)'u? = 0,
2. T(u?r +ru?) + u?T(r) + T(r)'u? =
0,
s0 2T (u?r) + 2uT(r)' = 0.
Since S is 2-torsion free, this implies:

T(u?r) + u?T(r) =0,
and then:
4T (uru) + 4u'T(r)u = 0,
T(uru) + u'T(r)u = 0.

Corollary (3.10):

Let S be a 2-torsion free prime inverse

semiring, and U be a Jordan ideal. Then:
T(urv + vru) + uT(r)v' + vT(r)u’ =0,

forall r€S, u,veu.

Proof:

If we replace u by u + v in the equation:
T(uru) + uT(r)u’ =0, of lemma (3.9), we
obtain that:

Tu+v)rtu+v)+@w+v)T(r) (u+v)

=0

T(uru) + T(wrv) + T(vru) + T (vrv)

+uT(r)u’ + uT(r)v’
+ vT(r)u' +vT(r)v' =0,

T(uru) + uT(r)u’' + T (urv) + T (vru)

+ T(vrv) + vT (r)v’

+ vT(r)u' +uT(r)v' = 0.
Then, T(urv + vru) + uT(r)v' + vT(r)u’

=0.
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Lemma (3.11):

If S is 2-torsion free prime inverse semiring
such that tv?+v°t = 0, U be a Jordan ideal of
S, then, forall teS,v,ueU,t=0.

Proof:

By linearizing t v’+v’t = 0 on v, we get:
t(u+v)2+ (u+v)%t =0,
t(ui4uv + vu + v)+UPHuv + vu + vt

= tu® + t(uv + vuv) + tv? + u?t + (uv +
vu)t + v*t = 0, by submissiont(uv + vu) +
(uv + vu)t = 0. Replace v by u+2v? U, in the
later equation, we get:

t(u(u + 2v%) + (u + 2v»)u) + (u(u + 2v?)

+ (u+ 2v¥H)u)t

= t(u? + 2uv? + u? + 2v?u)

+ (u? + 2uv? + u? + 2v2u)t

= 2tu? + 2u?t + 2t(uv?

+ v2u) + 2(uv? + v?2u)t = 0.
Since S is 2-torsion free, then:

t(uv? + v?u) + (wr? + v2u)t =0 (18)

Since t vV?+v %t = 0 then by Lemma (2.1), we
get:
tv? = V2t
so by (18) we obtain:
tuv? + tv2u + uv’t + vZut = 0,
tuv? +v2tu’ +v2u't + veut = 0.
So, tuv? +vAt'u + VAU't + utv? = 0
That is,
[t, ulv>+V2[t,u]’ = 0,[[t,ul,v®*] =0 forall
v,u €U.
So, by Theorem 3.6, we have:

[[t,ul,v] = 0, forallv,ueU. (19)

Now, by Jacobi identities we obtain:
[[wvlt]+[[v.tlu] + [[t,u],v] = 0

In the view of (18) the second and the third
terms are zeros.

So, [[u,v],t] = Oforallu,v e U.
ForallveU, teS so, tv?=0,
on v we get:

t (u+v)® = t(u*+ uv + vu + VA=tu® +tuv +
tvu + tv2 = t(uv + vu) = 0,

(i.e) t(uv +vu)u = tuvu + tvu’=0.

So, tuvu = tuvtu =0 forall v,u e U.

(i,e) (tuw) U (tu) = 0, by Theorem (3.5),

linearizing

(i.e) (tw) I (tuw) = 0,

(i.e) (tw)IS (tw) = 0,

(tw)IS (tu)] = 0. Since S is prime, therefore,
(tu)] = 0, and so, (tu)SI = 0.

But, I # 0, so we obtain:

tu = 0, forallue U, thentU = 0.

So, by Theorem (3.5), we get:

tl =0,

(i.e) tSI = 0. But S is prime inverse semiring,
and 1+0,s0,t = 0.

Lemma (3.12):

Let S be a 2-torsion free prime inverse
semiring, U be a Jordan ideal of S then, for all
res, veu, [vir](@)'=0and (W)[v’r] = 0.
Proof:

By equation (1), and for all re S,u € U,we
have:
Tuu+uw) +u'Tw) +TWu' =0
2T(u®) + u'T(w) + T(wWu' =0
uelu.
Then, by using Theorem (3.1), on U,T is
centralizer. Thus:
T(uv) = T(w)v
T(uv) + T(w)v' =0, for all uv eU. By
multiply the both sides from left by (uv + vu'),
we have:
(uv + vu')(T(uv) + T(w)v') = 0.
Replace u by 2vr + 2rv for all, r € S, we
have:
(Qur + 2rv)v + v'Qur + 2rv)T((2vr +
2rv)v)+T (2vr + 2rv)v’
=2urv + 2rv+2Vr'+2vr'y )(TQvrv +
2rvA))+ 2vT(r)v' + 2T (r)vv'
=2vrv+2v'rv + 2rv2+2v2r') T 2vrv +
2rv?) + 2vT (r)v' 4 2T (r)vv)
=2 + v)rv + 2r*4+ 203" (T (2rv°) +
2T (r)'v?)

