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خلاصـةال  
في هذا البحث استذكرنا تعريف التمركز في اشباه الحلقات المعكوسة وقدمنا تعريف  المثاليات  لي و الجوردان فيها. 

 حول التمركزات في الحلقات شبه الأولية الى اشباه الحلقات المعكوسة. Joso Vukmanوعممنا بعض نتائج الباحث 

  

Introduction 
A semiring (S, +, ∙) with commutative addition 

and an absorbing zero 0, is called an  additively 

inverse semiring which introduced by 

Karvaellas [5], if for every element a ∈ 𝑆 there 

exists a unique element  𝑎′ ∈ 𝑆 such that 

𝑎 + 𝑎′ + 𝑎 = 𝑎 and 𝑎′ + 𝑎 + 𝑎′ = 𝑎′.  Let S be 

an inverse semiring and let T be an additive 

mapping from S to itself, T is defined as a left 

centralizer of S if  T(xy)=T(x) y for all x,y ∈ 𝑆 

and right centralizer of S as (𝑇)  if 𝑇(𝑥𝑦)  =
 𝑥 𝑇(𝑦) , 𝑇 is called centralizer if it is both right 

and left centralizer[8]. In this paper we will 

represent S as an inverse semiring with a+a' 

belong to the center of S. In [9] a commutator  

[. , .]  in inverse semirng is defined as [x,y] = 

xy+yx' = xy+y'x, and make inclusive use of 

basic commuttator identities [xz , y] = x[z,y] + 

[x,y]z, [x,zy] =[x,z]y+z[x,y], for all 𝑥, 𝑦, 𝑧 ∈ 𝑆. 

A derivation d  is an additive mapping from S 

to into itself satisfy 𝑑(𝑎𝑏) = 𝑑(𝑎)𝑏 + 𝑎 𝑑(𝑏) , 

for all a, b ∈ 𝑆 see [9]. S is prime whenever 

𝑎 𝑆 𝑏 = 0 then 𝑎 = 0 or 𝑏 = 0 and semiprime 

whenever aSa=0 implies that 𝑎 = 0. S is 𝑛-

tortion free if 𝑛𝑎 = 0, 𝑎 ∈ 𝑆 implies that 

𝑎 = 0.  A non empty subset I of S is said to be 

an ideal in S  if for 𝑠, 𝑚 ∈ 𝐼, 𝑟 ∈ 𝑆 imply 

𝑠 + 𝑚 ∈ 𝐼 and 𝑟𝑠, 𝑠𝑟 ∈ 𝐼, See [4]. An additive 

mapping 𝑑  from inverse semiring S to itself, 

when 𝑎 ∈ 𝑆 be a fixed element of S. Define 

𝑑: 𝑆 → 𝑆 by 𝑑(𝑥) = [𝑎, 𝑥] for all 𝑥 ∈ 𝑆 is 

called derivation, for all 𝑥, 𝑦 ∈ 𝑆, 𝑑(𝑥𝑦) =
[𝑎, 𝑥𝑦] = 𝑥[𝑎, 𝑦] + [𝑎, 𝑥]𝑦 = 𝑥𝑑(𝑦) + 𝑑(𝑥)𝑦 
(see[1]). When  S be 2-tortion free semiprime 

inverse semiring and U be an additive 

subgroup of S then we can defined U as Jordan 

ideal of S if ur+ru ∈ 𝑈, for all u ∈ 𝑈  ,r ∈ 𝑆. In 

this paper we recall the definition of centralizer 

and illustrate this concept by example, also 

generalize some results of Joso Vukman[2,3,4] 

and Ram Awtar [6] in semiprime rings to 

inverse semirings. T will denote an additive 

mapping from S into itself satisfies the 

condition: 
 

𝑇(𝑢𝑟 + 𝑟𝑢) + 𝑢′𝑇(𝑟) + 𝑇(𝑟)𝑢′ = 0. (1) 
 

In particular, if 𝑟 = 𝑢  in equation (1), then by 

(1), we note that: 

 2𝑇(𝑢2) = 𝑇(𝑢)𝑢 + 𝑢𝑇(𝑢) 
for all  𝑢 ∈ 𝑈.  

http://creativecommons.org/licenses/by-nc/4.0/


Ibraheem et al. On Jordan Ideal in  Prime and Semiprime Inverse Semirings with Centralizer 2019 

 

78 

 

Put  𝑢𝑟  = 𝑇(𝑢𝑟) + 𝑢𝑇(𝑟)′,  
 𝑟𝑢  = 𝑇(𝑟𝑢) + 𝑇(𝑟)𝑢′.  

This hypothesis is a corresponding case of 

Heba. A. Shaker [10] on prime and semiprime 

rings. 
 

Preliminaries 
Lemma (2.1) [5]: 

Let S be an inverse semiring, for all 𝑎, 𝑏 ∈ 𝑆,
if 𝑎 + 𝑏 = 0, then 𝑎 = 𝑏′. 
Definition (2.2) [8]: 

Let S be an inverse semiring and T be an 

additive mapping from S into itself. The left 

centralizer of S is defined as T such 

that: 𝑇(𝑥𝑦) = 𝑇(𝑥)𝑦 for all 𝑥, 𝑦 ∈ 𝑆. Also right 

centralizer of S as T, such that 𝑇(𝑥𝑦) =
𝑥𝑇(𝑦) for all𝑥, 𝑦 ∈ 𝑆. And T is called 

centralizer if it is both right and left centralizer. 

Example (2.3): 

Let S be an inverse semiring, and 𝑀2(𝑆) be the 

set of all matrices of order 2 with usual 

addition and usual multiplication on matrices, 

let 𝑇1, 𝑇2: 𝑀2(𝑆) ⟶ 𝑀2(𝑆) be additive 

mappings defined as: 

𝑇1 (
𝑥 𝑦
𝑧 𝑤

) = (
0 0
𝑧 𝑤

), for all 𝑥, 𝑦, 𝑧, 𝑤 ∈ 𝑆, 

𝑇2 (
𝑥 𝑦
𝑧 𝑤

) = (
0 𝑦
0 𝑤

), for all 𝑥, 𝑦, 𝑧, 𝑤 ∈ 𝑆. 

We have to show that 𝑇1 is left centralizer and 

𝑇2 is the right centralizer, as follows:  

𝑇1 ((
𝑥 𝑦
𝑧 𝑤

) (
𝑎 𝑏
𝑐 𝑑

))

= 𝑇1 (
𝑥𝑎 + 𝑦𝑐 𝑥𝑏 + 𝑦𝑑
𝑧𝑎 + 𝑤𝑐 𝑧𝑏 + 𝑤𝑑

) 

= (
0 0

𝑧𝑎 + 𝑤𝑐 𝑧𝑏 + 𝑤𝑑
). 

 

But, 

𝑇1 (
𝑥 𝑦
𝑧 𝑤

) (
𝑎 𝑏
𝑐 𝑑

) = (
0 0
𝑧 𝑤

) (
𝑎 𝑏
𝑐 𝑑

) 

= (
0 0

𝑧𝑎 + 𝑤𝑐 𝑧𝑏 + 𝑤𝑑
) 

 

Thus, 𝑇1 is the left centralizer. By the same 

way we can find that 𝑇2 right centralizer. 

 

Results 
Theorem (3.1): [8] 

 Let S be a 2-torsion free semiprime inverse 

semiring, and let 𝑇 be an additive mapping T 

from S to itself which satisfies 𝑇(𝑥𝑦𝑥) +

𝑥𝑇(𝑦)𝑥′ = 0, for all 𝑥 ∈ 𝑆. Then T is 

centralizer. 

Remark (3.2): 

Note that by (1), we have: 

 (u)
r 
+(r)

u
 = 0 , for all 𝑢 ∈ 𝑈 and 𝑟 ∈ 𝑆,  

since: 

 𝑇(𝑢𝑟) + 𝑢′𝑇(𝑟) + 𝑇(𝑟𝑢) + 𝑇(𝑟)𝑢′ 

= 𝑇 (𝑢𝑟 + 𝑟𝑢) + 𝑢′𝑇(𝑟) + 𝑇(𝑟)𝑢′ = 0. 
Remark (3.3): 

If S is a 2- torsion free semiprime inverse 

semiring, and since (u)
r
 + (r)

u
 = 0. Hence by 

Lemma (2.1), we have: 

(𝑢)r = ((𝑟)u)′. 
Lemma (3.4): 

Let S be an inverse semiring and U is a Jordan 

ideal of S then for all 𝑎, 𝑏 ∈ 𝑈 and x ∈ 𝑆, 

(𝑎𝑏 + 𝑏𝑎)𝑥 + 𝑥′(𝑎𝑏 + 𝑏𝑎)  ∈ 𝑈 

Proof: 

Since 𝑎 ∈ 𝑈 and for any 𝑥 ∈ 𝑆, we have, 

𝑥𝑏 + 𝑏𝑥′  ∈ 𝑆  , then we obtain: 

𝑎(𝑥𝑏 + 𝑏𝑥′)  +  (𝑥𝑏 + 𝑏𝑥′)𝑎 ∈ 𝑈. 

But 𝑎(𝑥𝑏 + 𝑏𝑥′) + (𝑥𝑏 + 𝑏𝑥′)𝑎 =  𝑎𝑥𝑏 +
𝑎𝑏𝑥′ +  𝑥𝑏𝑎 +  𝑏𝑥′𝑎, since S is inverse 

semiring, we can replace 𝑥 by 𝑥 + 𝑥′ + 𝑥 and 

𝑥′by 𝑥′ + 𝑥 + 𝑥′ in above equation. So, it will 

be: 

𝑎𝑥𝑏 +  𝑎𝑏(𝑥′ +  𝑥 +  𝑥′)   +  (𝑥 + 𝑥′ +
𝑥)𝑏𝑎 +  𝑏𝑥′𝑎  

= 𝑎𝑥𝑏 +  𝑎𝑏𝑥′ +  𝑎𝑏(𝑥 + 𝑥′) +  (𝑥 + 𝑥′)𝑏𝑎 
+  𝑥𝑏𝑎 +  𝑏𝑥′𝑎
= 𝑎𝑥𝑏 +  𝑎𝑏𝑥′ +  𝑥𝑎𝑏 
+  𝑥′𝑎𝑏 +  𝑏𝑎𝑥 +  𝑏𝑎𝑥′

+  𝑥𝑏𝑎 +  𝑏𝑥′𝑎 

= {(𝑎𝑥 +  𝑥′𝑎)𝑏 +  𝑏(𝑎𝑥 + 𝑥′𝑎)} +  
    {𝑥(𝑎𝑏 + 𝑏𝑎) +  (𝑎𝑏 + 𝑏𝑎)𝑥′}. 

The left side is in U. Hence, the right side 

 x (ab + ba ) + (ab + ba )' x  is in U too. 

Theorem (3.5)  

Let S be a 2-torison free semiprime inverse 

semiring then any non-zero Jordan ideal of S 

contains a non-zero ideal of S. 

Proof: 

Let U≠ 0  be a Jordan ideal of S, suppose that 

a,b ∈ 𝑈. By Lemma (3.4), for any 𝑥 ∈ 𝑆,  
𝑥𝑐 + 𝑐𝑥′ ∈ 𝑈, where 𝑐 =  𝑎𝑏 +  𝑏𝑎, since 

𝑐 ∈ 𝑈, 𝑥𝑐 + 𝑐𝑥 ∈ 𝑈. By adding 𝑥𝑐 + 𝑐𝑥′ to  

𝑥𝑐 + 𝑐𝑥 , we get 2𝑥𝑐 ∈ 𝑈,  for  all 𝑥 ∈ 𝑆. 
Hence for all𝑦 ∈ 𝑆, (2𝑥𝑐)𝑦 + 𝑦(2𝑥𝑐) ∈ 𝑈. 
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Since2𝑦𝑥𝑐 ∈ 𝑈. We obtain that 2𝑥𝑐𝑦 ∈ 𝑈      

for all𝑥, 𝑦 ∈ 𝑆. That is, 2𝑆𝑐𝑆 ⊂ 𝑈. Now,
2𝑆𝑐𝑆   is an ideal of S, so we are done. 

Unless 2𝑆𝑐𝑆 =  0, if 2𝑆𝑐𝑆 =  0.  

By our assumption 𝑆𝑐𝑆 =  0 and so, 

𝑐𝑆𝑐𝑆𝑐𝑆𝑐 = 0. Since S is semiprime inverse 

semiring then, 2𝑆𝑐𝑆 =  0, this leads to 𝑐 = 0.  
Also by using the semiprimness of S that is 

given for all 𝑎, 𝑏 ∈ 𝑈 then,  𝑎𝑏 + 𝑏𝑎 = 0. Let 

0 ≠ 𝑎 ∈ 𝑈, then for  𝑥 ∈ 𝑆, 𝑏 = 𝑎𝑥 + 𝑥𝑎 ∈ 𝑈, 

hence, 𝑎(𝑎𝑥 + 𝑥𝑎) + (𝑎𝑥 + 𝑥𝑎)𝑎 = 0. That is, 

a
2
x+xa

2
+2axa = 0. Now, for 𝑎 ∈ 𝑈, 0 = 𝑎𝑎 +

𝑎𝑎 = 2𝑎2
. Hence, a

2
= 0. The top relation then 

reduces to 2𝑎𝑥𝑎 = 0 for all x ∈ 𝑆, and 

so, 𝑎𝑆𝑎 = 0, then  𝑎 = 0 , contrary to 

assumption. Thus, we have U contains a non-

zero ideal of S. 

Theorem (3.6): 

Let S be a 2-torsion free of semiprime inverse 

semiring, U be a Jordan ideal of S. Suppose 

that t ∈ 𝑆 commutes with u
2 

for all 𝑢 ∈ 𝑈, then 

t commutes with every element of U . 

Proof: 

     For all 𝑟 ∈ 𝑆, let 𝑑(𝑟) = 𝑡𝑟 + 𝑟𝑡′, 𝑑 is 

derivation by definition (2.4) [7]. Since t 

commutes with u
2 

then, [𝑡, 𝑢2] = 0. That is,  

𝑡𝑢2  + 𝑢2𝑡′ =  𝑑(𝑢2) = 0,   for all 𝑢 ∈ 𝑈. 

Linearizing on 𝑢 in above equation, we get:  

 𝑑((𝑢 + 𝑣)2) = 𝑑(𝑢2 + 𝑢𝑣 + 𝑣𝑢 + 𝑣2) 

                       = 𝑑(𝑢2) + 𝑑(𝑢𝑣 + 𝑣𝑢) + 𝑑(𝑣2). 

Then𝑑(𝑢𝑣 + 𝑣𝑢) = 0, for all  𝑣, 𝑢 ∈ 𝑈. Since 

d is additive, hence: 

 𝑑(𝑢𝑣 + 𝑣𝑢) = 𝑑(𝑢𝑣) + 𝑑(𝑣𝑢) = 𝑑(𝑢)𝑣 +
                              𝑢𝑑(𝑣) + 𝑑(𝑣)𝑢 + 𝑣𝑑(𝑢) = 0. 

Then, for all 𝑢, 𝑣 ∈ 𝑈, we have: 

𝑢𝑑(𝑣) + 𝑑(𝑢)𝑣 + 𝑣𝑑(𝑢) + 𝑑(𝑣)𝑢 = 0 (2) 

Replace𝑣 by  𝑢𝑟 + 𝑟𝑢, where 𝑟 ∈ 𝑆, we obtain: 

𝑑(𝑢)(𝑢𝑟 + 𝑟𝑢) + 𝑢𝑑(𝑢𝑟 + 𝑟𝑢) +
𝑑(𝑢𝑟 + 𝑟𝑢)𝑢 + (𝑢𝑟 + 𝑟𝑢)𝑑(𝑢) = 0.  

That is: 
 

𝑑(𝑢)𝑢𝑟 + 𝑑(𝑢)𝑟𝑢 + 𝑢𝑑(𝑢𝑟)
+ 𝑢𝑑(𝑟𝑢) 

+𝑑(𝑢𝑟)𝑢 + 𝑑(𝑟𝑢)𝑢 + 𝑢𝑟𝑑(𝑢) +
𝑟𝑢𝑑(𝑢) = 0  
Thus,   

(3) 

𝑑(𝑢)𝑢𝑟 + 𝑑(𝑢)𝑟𝑢 + 𝑢𝑑(𝑢)𝑟
+ 𝑢2𝑑(𝑟) 

+𝑢𝑑(𝑟)𝑢 + 𝑢𝑟𝑑(𝑢) + 𝑑(𝑢)𝑟𝑢
+ 𝑢𝑑(𝑟)𝑢 

+𝑑(𝑟)𝑢2 + 𝑟𝑑(𝑢)𝑢 + 𝑢𝑟𝑑(𝑢)
+ 𝑟𝑢𝑑(𝑢) = 0 

 

Replace 𝑟 by 𝑟𝑢 in (3), we get: 

𝑑(𝑢)𝑢𝑟𝑢 + 𝑑(𝑢)𝑟𝑢2 + 𝑢𝑑(𝑢)𝑟𝑢 + 𝑢2𝑑(𝑟𝑢)
+ 𝑢𝑑(𝑟𝑢)𝑢 + 𝑢𝑟𝑢𝑑(𝑢)
+ 𝑑(𝑢)𝑟𝑢2 + 𝑢𝑑(𝑟𝑢)𝑢
+ 𝑑(𝑟𝑢)𝑢2 + 𝑟𝑢𝑑(𝑢)𝑢
+ 𝑢𝑟𝑢𝑑(𝑢) + 𝑟𝑢2𝑑(𝑢) = 0 

That is,  

𝑑(𝑢)𝑢𝑟𝑢 + 𝑑(𝑢)𝑟𝑢2 + 𝑢𝑑(𝑢)𝑟𝑢 + 𝑢2𝑑(𝑟)𝑢 +
𝑢2𝑟𝑑(𝑢) + 𝑢𝑑(𝑟)𝑢2 + 𝑢𝑟𝑑(𝑢)𝑢 + 𝑢𝑟𝑢𝑑(𝑢) +
𝑑(𝑢)𝑟𝑢2 + 𝑢𝑑(𝑟)𝑢2 + 𝑢𝑟𝑑(𝑢)𝑢 + 𝑑(𝑟)𝑢3 +
𝑟𝑑(𝑢)𝑢2 + 𝑟𝑢𝑑(𝑢)𝑢 + 𝑢𝑟𝑢𝑑(𝑢) + 𝑟𝑢2𝑑(𝑢) =
0. 

Use (3) to obtain: 

 (𝑑(𝑢)𝑢𝑟 + 𝑑(𝑢)𝑟𝑢 + 𝑢𝑑(𝑢)𝑟 + 𝑢2𝑑(𝑟) +
𝑢𝑑(𝑟)𝑢 + 2𝑢𝑟𝑑(𝑢) + 𝑑(𝑢)𝑟𝑢 + 𝑢𝑑(𝑟)𝑢 +
𝑑(𝑟)𝑢2 + 𝑟𝑑(𝑢)𝑢 + 𝑟𝑢𝑑(𝑢)𝑢 + (𝑢2𝑟 +
2𝑢𝑟𝑢 + 𝑟𝑢2)𝑑(𝑢) = 0 

Then, for all  𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆,  

 

(𝑢2𝑟 + 2𝑢𝑟𝑢 + 𝑟𝑢2)𝑑(𝑢) = 0              (4) 

 

U is Jordan ideal, it follows that:  

 𝑢𝑟 + 𝑟𝑢 ∈ 𝑈, and  𝑢𝑢 + 𝑢𝑢 = 2𝑢2 ∈ 𝑈. 