=2rv(v +v') + 2rv? + 2v2%r") (2T (v?r)

+ 2v2T(r) = 0.

for all

That is,

2rv? + 2r'v? + 2rv? + 2v%r")(v?)" = 0,
2(r+r' +r)v? + 2v%r’ =0, (By  the
properties of inverse semirings).
Thus:
(rv? + v2r)(v?)" =0, (Since S is 2-torsion
free), so:
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[V r](v®)" = 0.
Similarly, we can prove that (v®)'[v% r] = 0.
Corollary (3.13):

Let S be a 2-torsion free prime inverse
semiring, U be a Jordan ideal of S then, for all
reS, v eu,then:

(1) [ufr] @)+’ s (u?) =0.
2) @’ r]+ @' s] = 0.

Proof:
Replacing r by r+s forall, s € S,
in the equation of Lemma 3.12, we have:

[u,r + s](ud) "= (20)
and,
W)l r+s]=0 (21)

Take (20), by our hypothesis of T mentioned at
the end of the Introduction, we have:
W)= TWA(r + 5)) + u’T(r +s)’
= T(’r + u’s) + WD'T)W?)'T(s)
= T(W’r) + u*T(r) + T(u’s) + u’T(s)
— (uz)r+(u2)s_
Then, the equation (20) becomes:
[u?, ] (W?)*+[u? s](u®)'= 0.
To prove (21): we replace r by r + sin the
second part of Lemma (3. 12) last term we get:
Wd ™= TWA(r +s) + (u )'T(r + s)
= TW?r) + T(u?s) + WD'TT) + Wd'T(s)
= T(u?r) + u’T(r)" + T (W) + u’T(s)’
— (uZ)r+(u2)s
Then, (W®)™ W% (r +s)] = 0,
W) +@) [ (r +5)] =0
Since (u)'Tu?r] = 0, and (u%)°[u’s] = 0.
Thus, (u)[u? s] + (ud)°[u? r] = 0.
Lemma (3.14):

Let S be a 2-torsion free prime inverse
semiring, U be a Jordan ideal of S, for all
uelU,resS, WHr =0.

Proof:

By (21) of Corollary( 3.13), we have:
@) [u’r] + W) [w',s] = 0, (22)
forallu € U,r € S. So:

[u? z](u®)" [u? s] + [u? z](w?)® [u’ 1] = 0,
By equation (22), we obtain
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[, 2] @)’ [, 5] = [, 1] (W)’ [u’,s]' =
[w?, ] () [u Z 7]
Then,

[u?, ] (W) [u? 2] +
[u? 2] (W) [u’r] = 0

Replace z by zt in equation (23) and by using
of Jacobi identities, we obtain:

[u?, ) (u?)° [u? zt] + [u? zt)(u?)® [u’ 1] = 0
[u? ] (W) z[u, t]+[u? r](u?) [u? z]t+z[u?
Wl r] + [P z]t (W) [ud r] = 0.

That is,

[u?, r1(u?)s z[u?, t]
+ z'[u?, r](u?)S[u?, t]
+ [u?, z]((u?)S[u?,r]t’
+ [u?, z]t(u?)S[u?, r])
=0,

[u?, rl(w?)sz[u?, t]
+ z'[u?, r](u?)S[u?, t]
+ [u?, z](u?)S[u?, r]t’
+ [u?, z]t(u?)S[u?,r]
= 0'

([u?, r](u?)°z
+ z'[u?, r](u?)S)[u?,t]
+ [u?, z]((w?)S[u?, 7]t
+ t(uz) [u?,r]) =0,

[[uz. r](u?)*, z][u? t]

+ [u?, z][(u?)" [u? S] t]=0

Since [u%z]€ S, replace z by
equation (24), we get:

[[w?, ] ®®, z[u’, 2]][? ¢] +[u?, z[u? 2]
[(ud)Tu? s],t]= 0.

By equation (24), we have:

[, 2]' [[W’, (%), 2] [u’, ] +

[[u? r] (U, z][u? 2] [u? t] = 0.

This means:

[[u?, r](w?)?, 2], [u? z]][u? t] = 0,

forall s,t,7,z € S,u € U.