But, 

 4𝑢𝑟𝑢 = 2𝑢𝑟𝑢 + 2𝑢𝑟𝑢 = 

 2𝑢(𝑟 + 𝑟′ + 𝑟)𝑢 + 2𝑢𝑟𝑢
= 2𝑢(𝑟 + 𝑟′)𝑢 + 2𝑢𝑟𝑢 + 2𝑢𝑟𝑢
= 2𝑢(𝑟 + 𝑟′ + 𝑟 + 𝑟′)𝑢
+ 4𝑢𝑟𝑢
= 2𝑢(𝑟 + 𝑟′)𝑢 + 2𝑢(𝑟 + 𝑟′)𝑢
+ 4𝑢𝑟𝑢
= 2𝑢2(𝑟 + 𝑟′) + (𝑟 + 𝑟′)(2𝑢2)
+ 4𝑢𝑟𝑢
= 2𝑢2𝑟 + 2𝑢2𝑟′ + 2𝑟𝑢2

+ 2𝑟′𝑢2 + 4𝑢𝑟𝑢
= 2𝑢2𝑟 + 2𝑢𝑟𝑢 + 2𝑟𝑢2

+ {2𝑢2𝑟′ + 𝑟′2𝑢2} 

= 2{𝑢(𝑢𝑟 + 𝑟𝑢) + (𝑢𝑟 + 𝑟𝑢)𝑢} + {2𝑢2𝑟′ +
𝑟′2𝑢2}. 
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The first and the second terms on the right 

hand side are in U. Hence,  4𝑢𝑟𝑢 ∈ 𝑈. 

Therefore, if we replace  𝑣  by 4𝑢𝑟𝑢 in (2), 

where 𝑟 ∈ 𝑆 then:   

𝑢𝑑(4𝑢𝑟𝑢) + 𝑑(𝑢)4𝑢𝑟𝑢 + 4𝑢𝑟𝑢𝑑(𝑢)
+ 𝑑(4𝑢𝑟𝑢) = 0 

0 = 4{𝑢𝑑(𝑢)𝑟𝑢 + 𝑢2𝑑(𝑟𝑢) + 𝑑(𝑢)𝑢𝑟𝑢
+ 𝑢𝑟𝑢𝑑(𝑢) + 𝑑(𝑢)𝑟𝑢2

+ 4𝑑(𝑟𝑢)𝑢 

= 4{𝑢𝑑(𝑢)𝑟𝑢 + 𝑢2𝑑(𝑟)𝑢 + 𝑢2𝑟𝑑(𝑢) +
𝑑(𝑢)𝑢𝑟𝑢 + 𝑢𝑟𝑢𝑑(𝑢) + 𝑑(𝑢)𝑟𝑢2 + 𝑢𝑑(𝑟)𝑢2 +
𝑢𝑟𝑑(𝑢)𝑢}. 

Since S is a free 2-torsion then: 
 

𝑢𝑑(𝑢)𝑟𝑢 + 𝑢2𝑑(𝑟)𝑢 + 𝑢2𝑟𝑑(𝑢)
+ 𝑑(𝑢)𝑢𝑟𝑢 + 𝑢𝑟𝑢𝑑(𝑢)
+ 𝑑(𝑢)𝑟𝑢2 + 𝑢𝑑(𝑟)𝑢2

+ 𝑢𝑟𝑑(𝑢)𝑢 = 0. 

(5) 

 

Replace 𝑟 by 𝑟𝑢 in (5), we have: 

𝑢𝑑(𝑢)𝑟𝑢2 + 𝑢2𝑑(𝑟𝑢)𝑢 + 𝑢2𝑟𝑢𝑑(𝑢)
+ 𝑑(𝑢)𝑢𝑟𝑢2 + 𝑢𝑟𝑢2𝑑(𝑢)
+ 𝑑(𝑢)𝑟𝑢3 + 𝑢𝑑(𝑟𝑢)𝑢2

+ 𝑢𝑟𝑢𝑑(𝑢)𝑢 = 0 
That is, 

 𝑢𝑑(𝑢)𝑟𝑢2 + 𝑢2𝑑(𝑟)𝑢2 = 𝑢2𝑟𝑑(𝑢)𝑢 +
𝑢2𝑟𝑢𝑑(𝑢) + 𝑑(𝑢)𝑢𝑟𝑢2 + 𝑢𝑟𝑢2𝑑(𝑢) +
𝑑(𝑢)𝑟𝑢3 + 𝑢𝑑(𝑟)𝑢3 + 𝑢𝑟𝑑(𝑢)𝑢2 +
𝑢𝑟𝑢𝑑(𝑢)𝑢 = 0 
So,  

(𝑢𝑑(𝑢)𝑟𝑢 + 𝑢2𝑑(𝑟)𝑢 + 𝑢2𝑟𝑑(𝑢) +

𝑑(𝑢)𝑢𝑟𝑢 + 𝑑(𝑢)𝑟𝑢2 + 𝑢𝑑(𝑟)𝑢2 + 𝑢𝑟𝑑(𝑢)𝑢 +
𝑢𝑟𝑑(𝑢))𝑢 + (𝑢2𝑟𝑢 + 𝑢𝑟𝑢2)𝑑(𝑢) = 0.  

By (5), and for all 𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆, we get: 
 

𝑢2𝑟𝑢 + 𝑢𝑟𝑢2)𝑑(𝑢) = 0. (6) 
 

Since,0 = 𝑑(𝑢2) = 𝑑(𝑢𝑢) = 𝑢𝑑(𝑢) + 𝑑(𝑢)𝑢, 

then by Lemma (2.1) we have,  𝑢𝑑(𝑢) =
𝑑(𝑢)𝑢′. By multiplying on the right of (4) by 

𝑢′, we get (𝑢2𝑟𝑢 + 2𝑢𝑟𝑢2 + 𝑟𝑢3)′𝑑(𝑢) = 0. 

 Adding equation (6) to the last equation, we 

have: 

(𝑢2𝑟𝑢 + 𝑢𝑟𝑢2)𝑑(𝑢) + (𝑢2𝑟′𝑢 + 2𝑢𝑟′𝑢2 +
𝑟′𝑢3)𝑑(𝑢) =(𝑢2(𝑟 + 𝑟′)𝑢 + 𝑢(𝑟 + 𝑟′)𝑢2 +
𝑢𝑟′𝑢2 + 𝑟′𝑢3)𝑑(𝑢) =(𝑢(𝑟 + 𝑟′)𝑢2 +
𝑢(𝑟 + 𝑟′)𝑢2 + 𝑢𝑟′𝑢2 + 𝑟′𝑢3)𝑑(𝑢) =
𝑢(𝑟 + 𝑟′ + 𝑟 + 𝑟′ + 𝑟)𝑢2 + 𝑟′𝑢3  

    = (𝑢𝑟′𝑢2 + 𝑟′𝑢3)𝑑(𝑢) = 0. 

Thus, (𝑢𝑟𝑢2 + 𝑟𝑢3)𝑑(𝑢) = 0. So: 
 

(𝑢𝑟 + 𝑟𝑢)𝑢2𝑑(𝑢) =  for   𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈 (7) 
 

where 𝑠 ∈ 𝑆 in (7), we will replace 𝑟 by 𝑟𝑠, and 

we mean  𝑢 ∘ 𝑠 by  𝑢𝑠 + 𝑠𝑢  for all 𝑢 ∈ 𝑈. 
Since, 

 𝑢(𝑟𝑠) + (𝑟𝑠)𝑢 = [𝑢, 𝑟]𝑠 + 𝑟(𝑢 ∘ 𝑠) = 𝑢𝑟𝑠 +
                                  𝑟′𝑢𝑠 + 𝑟𝑢𝑠 + 𝑟𝑠𝑢 

 = 𝑢𝑟𝑠 + (𝑟′ + 𝑟)𝑢𝑠 + 𝑟𝑠𝑢 = 𝑢𝑟𝑠 +
𝑢(𝑟′ + 𝑟)𝑠 + 𝑟𝑠𝑢 = 𝑢𝑟𝑠 + 𝑢𝑟′𝑠 + 𝑢𝑟𝑠 + 𝑟𝑠𝑢 

= 𝑢𝑟𝑠 + 𝑟𝑠𝑢. 

Then we get, {[𝑢, 𝑟]𝑠 + 𝑟(𝑢 ∘ 𝑠)} 𝑢2𝑑(𝑢) = 0. 
Since 𝑟(𝑢𝑠 + 𝑠𝑢)𝑢2𝑑(𝑢) = 0, by (7), so: 

[𝑢, 𝑟]𝑆𝑢2𝑑(𝑢) = 0 

Replace 𝑟 by 𝑑(𝑢), we obtain:  

[𝑢, 𝑑(𝑢)]𝑆𝑢2𝑑(𝑢) = 0 

𝑢𝑑(𝑢)𝑆 𝑢2𝑑(𝑢) + 𝑑(𝑢)𝑢′𝑆𝑢2𝑑(𝑢) =
𝑢𝑑(𝑢)𝑆𝑢2𝑑(𝑢) + 𝑢𝑑(𝑢)𝑆𝑢2𝑑(𝑢) = 0  

Then,2𝑢𝑑(𝑢)𝑆𝑢2𝑑(𝑢) = 0, since S is 2-torsion 

free implies that 𝑢𝑑(𝑢)𝑆𝑢2𝑑(𝑢) = 0, so 

𝑢2𝑑(𝑢)𝑆𝑢2𝑑(𝑢) = 0, by semiprieness we get: 
 

𝑢2𝑑(𝑢) = 0, for all 𝑢 ∈ 𝑈                     (8) 
 

In (8) replace𝑢  by  𝑢 + 𝑣, we have: 
 

(𝑢 + 𝑣)2𝑑(𝑢 + 𝑣) = 0 

𝑢2𝑑(𝑣) + 𝑣2𝑑(𝑢) + (𝑢𝑣 +
𝑣𝑢)𝑑(𝑢) + (𝑢𝑣 + 𝑣𝑢)𝑑(𝑣) = 0                              

(9) 

 

Replace 𝑣 by 𝑣′, we get 
 

 𝑢2𝑑(𝑣)′ + 𝑣2𝑑(𝑢) + (𝑢𝑣′ +
𝑣′𝑢)𝑑(𝑢) + (𝑢𝑣′ + 𝑣′𝑢)𝑑(𝑣)′ = 0. 

Then, 𝑢2𝑑(𝑣)′ + 𝑣2𝑑(𝑢) +
(𝑢𝑣′ + 𝑣′𝑢)𝑑(𝑢) 

+(𝑢𝑣 + 𝑣𝑢)𝑑(𝑢) = 0   

(10) 

 

Adding (9) to (10), we have:  
 

𝑢2(𝑑(𝑣) + 𝑑(𝑣)′) + 2𝑣2𝑑(𝑢)
+ (𝑢𝑣 + 𝑢𝑣′ + 𝑣𝑢
+ 𝑣′𝑢)𝑑(𝑢)
+ 2(𝑢𝑣 + 𝑣𝑢)𝑑(𝑣)
= 0 

(11) 

 

By adding (9) to (11), we have:  

 𝑢2(𝑑(𝑣) + 𝑑(𝑣)′ + 3𝑣2𝑑(𝑢) + (𝑢𝑣 + 𝑢𝑣′ +
𝑢𝑣 + 𝑣𝑢 + 𝑣𝑢 + 𝑣𝑢′)𝑑(𝑢) + 3(𝑢𝑣 + 𝑣𝑢)𝑑(𝑣) 

= 0.  
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So,  
 

𝑢2𝑑(𝑣) + 3𝑣2𝑑(𝑢) + (𝑢𝑣 +
𝑣𝑢)𝑑(𝑢) + 3(𝑢𝑣 + 𝑣𝑢)𝑑 = 0                                    

(12) 

 

From (2), we get: 
 

𝑢2𝑑(𝑣) + (𝑢𝑣 + 𝑣𝑢)𝑑(𝑢)
+ (𝑢𝑣 + 𝑣𝑢)𝑑(𝑣)
= 𝑣2𝑑(𝑢)′ 

(13) 

 

Now substitute (13) in (12), we get: 

3𝑣2𝑑(𝑢) + 𝑣2𝑑(𝑢)′ + 2(𝑢𝑣 + 𝑣𝑢)𝑑(𝑣) = 0.  

𝑣2𝑑(𝑢) + 𝑣2𝑑(𝑢) + 𝑣2𝑑(𝑢) + 𝑣2𝑑(𝑢)′ +
2(𝑢𝑣 + 𝑣𝑢)𝑑(𝑣) = 0,  

that is 2𝑣2𝑑(𝑢) + 2(𝑢𝑣 + 𝑣𝑢)𝑑(𝑣) = 0. 
Replacing 𝑣 by 2𝑣2 to obtain, 

 4𝑣4𝑑(𝑢) + 2(2𝑢𝑣2 + 2𝑣2𝑢)𝑑(𝑣2) = 0. 

Since 𝑑(𝑣2) = 0  for all 𝑣 ∈ 𝑈, then 

4𝑣4𝑑(𝑢) = 0 , since S is 2-torsion free then, 
 

𝑣4𝑑(𝑢) = 0    for 𝑢 ∈ 𝑈, and 𝑟 ∈ 𝑆 (14) 
 

𝑢 ∘ (𝑟𝑢 + 𝑢𝑟′) + (𝑟𝑢 + 𝑢𝑟′)𝑢
= 𝑢𝑟𝑢 + 𝑢2𝑟′ + 𝑟𝑢2 + 𝑢𝑟𝑢′

= 𝑢(𝑟 + 𝑟′)𝑢 + 𝑟𝑢2 + 𝑢2𝑟′

= 𝑢2𝑟 + 𝑢2𝑟′ + 𝑢2𝑟′ + 𝑟𝑢2

= 𝑟𝑢2 + 𝑢2𝑟′    ∈ 𝑈 

and so,  2(𝑟𝑢2 + 𝑢2𝑟′) ∈ 𝑈. It follows that 

4𝑢2𝑟  𝑎𝑛𝑑 4𝑟𝑢2 are in U. Therefore, replacing 

𝑢 by 4𝑢2𝑟 where 𝑟 ∈ 𝑆 in (4), we get 

 𝑣4𝑑(4𝑢2𝑟) = 4𝑣4𝑑(𝑢2𝑟) = 4𝑣4𝑑(𝑢2)𝑟 +
4𝑣4𝑢2𝑑(𝑟) = 0    for all   𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆. In 

view of   (14),   2𝑣4𝑑(𝑢2) = 0.  
Hence, 4𝑣4𝑢2𝑑(𝑟) = 0. In particular, 
 

𝑢6𝑑(𝑟) = 0, for 𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆              (15) 
 

Let 𝑀 = {𝑥 ∈ 𝑆 | 𝑥𝑑(𝑟) = 0, for all  𝑟 ∈ 𝑆 }. 

By Lemma (3.2) [7], M is right and left ideal. 

Let 𝑆̅ = 𝑆 ∕ 𝑀, then by Lemmas (3.3) [7], (3.4) 

[7], (3.5) [7],  𝑆̅ is 2-torsion free semiprime 

inverse semiring.  

Then by (14),  𝑢̅6 = 0, for all 𝑢̅ ∈ 𝑈̅, where 𝑈 ̅ 
A Jordan Ideal of 𝑆̅. We will show that if 

𝑢6 = 0  for all 𝑢 ∈ 𝑈, where U is Jordan ideal 

of 2-torsion free semiprime inverse semiring S, 

then u = 0 for all 𝑢 ∈ 𝑈. For 𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆 we 

have 2𝑢2 ∈ 𝑈, and so:  

         (2𝑢2) (2𝑢2) + (2𝑢2) (2𝑢2) = 8𝑢2 ∈ 𝑈. 

Therefore,8(𝑢4𝑟 + 𝑟𝑢4) ∈ 𝑈, and hence, 

 0 = 86(𝑢4𝑟 + 𝑟𝑢4)6. 
Multiply on the right by 𝑢4𝑟, to 

obtain 86(𝑢4𝑟)7 = 0. Hence, (𝑢4𝑟)7 = 0. If 

for some  𝑢, 𝑢4 ≠ 0, then 𝑢4𝑆 is non zero right 

ideal of S, in which the seventh power of every 

element is zero by lemma of levizkis theorem 

on inverse semirings, S would have a non zero 

nilpotent ideal. This is impossible for 

semiprime inverse semiring. 

Hence, 𝑢4 = 0 for all 𝑢 ∈ 𝑈. By repeating the 

above argument twice can show that 𝑢 =
0  for all 𝑢 ∈ 𝑈. Hence, 𝑈 = 0. And by this we 

infer that 𝑈̅ = 0, that is 𝑈 ⊂ 𝑀and by the 

definition of M,  𝑢𝑑(𝑟) = 0, for 𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆. 

Now replace 𝑟  by𝑟𝑥, for x ∈ 𝑆, then 𝑢𝑆𝑑(𝑟) =
0.  As  𝑡𝑆 ⊂ 𝑆, 𝑢𝑡𝑆𝑑(𝑟) = 0. But𝑡𝑢 𝑆 𝑑(𝑟) =
0, thus we infer that:  

                   𝑑(𝑢) 𝑆 𝑑(𝑟) = 0, for 𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈. 

In particular, 𝑑(𝑢)𝑆 𝑑(𝑟) = 0, for  𝑢 ∈ 𝑈. This 

says that(𝑑(𝑢)𝑆)2 = 0, which implies 

that 𝑑(𝑢) = 0 for all  𝑢 ∈ 𝑈. Because S is 

semiprime, hence t commutes with every 

element of U. 

Theorem (3.7): 

     Let S be a 2-torsion free semiprime inverse 

semiring, U be a Jordan ideal of S, suppose that 

t ∈ 𝑆 commutes with every element of [U,U], 

then t commutes with every element of U. 

Proof: 

     For all 𝑟 ∈ 𝑆,   𝑢, 𝑣 ∈ 𝑈, we have: 

(𝑢𝑣 + 𝑣𝑢)𝑟 + 𝑟′(𝑢𝑣 + 𝑣𝑢)
= 𝑢𝑣𝑟 + 𝑣𝑢𝑟 + 𝑟𝑢𝑣′ + 𝑟𝑣𝑢′ 

                           = 𝑢𝑣𝑟 + 𝑣𝑢𝑟 + (𝑟 + 𝑟′ +  𝑟) 

                              𝑢𝑣′ + (𝑟 + 𝑟′ + 𝑟)𝑣𝑢′ 

                           = 𝑢𝑣𝑟 + 𝑣𝑢𝑟 + 𝑟𝑢𝑣′ +
                     𝑢(𝑟′ + 𝑟)𝑣′ + 𝑟𝑣𝑢′ + 𝑣(𝑟′ + 𝑟)𝑢′ 

= 𝑢𝑣𝑟 + 𝑣𝑢𝑟 + 𝑟𝑢𝑣′ + 𝑢𝑟𝑣 + 𝑢𝑟𝑣′ + 𝑟𝑣𝑢′ +
𝑣𝑟𝑢 + 𝑣𝑟𝑢′ = {𝑢(𝑣𝑟 + 𝑟𝑣) + (𝑣𝑟 + 𝑟𝑣)𝑢′} +
{𝑣(𝑢𝑟 + 𝑟𝑢) + (𝑢𝑟 + 𝑟𝑢)𝑣′}. 

Thus, 
 

[𝑈 ∘ 𝑈, 𝑆] ⊂ [𝑈, 𝑈] (16) 
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Again for 𝑢, 𝑣 ∈ 𝑈  and 𝑟 ∈ 𝑆, we have: 

(𝑢𝑣 + 𝑣𝑢′)𝑟 + 𝑟′(𝑢𝑣 + 𝑣𝑢′)
= 𝑢𝑣𝑟 + 𝑣𝑢𝑟′ + 𝑟𝑢𝑣′ + 𝑟𝑣𝑢 

= 𝑢𝑣𝑟 + 𝑣𝑢𝑟′ + (𝑟 + 𝑟′ + 𝑟)𝑢𝑣′

+ (𝑟 + 𝑟′ + 𝑟)𝑣𝑢 

= 𝑢𝑣𝑟 + 𝑣𝑢𝑟′ + 𝑟𝑢𝑣′ + 𝑢(𝑟′ + 𝑟)𝑣′ + 𝑟𝑣𝑢
+ 𝑣(𝑟′ + 𝑟)𝑢 

= 𝑢𝑣𝑟 + 𝑣𝑢𝑟′ + 𝑟𝑢𝑣′ + 𝑢𝑟𝑣 + 𝑢𝑟𝑣′ + 𝑟𝑣𝑢
+ 𝑣𝑟′𝑢 + 𝑣𝑟𝑢 

= {𝑢(𝑣𝑟 + 𝑟𝑣) + (𝑣𝑟 + 𝑟𝑣)𝑢}
+ {𝑣′(𝑢𝑟 + 𝑟𝑢) + (𝑢𝑟 + 𝑟𝑢)𝑣′} 

Thus, 
 

[[𝑈, 𝑈], 𝑆] ⊂ 𝑈 ∘ 𝑈 (17) 
 

Suppose 𝐹 = 𝑈 ∘ 𝑈 + [𝑈, 𝑈], clearly that F is 

an additive subgroup of S. In view of (16) and 

(17), we obtain:  
[𝐹, 𝑆] = [𝑈 ∘ 𝑈 + [𝑈, 𝑈], 𝑆] = [𝑈 ∘ 𝑈, 𝑆] +

[[𝑈, 𝑈], 𝑆] ⊂ [𝑈, 𝑈] + 𝑈 ∘ 𝑈 = 𝐹. 