(23)

(24)

zZ[u3z] in

(25)

Put t = ct in equation (24) and using Jacobi
identities, we obtain:

[[u2r](u?)$, 2], [u? 2] |[u? ct] = 0
This means:
[[u2,7](u?)$, 2], [u?, z]|c[u?, t]

+ [[[u2, 11 @), 2], [, 21| [u?c]e = 0



Al-Mustansiriyah Journal of Science
1SSN: 1814-635X (print), ISSN:2521-3520 (online)

Volume 30, Issue 4, 2019

DOI: http://doi.org/10.23851/mijs.v30i4.710

= |[[? r1@?)°, 2], [u? 2] | c[u? t] = 0

= [[[w? r1@?)* 2], [u? 2] s[u?,t]] = 0
Since S is prime, so, either:
[u?,t] = 0,forall t €S,
or,
([, 11?)s, 2], [u?, 2] = o.

So, if [u?,t] = 0, then u? € Z(S).
So, by Lemma (3.11), we have:

w?)" =0,forallu € Uandr € S.
If,
[[[uz,r](uz)s,z], [uz,z]] =0, forallrs,ze€
S,uel.
(i.e.),
[[u?, 7] (w?)s, z][u?, 2]

+ [uz,z]’[[uz,r](uz)s,z] =0.

(i.e.),

[[u?, r](u?)s, ][u ,z] =
[ 2 (uZ)s Z]

Replace t by z in equation (24), we obtain:

[[u?, r1(u?)?, z][u? z]

+ [u?, z][(u®)"[u?,s],z] = 0.
By (26), we obtain:

[u?, z][(u?)"[u?, 5], 2]

+ [u?, z][[u? 7] (u?)$, z] = 0.

= [u? z)[WH" [u? s]] + [[u?, r](w?)S, 2]

=0,
and by (22), we get:

[u?, z][(w?)" [u?,s] + [u?,s]” (W?)",z] =0
[u?, z] [[(uz)’", [uz,s]],z =0, for all r,s,z €
S,and foru € U. By linearizing on z, we
obtain:

(26)

w2,z + t] [[W?)", [, 5]], z
+ t] [u?, z]
(@), [u?,5]].¢] 27)
+ [, 0 [[@d) [u? 5] 2]

=0, forall ,s,t,z € S,u €
U

Put t = ut? in equation (27), we obtain:

[u?, z] [[(uz)r, [uz,s]],uzt] +
[[w? w?t][(w?)", [u?s],z] = 0
= [u?, z](u? [[(uz)r [u?, s]] t] +
[[W?)7, [u?,s],u?]t) +
([u2, u?]t + u?[u?, t]) [[(uzy, [u?,s]],z] = 0.

Now since [u?,u?] = 0 then the third term is
zero, and in view of equation (27) the second
term is (0), so, the last equation will be:

u?[u?, t] [[(uz)r, [uz,s]],z] +
u? [[(uz)”, [uz,s]],t] =0

In view of (27), we have:
w?[u?, 2] [[2), [u?, 5], t] +
[u?, z]u? [[(uz)r, [uz,s]],t] =0
This means:
[[u?, z], u?][[(w2)", [u? 5],
r,s,t,z€eS,uel.
Then:
[[u2,2],4?]S [[@?)", [u?, 51, t| = o.
Since S is prime inverse semiring, then either:
[[u?,z],u?] =0 forallueUreES,
or,
[[(uz)r, [uz,s]],t] =0, forallr,s,t eS,uelU
If [[u?,z],u?] =0, or [u?[u?2z]] =0, then
by Theorem (3.1) in [7], we obtain:

u? € Z(S),

t]] =0,for all

thus,
w?)" =0forall,u € U,r€S.
If, [[(uz)r, [uz,s]],t] =0, for all r,stE€
S,u € U. Then:
(W), [u?,s]] € Z(S),

this means:

W?)"[u?,s] + [u?,s]'w®" € Z(S).
Put
p=W?)"[u?s]land 1 =
Now, trivially we get:
p=0,and 1 = 0.
So,

(p+2)3=20'2+ pA'p.
Now, since [(w?)7, [u?,s]] € Z(S), then,
[u?, s1{ D7, [u? s]] = [@D7, [u? s]][u?,s].

[u?, s](w?)".
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By expanding, and using Corollary (3.13),
Lemma (3.12), itself, we obtain:

[w?,s]' [u?, 5] u2)"
= ) sllrs) )
and so, since
obtain:

@[, [, s1] = [@?), [u? s]] (@)
Again by expanding and using Lemma (3.12),
Corollary (3.13), we get:

[T, [u?,s]] € Z(S), we

(uZ)r(uZ)r[uz’S] — [uZ,S]r(uz)r(uz)r (29)

Now,
pA = (W) [u? sD([u? s]@®)").