Hence,  F is a lie ideal of S , from equation (16) 

and the hypothesis yield: 

[[𝑈 ∘ 𝑈, 𝑡], 𝑡] ⊂ [[𝑈, 𝑈], 𝑡] = 0 

Therefore, 

 [[𝐹, 𝑡], 𝑡] = [[𝑈 ∘ 𝑈, 𝑡], 𝑡] + [[𝑈, 𝑈], 𝑡], 𝑡] = 0. 

By Theorem (3.11) [7], we have [𝑡, 𝐹] = 0. 
But: 

 [𝑡, 𝑈 ∘ 𝑈] ⊂ [𝑡, [𝑈, 𝑈] + 𝑈 ∘ 𝑈] = 0.  

Hence for 𝑢 ∈ 𝑈, [𝑡, 2𝑢2] = 0.  
So, [𝑡, 𝑢2] = 0  for all  𝑢 ∈ 𝑈. 

Therefore, by Theorem 3.6, we infer that 

[𝑡, 𝑢] = 0 for all 𝑢 ∈ 𝑈. 
Thus, t commutes with every element of U. 

Lemma (3.8): 

    Let S be a 2-torsion free semiprime inverse 

semiring, U be a Jordan ideal, for all 𝑢 ∈
𝑈 , 𝑟 ∈ 𝑆 if u2

∈ 𝑍(𝑆), then (u
2
)
r
 =0. 

Proof: 

Since (𝑢2)r= 𝑇(𝑢2𝑟) + 𝑢2𝑇(𝑟)′, and by the 

following: 

1.  𝑇(𝑢𝑟 + 𝑟𝑢) + 𝑢′𝑇(𝑟) + 𝑇(𝑟)𝑢′ = 0,  

2. 𝑇(𝑢2𝑟 + 𝑟𝑢2
)+𝑢2 𝑇(𝑟)′ + 𝑇(𝑟)′𝑢2

 = 0,  

for all 𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈, and since 𝑢2
∈ 𝑍(𝑆), then: 

𝑇(2𝑢2𝑟) + 2𝑢2𝑇(𝑟)′ = 0. 
Since S is 2-torsion free, then: 

(𝑢2)𝑟 = 𝑇(𝑢2𝑟) + 𝑢2𝑇(𝑟)′ = 0. 

Lemma (3.9): 

Let S be a 2-torsion free prime inverse 

semiring, and U be a Jordan ideal. Then for 

all 𝑟 ∈ 𝑆 𝑎𝑛𝑑 𝑢 ∈ 𝑈, 𝑇(𝑢𝑟𝑢) + 𝑢𝑇(𝑟)𝑢′ = 0. 

Proof: 

     Replace ®by (𝑢. 2𝑟 + 2𝑟. 𝑢) in equation (1), 

then we get:  

 𝑇(𝑢(𝑢. 2𝑟 + 2𝑟. 𝑢) + (𝑢. 2𝑟 + 2𝑟. 𝑢)𝑢 +
𝑢′𝑇(𝑢. 2𝑟 + 2𝑟. 𝑢) + 𝑇(𝑢. 2𝑟 + 2𝑟𝑢)𝑢′ = 0 

⟹ 𝑇(2𝑢2𝑟 + 2𝑢𝑟𝑢 + 2𝑢𝑟𝑢 + 2𝑟u
2+ 2𝑢′ 

(𝑢𝑇(𝑟) + 𝑇(𝑟)𝑢) + 2(𝑢𝑇(𝑟) + 𝑇(𝑟)𝑢)𝑢′ = 0 

⟹  𝑇(2𝑢2𝑟 + 2𝑟𝑢2) + 4𝑇(𝑢𝑟𝑢 + 2𝑢′𝑢𝑇(𝑟) 

+2𝑢′𝑇(𝑟)𝑢 + 2𝑢𝑇(𝑟) + 2𝑇(𝑟)𝑢𝑢′ = 0 

That is, 

 𝑇(2𝑢2𝑟 + 2𝑟𝑢2) + 4𝑇(𝑢𝑟𝑢) + 2𝑢′𝑢𝑇(𝑟) +
4𝑢′𝑇(𝑟)𝑢 + 2𝑇(𝑟)𝑢𝑢′ = 0. 

Since 𝑢𝑢 + 𝑢𝑢 ∈ 𝑈, and 𝑈 is Jordan ideal, so,   

2u
2∈ 𝑈, and then: 

𝑇(2𝑢2𝑟 + 𝑇(2𝑟𝑢2) + 4𝑇(𝑢𝑟𝑢) + 2𝑢2𝑇(𝑟)′ +
4𝑢′𝑇(𝑟)𝑢 + 2𝑇(𝑟)′𝑢2

 = 0. 

Since,  

1. 2𝑇(𝑢2𝑟) + 2𝑇(𝑟𝑢2) + 2𝑢2𝑇(𝑟)′ +
2𝑇(𝑟)′𝑢2 = 0,  
2.  𝑇(𝑢2𝑟 + 𝑟𝑢2) + 𝑢2𝑇(𝑟)′ + 𝑇(𝑟)′𝑢2 =
0,  

so 2𝑇(𝑢2𝑟) + 2𝑢2𝑇(𝑟)′ = 0. 

Since S is 2-torsion free, this implies: 

𝑇(𝑢2𝑟) + 𝑢2𝑇(𝑟)′ = 0, 

and then:  

4𝑇(𝑢𝑟𝑢) + 4𝑢′𝑇(𝑟)𝑢 = 0, 
𝑇(𝑢𝑟𝑢) + 𝑢′𝑇(𝑟)𝑢 = 0. 

Corollary (3.10): 

      Let S be a 2-torsion free prime inverse 

semiring, and U be a Jordan ideal. Then: 

𝑇(𝑢𝑟𝑣 + 𝑣𝑟𝑢) + 𝑢𝑇(𝑟)𝑣′ + 𝑣𝑇(𝑟)𝑢′ = 0, 
for all  𝑟 ∈ 𝑆, 𝑢, 𝑣 ∈ 𝑈. 
Proof: 

     If we replace u by 𝑢 + 𝑣 in the equation: 

𝑇(𝑢𝑟𝑢) + 𝑢𝑇(𝑟)𝑢′ = 0, of lemma (3.9), we 

obtain that:  

   𝑇(𝑢 + 𝑣)𝑟(𝑢 + 𝑣) + (𝑢 + 𝑣) 𝑇(𝑟) (𝑢 + 𝑣)′

= 0 

𝑇(𝑢𝑟𝑢) + 𝑇(𝑢𝑟𝑣) + 𝑇(𝑣𝑟𝑢) + 𝑇(𝑣𝑟𝑣)
+ 𝑢𝑇(𝑟)𝑢′ + 𝑢𝑇(𝑟)𝑣′

+ 𝑣𝑇(𝑟)𝑢′ + 𝑣𝑇(𝑟)𝑣′ = 0, 
𝑇(𝑢𝑟𝑢) + 𝑢𝑇(𝑟)𝑢′ + 𝑇(𝑢𝑟𝑣) + 𝑇(𝑣𝑟𝑢)

+ 𝑇(𝑣𝑟𝑣) + 𝑣𝑇(𝑟)𝑣′

+ 𝑣𝑇(𝑟)𝑢′ + 𝑢𝑇(𝑟)𝑣′ = 0. 
Then, 𝑇(𝑢𝑟𝑣 + 𝑣𝑟𝑢) + 𝑢𝑇(𝑟)𝑣′ + 𝑣𝑇(𝑟)𝑢′ 

                             = 0 . 
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Lemma (3.11): 

     If S is 2-torsion free prime inverse semiring 

such that 𝑡𝑣2
+𝑣2𝑡 = 0, U be a Jordan ideal of 

S, then, for all  t ∈ 𝑆, 𝑣, 𝑢 ∈ 𝑈, t = 0. 

Proof: 

      By linearizing t v
2
+v

 2
t = 0 on v, we get: 

𝑡(𝑢 + 𝑣)2 + (𝑢 + 𝑣)2𝑡 = 0, 

 𝑡(𝑢2+𝑢𝑣 + 𝑣𝑢 + 𝑣2
)+(u

2+𝑢𝑣 + 𝑣𝑢 + 𝑣2)𝑡 

  = 𝑡𝑢2 + 𝑡(𝑢𝑣 + 𝑣𝑢𝑣) + 𝑡𝑣2 + 𝑢2𝑡 + (𝑢𝑣 +
𝑣𝑢)𝑡 + 𝑣2𝑡 = 0, by submission𝑡(𝑢𝑣 + 𝑣𝑢) +
(𝑢𝑣 + 𝑣𝑢)𝑡 = 0. Replace v by u+2v

2
∈ 𝑈, in the 

later equation, we get: 

𝑡(𝑢(𝑢 + 2𝑣2 ) + (𝑢 + 2𝑣2)𝑢) + (𝑢(𝑢 + 2𝑣2)
+ (𝑢 + 2𝑣2)𝑢)𝑡
= 𝑡(𝑢2 + 2𝑢𝑣2 + 𝑢2 + 2𝑣2𝑢)
+ (𝑢2 + 2𝑢𝑣2 + 𝑢2 + 2𝑣2𝑢)𝑡
= 2𝑡𝑢2 + 2𝑢2𝑡 + 2𝑡(𝑢𝑣2

+ 𝑣2𝑢) + 2(𝑢𝑣2 + 𝑣2𝑢)𝑡 = 0. 
Since S is 2-torsion free, then: 
 

𝑡(𝑢𝑣2 + 𝑣2𝑢) + (𝑢𝑣2 + 𝑣2𝑢)𝑡 = 0   (18) 
 

Since t v
2
+v

 2
t = 0 then by Lemma (2.1), we 

get: 

tv
2
 = v

2
t',   

so by (18) we obtain: 

  tuv
2 

+ tv
2
u + uv

2
t + v

2
ut = 0, 

tuv
2
 +v

2
tu' +v

2
u't + v

2
ut = 0.  

So, tuv
2 

+v
2
t'u + v

2
u't + ut'v

2
 = 0 

That is, 

  [𝑡, 𝑢]v2
+v

2[𝑡, 𝑢]′ = 0, [ [𝑡, 𝑢], 𝑣2 ] = 0   for all 

𝑣, 𝑢 ∈ 𝑈. 
So, by Theorem 3.6, we have: 
 

[[𝑡, 𝑢], 𝑣] =  0,  for all 𝑣, 𝑢 ∈ 𝑈.              (19) 
 

Now, by Jacobi identities we obtain:  

[ [𝑢, 𝑣], 𝑡 ] + [ [𝑣, 𝑡], 𝑢]  +  [ [𝑡, 𝑢], 𝑣]  =  0  
In the view of (18) the second and the third 

terms are zeros.  

So, [ [𝑢, 𝑣], 𝑡 ]  =  0 for all 𝑢, 𝑣 ∈ 𝑈. 
For all v ∈ 𝑈,  𝑡 ∈ 𝑆  so,  t v

2
 = 0,   linearizing 

on v we get:  

t (u+v)
2
 = t(u

2
+ uv + vu + v

2
)=tu

2
 + 𝑡𝑢𝑣 +

 𝑡𝑣𝑢 + tv
2
 = 𝑡(𝑢𝑣 + 𝑣𝑢) = 0,  

(i.e)   𝑡(𝑢𝑣 + 𝑣𝑢)𝑢 = 𝑡𝑢𝑣𝑢 +  𝑡𝑣u
2
 = 0. 

So, 𝑡𝑢𝑣𝑢 =  𝑡𝑢𝑣𝑡𝑢 = 0  for all 𝑣, 𝑢 ∈ 𝑈. 

(i,e)  (𝑡𝑢) 𝑈 (𝑡𝑢)  =  0,  by Theorem (3.5), 

(i.e) (𝑡𝑢) 𝐼 (𝑡𝑢)  =  0,  

(i.e) (𝑡𝑢)𝐼𝑆 (𝑡𝑢) =  0 , 
(𝑡𝑢)𝐼𝑆 (𝑡𝑢)𝐼 = 0. Since S is prime, therefore, 
(𝑡𝑢)𝐼 =  0,  and  so,  (𝑡𝑢)𝑆𝐼 = 0. 
 But,  𝐼 ≠ 0, so we obtain: 

 𝑡𝑢 =  0,   for all u ∈ 𝑈, then 𝑡𝑈 = 0.  
So, by Theorem (3.5), we get: 

 𝑡𝐼 = 0, 

 (i.e)  𝑡𝑆𝐼 = 0 . But S is prime inverse semiring, 

and   I≠ 0, so, 𝑡 =  0.  

 

Lemma (3.12): 

     Let S be a 2-torsion free prime inverse 

semiring, U be a Jordan ideal of S then, for all 

r ∈ 𝑆, 𝑣 ∈ 𝑈, [𝑣2
,𝑟](𝑣2

)
r
=0 and (𝑣2

)[𝑣2
,𝑟] = 0.  

Proof: 

   By equation (1), and for all r ∈ 𝑆, 𝑢 ∈ 𝑈,we 

have: 

 𝑇(𝑢𝑢 + 𝑢𝑢) + 𝑢′𝑇(𝑢) + 𝑇(𝑢)𝑢′ = 0  

2𝑇(𝑢2) + 𝑢′𝑇(𝑢) + 𝑇(𝑢)𝑢′ = 0    for all 

𝑢 ∈ 𝑈. 

Then, by using Theorem (3.1), on U , 𝑇 is 

centralizer. Thus: 

𝑇(𝑢𝑣)  =  𝑇(𝑢) 𝑣   

𝑇(𝑢𝑣) + 𝑇(𝑢)𝑣′ = 0,  for all   u,v ∈ 𝑈. By 

multiply the both sides from left by (𝑢𝑣 + 𝑣𝑢′), 
we have: 

 (𝑢𝑣 + 𝑣𝑢′)(𝑇(𝑢𝑣) + 𝑇(𝑢)𝑣′) = 0. 

 Replace  u  by  2𝑣𝑟 + 2𝑟𝑣  for all, 𝑟 ∈ 𝑆, we 

have: 

((2𝑣𝑟 + 2𝑟𝑣)𝑣 + 𝑣′(2𝑣𝑟 + 2𝑟𝑣)𝑇((2𝑣𝑟 +
2𝑟𝑣)𝑣)+𝑇(2𝑣𝑟 + 2𝑟𝑣)𝑣′ 

=2𝑣𝑟𝑣 + 2𝑟𝑣2
+2v

2
r'+2vr'v )( 𝑇(2𝑣𝑟𝑣 +

2𝑟𝑣2
))+ 2𝑣𝑇(𝑟)𝑣′ + 2𝑇(𝑟)𝑣𝑣′ 

= 2𝑣𝑟𝑣 + 2𝑣′𝑟𝑣 + 2𝑟𝑣2+2𝑣2𝑟′) 𝑇 (2𝑣𝑟𝑣 +
2𝑟𝑣2) + 2𝑣𝑇(𝑟)𝑣′ + 2𝑇(𝑟)𝑣𝑣′) 

= 2(𝑣 + 𝑣′)𝑟𝑣 + 2𝑟𝑣2+2𝑣2𝑟′)(𝑇(2𝑟𝑣2) +
2𝑇(𝑟)′𝑣2) 

= 2𝑟𝑣(𝑣 + 𝑣′) + 2𝑟𝑣2 + 2𝑣2𝑟′)(2𝑇(𝑣2𝑟)
+ 2𝑣2𝑇(𝑟) = 0. 

That is, 

  2𝑟𝑣2 + 2𝑟′𝑣2 + 2𝑟𝑣2 + 2𝑣2𝑟′)(𝑣2)𝑟 = 0,  

2(𝑟 + 𝑟′ + 𝑟)𝑣2 + 2𝑣2𝑟′ = 0, (By the 

properties of inverse semirings). 

Thus:  

(𝑟𝑣2 + 𝑣2𝑟)(𝑣2)𝑟 = 0, (Since S is 2-torsion 

free), so: 

http://creativecommons.org/licenses/by-nc/4.0/
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 [𝑣2, 𝑟](𝑣2)r
 = 0. 

 Similarly, we can prove that (𝑣2)r[𝑣2, 𝑟] = 0. 

Corollary (3.13): 

     Let S be a 2-torsion free prime inverse 

semiring, U be a Jordan ideal of S then, for all 

r ∈ 𝑆, 𝑣 ∈ 𝑈, then: 

 (1)    [𝑢2, 𝑟](𝑢2)s +[𝑢2, 𝑠](𝑢2)r
  = 0 . 

 (2)    (𝑢2)s[𝑢2, 𝑟] + (𝑢2)r[𝑢2, 𝑠] = 0. 

 

 

Proof: 

     Replacing r by  r+s for all,  𝑠 ∈ 𝑆, 
 in the equation of Lemma 3.12, we have: 
 

[𝑢2, 𝑟 + 𝑠](𝑢2)r+s= 0, 
                       

 
      

       (20) 
 

and,  
 

(𝑢2)r[𝑢2, 𝑟 + 𝑠] = 0                          (21) 
 

Take (20), by our hypothesis of T mentioned at 

the end of the  Introduction, we have: 

 (𝑢2)r+s= 𝑇(𝑢2(𝑟 + 𝑠)) + 𝑢2𝑇(𝑟 + 𝑠)′ 

                 = 𝑇(𝑢2𝑟 + 𝑢2𝑠) + (𝑢2)′𝑇(𝑟)(𝑢2)′𝑇(𝑠) 

           = 𝑇(𝑢2𝑟) + 𝑢2𝑇(𝑟) + 𝑇(𝑢2𝑠) + 𝑢2𝑇(𝑠)  
           = (𝑢2)r+(𝑢2)s

. 

Then, the equation (20) becomes:  

[𝑢2, 𝑟](𝑢2)s+[𝑢2, 𝑠](𝑢2)r= 0. 

To prove (21): we replace r by 𝑟 + 𝑠 in the 

second part of Lemma (3.12), last term we get: 

(𝑢2)r+s= 𝑇(𝑢2(𝑟 + 𝑠) + (𝑢2)′𝑇(𝑟 + 𝑠) 

  = 𝑇(𝑢2𝑟) + 𝑇(𝑢2𝑠) + (𝑢2)′𝑇(𝑟) + (𝑢2)′𝑇(𝑠) 

  = 𝑇(𝑢2𝑟) + 𝑢2𝑇(𝑟)′ + 𝑇(𝑢2𝑠) + 𝑢2𝑇(𝑠)′ 

   = (𝑢2)r+(𝑢2)s
 

Then, (𝑢2)r+s[𝑢2, (𝑟 + 𝑠)] = 0, 

(𝑢2)r +(𝑢2)s [𝑢2, (𝑟 + 𝑠)] = 0, 

Since (𝑢2)r[𝑢2, 𝑟] = 0,  and (𝑢2)s[𝑢2, 𝑠] = 0 
. 

Thus, (𝑢2)r[𝑢2, 𝑠] + (𝑢2)s[𝑢2, 𝑟] = 0. 

 Lemma (3.14): 

     Let S be a 2-torsion free prime inverse 

semiring, U be a Jordan ideal of S, for all 

𝑢 ∈ 𝑈 , 𝑟 ∈ 𝑆 ,  (𝑢2)𝑟 = 0 . 