By (27), we have

pA = [u?,s]'[u?, s](u?)" (W?)",
and from (28), we have:
pA = [uz,s]’(“z)r(uz)r[uz,s]’

= [u?, s](W?)" (u?)"[u?, 5]

= Ap.
So,

(p+ A2 =2'"24+pXp=2App+p'A1=0.
Now, since S is prime andp + 1" € Z(S), then
by Lemma (3.7) in [7], the center of S has no
non-zero nilpotent element. Then,

p+A =0.
This means,
2\7r 2 _
[w®)T, [u?s]] =0, forallr,s € (30)
S,ueu.
Put s = st in equation (30), we get:
[((u®)",s[u?, t] + [u? s]t] =0, by Jacobie

identities we have:

s[@?®)7, [u?, t]] + [@WHT, s][u?,t] +

[(uz)r, [uz,s]]t + [u?,s] [u®)",t] =0

In view of equation (30), the first and third
terms of above are (0) so, we obtain:

[(W?)T", s][u?,t] + [u?, s][(u?)",t] = 0, for all
r,s,t eS,uel.

Replace s = [u?,s]in last equation, we have:
[@?)7, [w?,s]][w?, t] + [u?, [u?, s]][(W®)", t]
= 0.

Again by (30), we obtain:
[u?, [u?, s]][w®T,¢e] =0, for all r,st€
S,uel.

So,
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[u?, [u?, s1]S [T, t]
Since S is prime inverse semiring, then either:
[u?, [u?s]] =0,

or,
(W), t] =0.

If,

[u?,[u?,s]] =0 foralls€S, ueU,
then by Theorem (3.1) in [7]:
u? € Z(S), w?»" =0, forall r€S,ueU.
If, [(u®)",t] =0, forall t €S. This means,
w?)" € Z(S).
Since by Lemma (3.12), (u®)"[u?r] =0,
forall r € S,u € U. Thus, if for some r and u,
(u?)" # 0, since S is prime inverse semiring,
S0:

[u?,r] = 0, then u? € Z(S).
= (u?)"=0.
Thus, forall r € S,u € U, (u?)" = 0.
Finally we can prove the following main
theorem.
Theorem (3.15):

Let S be a 2-torsion free prime inverse
semiring, U be a Jordan ideal of Sand T :S —-S
be an additive mapping such that:

Tur+ru) +u'T(r)+T(r)u' =0, (31)

forallu € Uandr € S. Then:

T(ur) +u'T(r) =0,forallu € Uandr € S.
Proof:

Put r = ur in equation (30), then:

T(uur + uru) + u'T(ur) + T(ur)u’

= 0,
= T(u?r + uru) + u'T(ur) (32)
+ T(ur)u' =0
So,
T (u?r + uru)
= T(u?r) + T (uru) (33)

=TW?r) + uT(r)u

But, by Lemma (3.14), we have:

(w?®)" =0,forall r € S,u € U.
Then, (u?)" = 0 = T(u?r) + u?T(r)".
By Lemma (2.1), we have:
T (u?r) = u?T(r).
So, equation (33) becomes:



Al-Mustansiriyah Journal of Science Volume 30, Issue 4, 2019 DOI: http://doi.org/10.23851/mijs.v30i4.710
ISSN: 1814-635X (print), ISSN:2521-3520 (online)

T(W?r + uru) = uT(r) + uT (v’ (34) [10] Shaker. H.A, Centralizers on prime and
semiprimerings, Baghdad University (lrag). Msc.

In view of (32) and (34), we get: Thesis, 2005.

u?T(r) + uT(r)u' + u'T(ur) + T(ur)u' = 0,

-

u(uT(r) + T(ur) + (uT(r) + T(ur))u’ =0,

= u@)” + W)™ =0,forallr € S,ueU.

Linearizing the above equation on u, we get:
u+v)u+v)"+w+v)" (u+v) =0,

Suu" +uv"+v'u" +vv" +uu +u"v’

+v'u' + v =0,
=S uv"+v'u"+u"v' +v"u’ = 0.
Replace v by 212 and using Lemma (3.14), we

get:

u' Qv + 2vH)'u" + u"(2v?) + Qv
=0

= 2w»)'u"+u"2v?)' =0, for allv,ue

Ure€eS.

Also by Lemma 3.11, we get:

(W) =0, forallue U andr €S.

This means:

T(ur) =uT(r), forall ueU andres.
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