Proof: 

By (21) of Corollary( 3.13), we have: 
 

(𝑢2
)
s [𝑢2, 𝑟] + (𝑢2

)
r [𝑢2, 𝑠] = 0 ,               (22) 

 

for all 𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆. So: 

[𝑢2, 𝑧](𝑢2)r [𝑢2, 𝑠] + [𝑢2, 𝑧](𝑢2)s [𝑢2, 𝑟] = 0, 
By equation (22), we obtain  

[𝑢2, 𝑧](𝑢2
)
r [𝑢2, 𝑠] = [𝑢2, 𝑟](𝑢2

)
z [𝑢2, 𝑠]′ =

[𝑢2, 𝑟](𝑢2
)
s [𝑢2, 𝑧] 

Then,  
 

[𝑢2, 𝑟](𝑢2
)
s [𝑢2, 𝑧] +

[𝑢2, 𝑧](𝑢2
)
s[𝑢2, 𝑟] = 0 

(23) 

 

Replace 𝑧 by 𝑧𝑡 in equation (23) and by using 

of Jacobi identities, we obtain: 

[𝑢2, 𝑟](𝑢2
)
s [𝑢2, 𝑧𝑡] + [𝑢2, 𝑧𝑡](𝑢2

)
s [𝑢2, 𝑟] = 0 

[𝑢2, 𝑟](𝑢2
)
s 𝑧[𝑢2, 𝑡]+[𝑢2, 𝑟](𝑢2

)
s[𝑢2, 𝑧]𝑡+𝑧[𝑢2

, 𝑡](𝑢2
)
s[𝑢2, 𝑟] +  [𝑢2, 𝑧]𝑡(𝑢2

)
s[𝑢2, 𝑟] = 0. 

That is, 
 

[𝑢2, 𝑟](𝑢2)𝑠 𝑧[𝑢2, 𝑡]
+ 𝑧′[𝑢2, 𝑟](𝑢2)𝑠[𝑢2, 𝑡]
+ [𝑢2, 𝑧]((𝑢2)𝑠[𝑢2, 𝑟]𝑡′

+ [𝑢2, 𝑧]𝑡(𝑢2)𝑠[𝑢2, 𝑟])
= 0,  

[𝑢2, 𝑟](𝑢2)𝑠𝑧[𝑢2, 𝑡]
+ 𝑧′[𝑢2, 𝑟](𝑢2)𝑠[𝑢2, 𝑡]
+ [𝑢2, 𝑧](𝑢2)𝑠[𝑢2, 𝑟]𝑡′

+ [𝑢2, 𝑧]𝑡(𝑢2)𝑠[𝑢2, 𝑟]
= 0, 

([𝑢2, 𝑟](𝑢2)𝑠𝑧
+ 𝑧′[𝑢2, 𝑟](𝑢2)𝑠)[𝑢2, 𝑡]
+ [𝑢2, 𝑧]((𝑢2)𝑠[𝑢2, 𝑟]𝑡′

+ 𝑡(𝑢2)𝑠[𝑢2, 𝑟]) = 0, 
[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧][𝑢2, 𝑡]
+ [𝑢2, 𝑧][(𝑢2)𝑟[𝑢2, 𝑠], 𝑡] = 0    

(24) 

 

Since [u
2
,z]∈ 𝑆, replace z by  z[u

2
,z]  in 

equation (24), we get: 

[[𝑢2, 𝑟](𝑢2)s , 𝑧[𝑢2, 𝑧]][𝑢2, 𝑡] +[𝑢2, 𝑧[𝑢2, 𝑧]] 
[(𝑢2)r[𝑢2, 𝑠], 𝑡 

]= 0.  

By equation (24), we have: 

[𝑢2, 𝑧]′ [[𝑢2, 𝑟](𝑢2)s, 𝑧][𝑢2, 𝑡] +
[[𝑢2, 𝑟](𝑢2)s, 𝑧][𝑢2, 𝑧][𝑢2, 𝑡] = 0. 
This means: 
 

[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧]][𝑢2, 𝑡] = 0, 

for all 𝑠, 𝑡, 𝑟, 𝑧 ∈ 𝑆, 𝑢 ∈ 𝑈.                                
(25) 

 

Put 𝑡 = 𝑐𝑡 in equation (24) and using Jacobi 

identities, we obtain: 

[[𝑢2𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧]][𝑢2, 𝑐𝑡] = 0 

This means: 

[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧]]𝑐[𝑢2, 𝑡]

+ [[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧]] [𝑢2𝑐]𝑡 = 0 
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⟹ [[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧]] 𝑐[𝑢2, 𝑡] = 0 
                            

⟹ [[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧] 𝑠[𝑢2, 𝑡]] = 0 

Since S is prime, so, either: 

[𝑢2, 𝑡] = 0, for all  𝑡 ∈ 𝑆, 
or, 

[[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧]] = 0. 

So, if [𝑢2, 𝑡] = 0, then  𝑢2 ∈ 𝑍(𝑆). 
So, by Lemma (3.11), we have: 

(𝑢2)𝑟 = 0, for all 𝑢 ∈ 𝑈 and 𝑟 ∈ 𝑆. 
If,  

[[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧], [𝑢2, 𝑧]] = 0,  for all 𝑟, 𝑠, 𝑧 ∈

𝑆, 𝑢 ∈ 𝑈. 

(i.e.), 

[[𝑢2, 𝑟] (𝑢2)𝑠, 𝑧][𝑢2, 𝑧]

+ [𝑢2, 𝑧]′[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧] = 0 . 
(i.e.),  
 

[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧][𝑢2, 𝑧] =  

                   [𝑢2, 𝑧][[𝑢2, 𝑧](𝑢2)𝑠, 𝑧] 
(26) 

 

Replace t by z in equation (24), we obtain:  

[[𝑢2, 𝑟](𝑢2)𝑠, 𝑧][𝑢2, 𝑧]

+ [𝑢2, 𝑧][(𝑢2)𝑟[𝑢2, 𝑠], 𝑧] = 0. 
By (26), we obtain:  

[𝑢2, 𝑧][(𝑢2)𝑟[𝑢2, 𝑠], 𝑧]

+ [𝑢2, 𝑧][[𝑢2, 𝑟](𝑢2)𝑠, 𝑧] = 0. 

⟹ [𝑢2, 𝑧][(𝑢2)𝑟[𝑢2, 𝑠]] + [[𝑢2, 𝑟](𝑢2)𝑠, 𝑧]

= 0, 

and by (22), we get: 

  [𝑢2, 𝑧][(𝑢2)𝑟[𝑢2, 𝑠] + [𝑢2, 𝑠]′  (𝑢2)𝑟 , 𝑧] = 0. 

[𝑢2, 𝑧] [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑧] = 0, for all 𝑟, 𝑠, 𝑧 ∈

𝑆, and for 𝑢 ∈ 𝑈. By linearizing on z, we 

obtain: 
 

[𝑢2, 𝑧 + 𝑡] [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑧

+ 𝑡] [𝑢2, 𝑧] 

[[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑡]

+ [𝑢2, 𝑡] [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑧] 

= 0, for all 𝑟, 𝑠, 𝑡, 𝑧 ∈ 𝑆, 𝑢 ∈
𝑈                 

(27) 

 

Put  𝑡 = 𝑢𝑡2 in equation (27), we obtain: 

[𝑢2, 𝑧] [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑢2𝑡] + 

                        [[𝑢2, 𝑢2𝑡][(𝑢2)𝑟 , [𝑢2, 𝑠], 𝑧] = 0 

⟹ [𝑢2, 𝑧](𝑢2 [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑡] +

                     [[(𝑢2)𝑟 , [𝑢2, 𝑠], 𝑢2]𝑡) +

([𝑢2, 𝑢2]𝑡 + 𝑢2[𝑢2, 𝑡]) [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑧] = 0.  

Now since [𝑢2, 𝑢2] = 0 then the third term is 

zero, and in view of equation (27) the second 

term is (0), so, the last equation will be:  

𝑢2[𝑢2, 𝑡] [[(𝑢2)𝑟, [𝑢2, 𝑠]], 𝑧] + 

[𝑢2, 𝑧]𝑢2 [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑡] = 0 

In view of (27), we have: 

𝑢2[𝑢2, 𝑧]′ [[(𝑢2)𝑟, [𝑢2, 𝑠]], 𝑡] +

[𝑢2, 𝑧]𝑢2 [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑡] = 0 

This means: 

 [[𝑢2, 𝑧], 𝑢2][[(𝑢2)𝑟 , [𝑢2, 𝑠], 𝑡]] = 0, for all  

𝑟, 𝑠, 𝑡, 𝑧 ∈ 𝑆, 𝑢 ∈ 𝑈. 
Then: 

 [[𝑢2, 𝑧], 𝑢2]𝑆 [[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑡] = 0. 

Since S is prime inverse semiring, then either: 

[[𝑢2, 𝑧], 𝑢2] = 0    for all 𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆, 

or,  

[[(𝑢2)𝑟 , [𝑢2, 𝑠]], 𝑡] = 0, for all𝑟, 𝑠, 𝑡 ∈ 𝑆, 𝑢 ∈ 𝑈 

If [[𝑢2, 𝑧], 𝑢2] = 0, or [𝑢2, [𝑢2, 𝑧]] = 0, then 

by Theorem (3.1) in [7], we obtain: 

𝑢2 ∈ 𝑍(𝑆), 
thus,   

(𝑢2)𝑟 = 0 for all , 𝑢 ∈ 𝑈, 𝑟 ∈ 𝑆. 

If, [[(𝑢2)𝑟, [𝑢2, 𝑠]], 𝑡] = 0, for all 𝑟, 𝑠, 𝑡 ∈

𝑆, 𝑢 ∈ 𝑈. Then: 

[(𝑢2)𝑟, [𝑢2, 𝑠]] ∈ 𝑍(𝑆), 
this means: 

 (𝑢2)𝑟[𝑢2, 𝑠] + [𝑢2, 𝑠]′(𝑢2)𝑟  ∈ 𝑍(𝑆). 
Put                

𝜌 = (𝑢2)𝑟[𝑢2, 𝑠] and  𝜆 = [𝑢2, 𝑠](𝑢2)𝑟. 

Now, trivially we get: 

 𝜌 = 0, and 𝜆 = 0. 

So,  

  (𝜌 + 𝜆′)3 = 𝜆𝜌′𝜆 + 𝜌𝜆′𝜌. 
Now, since  [(𝑢2)𝑟, [𝑢2, 𝑠]] ∈ 𝑍(𝑆), then, 

 [𝑢2, 𝑠][(𝑢2)𝑟 , [𝑢2, 𝑠]] = [(𝑢2)𝑟 , [𝑢2, 𝑠]][𝑢2, 𝑠]. 

http://creativecommons.org/licenses/by-nc/4.0/
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By expanding, and using Corollary (3.13), 

Lemma (3.12), itself, we obtain: 
 

[𝑢2, 𝑠]′ [𝑢2, 𝑠](𝑢2)𝑟

= (𝑢2)𝑟[𝑢2, 𝑠][𝑢2, 𝑠] 
(28) 

 

and so, since  [(𝑢2)𝑟 , [𝑢2, 𝑠]] ∈ 𝑍(𝑆), we 

obtain:  

(𝑢2)𝑟[(𝑢2)𝑟, [𝑢2, 𝑠]] = [(𝑢2)𝑟, [𝑢2, 𝑠]](𝑢2)𝑟 . 
Again by expanding and using Lemma (3.12), 

Corollary (3.13), we get: 
 

(𝑢2)𝑟(𝑢2)𝑟[𝑢2, 𝑠] = [𝑢2, 𝑠]′(𝑢2)
𝑟

(𝑢2)
𝑟

 (29) 

 

Now,  

𝜌𝜆 = ((𝑢2)𝑟[𝑢2, 𝑠])([𝑢2, 𝑠](𝑢2)𝑟). 
By (27), we have 

  𝜌𝜆 = [𝑢2, 𝑠]′[𝑢2, 𝑠](𝑢2)𝑟(𝑢2)𝑟,  
and from (28), we have: 

𝜌𝜆 = [𝑢2, 𝑠]′(𝑢2)
𝑟

(𝑢2)
𝑟

[𝑢2, 𝑠]′ 

= [𝑢2, 𝑠](𝑢2)𝑟(𝑢2)𝑟[𝑢2, 𝑠] 
                = 𝜆𝜌.  
So, 

 (𝜌 + 𝜆′)3 = 𝜆𝜌′𝜆 + 𝜌𝜆′𝜌 = 𝜆′𝜌𝜌 + 𝜌′𝜆𝜆 = 0. 

Now, since S is prime and𝜌 + 𝜆′ ∈ 𝑍(𝑆), then 

by Lemma (3.7) in [7], the center of S has no 

non-zero nilpotent element. Then,  

𝜌 + 𝜆′ = 0. 
This means, 
 

[(𝑢2)𝑟, [𝑢2, 𝑠]] = 0, for all 𝑟, 𝑠 ∈

𝑆, 𝑢 ∈ 𝑈.                                              
(30) 

 

Put 𝑠 = 𝑠𝑡 in equation (30), we get: 

[(𝑢2)𝑟 , 𝑠[𝑢2, 𝑡] + [𝑢2, 𝑠]𝑡] = 0, by Jacobie 

identities we have: 

 𝑠[(𝑢2)𝑟, [𝑢2, 𝑡]] +  [(𝑢2)𝑟, 𝑠][𝑢2, 𝑡] +

 [(𝑢2)𝑟, [𝑢2, 𝑠]]𝑡 + [𝑢2, 𝑠] [(𝑢2)𝑟 , 𝑡] = 0 

In view of equation (30), the first and third 

terms of above are (0) so, we obtain:  

 [(𝑢2)𝑟 , 𝑠][𝑢2, 𝑡] + [𝑢2, 𝑠][(𝑢2)𝑟 , 𝑡] = 0, for all 

𝑟, 𝑠, 𝑡 ∈ 𝑆, 𝑢 ∈ 𝑈. 
Replace 𝑠 = [𝑢2, 𝑠] in last equation, we have: 

[(𝑢2)𝑟, [𝑢2, 𝑠]][𝑢2, 𝑡] + [𝑢2, [𝑢2, 𝑠]][(𝑢2)𝑟 , 𝑡] 

= 0. 
Again by (30), we obtain:  

[𝑢2, [𝑢2, 𝑠]][(𝑢2)𝑟, 𝑡] = 0, for all 𝑟, 𝑠, 𝑡 ∈

𝑆, 𝑢 ∈ 𝑈. 

So,  

 [𝑢2, [𝑢2, 𝑠]]𝑆 [(𝑢2)𝑟, 𝑡] = 0.  

Since S is prime inverse semiring, then either:     

[𝑢2, [𝑢2, 𝑠]] = 0, 

or, 

[(𝑢2)𝑟, 𝑡] = 0. 
 If, 

     [𝑢2, [𝑢2, 𝑠]] = 0    for all 𝑠 ∈ 𝑆, 𝑢 ∈ 𝑈,  
then by Theorem (3.1) in [7]:         

𝑢2 ∈ 𝑍(𝑆),   (𝑢2)𝑟 = 0,   for all  𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈. 
If, [(𝑢2)𝑟, 𝑡] = 0,    for all  𝑡 ∈ 𝑆. This means,    

(𝑢2)𝑟 ∈ 𝑍(𝑆).  
Since by Lemma (3.12),  (𝑢2)𝑟[𝑢2, 𝑟] = 0, 
for all   𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈. Thus, if for some r and u, 

(𝑢2)𝑟 ≠ 0,  since 𝑆 is prime inverse semiring, 
so: 

     [𝑢2, 𝑟] = 0, then 𝑢2 ∈ 𝑍(𝑆).  
⟹ (𝑢2)𝑟 = 0.  

Thus, for all 𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈, (𝑢2)𝑟 = 0. 
Finally we can prove the following main 

theorem. 

Theorem (3.15): 

     Let S be a 2-torsion free prime inverse 

semiring, U be a Jordan ideal of S and T :S →S 

be an additive mapping such that: 
  

𝑇(𝑢𝑟 + 𝑟𝑢) + 𝑢′𝑇(𝑟) + 𝑇(𝑟)𝑢′ = 0,   (31) 
 

for all 𝑢 ∈ 𝑈 𝑎𝑛𝑑 𝑟 ∈ 𝑆. Then:         

𝑇(𝑢𝑟) + 𝑢′𝑇(𝑟) = 0, for all 𝑢 ∈ 𝑈 and 𝑟 ∈ 𝑆. 
Proof: 

Put  𝑟 = 𝑢𝑟 in equation (30), then: 
 

𝑇(𝑢𝑢𝑟 + 𝑢𝑟𝑢) + 𝑢′𝑇(𝑢𝑟) + 𝑇(𝑢𝑟)𝑢′

= 0, 
⟹ 𝑇(𝑢2𝑟 + 𝑢𝑟𝑢) + 𝑢′𝑇(𝑢𝑟)

+ 𝑇(𝑢𝑟)𝑢′ = 0 

(32) 

 

So,  
 

𝑇(𝑢2𝑟 + 𝑢𝑟𝑢) 

= 𝑇(𝑢2𝑟) + 𝑇(𝑢𝑟𝑢) 

= 𝑇(𝑢2𝑟) + 𝑢𝑇(𝑟)𝑢          

(33) 

 

But, by Lemma (3.14), we have: 

 (𝑢2)𝑟 = 0, for all  𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈. 
Then, (𝑢2)𝑟 = 0 = 𝑇(𝑢2𝑟) + 𝑢2𝑇(𝑟)′. 
By Lemma (2.1), we have: 

𝑇(𝑢2𝑟) = 𝑢2𝑇(𝑟).  
So, equation (33) becomes: 
 



Al-Mustansiriyah Journal of Science  
ISSN: 1814-635X (print), ISSN:2521-3520 (online) Volume 30, Issue 4, 2019 DOI: http://doi.org/10.23851/mjs.v30i4.710 

 

87 

 

 

Copyright © 2019 Authors and Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons 

Attribution-NonCommercial 4.0 International License. 

 

𝑇(𝑢2𝑟 + 𝑢𝑟𝑢) = 𝑢2𝑇(𝑟)′ + 𝑢𝑇(𝑟)𝑢′ (34) 
 

In view of (32) and (34), we get: 

𝑢2𝑇(𝑟) + 𝑢𝑇(𝑟)𝑢′ + 𝑢′𝑇(𝑢𝑟) + 𝑇(𝑢𝑟)𝑢′ = 0, 
⟹ 

𝑢(𝑢𝑇(𝑟) + 𝑇(𝑢𝑟)′ + (𝑢𝑇(𝑟) + 𝑇(𝑢𝑟))𝑢′ = 0, 

⟹ 𝑢(𝑢)𝑟′ + (𝑢)𝑟𝑢′ = 0, for all 𝑟 ∈ 𝑆, 𝑢 ∈ 𝑈. 

Linearizing the above equation on u, we get: 

 (𝑢 + 𝑣)′(𝑢 + 𝑣)𝑟 + (𝑢 + 𝑣)𝑟 (𝑢 + 𝑣)′ = 0, 
⟹ 𝑢′𝑢𝑟 + 𝑢′𝑣𝑟 + 𝑣′𝑢𝑟 + 𝑣′𝑣𝑟 + 𝑢𝑟𝑢′ + 𝑢𝑟𝑣′

+ 𝑣𝑟𝑢′ + 𝑣𝑟𝑣′ = 0, 
⟹ 𝑢′𝑣𝑟 + 𝑣′𝑢𝑟 + 𝑢𝑟𝑣′ + 𝑣𝑟𝑢′ = 0. 
Replace v by 2𝑣2 and using Lemma (3.14), we  

get: 

𝑢′(2𝑣2)𝑟 + (2𝑣2)′𝑢𝑟 + 𝑢𝑟(2𝑣2)′ + (2𝑣2)𝑟𝑢′ 

= 0 

⟹ 2(𝑣2)′𝑢𝑟 + 𝑢𝑟(2𝑣2)′ = 0, for all 𝑣, 𝑢 ∈
𝑈, 𝑟 ∈ 𝑆. 

Also by Lemma 3.11, we get:  

(𝑢)𝑟 = 0,  for all 𝑢 ∈ 𝑈   and 𝑟 ∈ 𝑆. 

This means: 

𝑇(𝑢𝑟) = 𝑢𝑇(𝑟),    for all  u ∈ 𝑈   and 𝑟 ∈ 𝑆 . 
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