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Abstract

The purpose of this paper is to study the hyperfactored of the complex reflection arrangement
(G5). Depending on the lattice of arrangement (G,s), the basis of A(Gas) has been found and
then partitioned. Also, showed that (G,s) is not hyperfactored and is not inductively factored.
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Introduction

In Al-Aleyawee [1] found the lattice of A(Gys).
In this paper the basis of (Gzs) has been found
by using program. Proved that the arrangement
(Ggzs) is not factored depending on lattice, and
proved that (Gzs) is not inductively factored
depending on triple arrangement. The exponent
vector and partition of (Gy) have been
computed.

Throughout this paper, V is a finite
dimensional complex vector space over field
K. A hyperplane H in V is an affine subspace
of dimensionn — 1.

A hyperplane arrangement A = (A, V) is a
finite set of hyperplanes in V. The product
Q(A) = [1ye a2 (Where ay is a linear form
and H = Ker( ay) is called a defining
polynomial of A. We agree that Q(@,,) =1 is
the defining polynomial of @,,, where @, is
empty 1-arrangement. A reflection on V is a
linear transformation on V of finite order with
exactly £-1 eigenvalues equal to 1. A reflection
group G on V is a finite group generated by
reflection on V. The lattice of A denoted by
L4={n H |He A} with the order being reverse
inclusion; that is, X< Y & Y C X, for each, €
L. A subarrangement of A is Ay = {HE A|

X CH}. The restriction arrangement A% = {XN
H: HE A-Axy and X N H¥ @ } is the
arrangement within the vector space X. A triple
of arrangements (A,A’, A"); that is, H € A,
A'=A —{ Hy} and A"= Afo(where H,
distinguished hyperplane). The rank function is
a function rk: L, — Z, defined by rk(X) =
cod(X), Vv X€ L. The symmetric algebra S =
S (V*) (where V* the duel vector space of V),
which is isomorphic to the polynomial algebra
Klxi, x5, ...,x,]. For more details on
hyperplane arrangement see[2].

1: Factored and inductively factored of (Gzs)
Definition (1.1):[2][4]

Let = (w4, ..., 5) be partition of A. Then Tt is
called independent, for any choice H; € m;,
1<i <s,rk(H{N..NHy) =s.

Definition (1.2): [2]

Let © = (m4, ..., g) be a partition of A and let
X€ L. The induced partition my of Ay is
given by the non- empty block of the form
TT; N ‘-'AX'
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Definition (1.3): [2][4]

The partition 7 of A is a nice arrangement if
is independent and for each X € L4 \ {V}, mx
admits a block which is a singleton.

Definition (1.4): [2]
Let {e;, e, ...,e,} < V be the dual basis of
{x1,%3, ..., xp}. Then define D; =D,, 1<i <

. . 0 af
n, to be the derivation . D;(f) = ol

S. Notice that {D,, D, ...,D,} is a basis for
Derg(S) over S.

Thus, any derivation 8 of S over K is 6 =
fiD; + -+ f,D,, where fi,...,fn € S.
Therefore, Der(S) is free S-module of rk n.

Definition (1.5): [2]

0+ @ € Derg(S) is homogeneous of
polynomial degree p if 6 = X7, f;D; and
fi €S, for 1<j<mn, and defined by
pdegf=p and tdegf= pdegf — 1.

Definition (1.6): [2]

Let A be an arrangement with defining
polynomial Q(A) =[]yen . Sub module Dg
(A) of Derg(S) is Dg(A) = {6 € Derg(S)|6(Q)
€ QS}. Dg(A) is called the module of A-
derivations.

Definition (1.7): [2]

The class IFAC of inductively factored is the
smallest class of pairs (A,m) of A together
with a partition mr subject to

1. (@, (@) €eIFACY n =0, (where @,is
empty n-arrangement).

2. If there exists a partition = of A and H, the
restriction map o =0,

Hy,: A\my = A"is injective and for the
induced partition ' of A’ and " of A" both
(A',m")and (A", ") € IFAC, then (A,m).

Definition (1.8): [3]

A real arrangement A of hyperplane is said to
be factored if there exists a partition w =
(mq, ..., my) OF A into n disjoint subsets such
that Orlik-Solomon algebra of A factors
according to this partition.
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Theorem (1.1): [3]
If A is a nice partition, then an arrangement A
is factored arrangement.

2:The Complex Reflection Arrangement of

AG2s)
The complex Reflection Group Gys[1]

Let V is a finite dimensional complex vector
space the defining polynomial of A (Gz) is Q
(A (G2s)) =xyz [losijs2(xi ¥ x)(Bx; + x5 +
xk).

The hyperplane arrangement of Ggs [1]
The hyperplane of (Gzs) where H;= Keray,
1<i<12are:

Table 1: The hyperplanes of (G,s).

Hi:x=0 H;: x+ w y + z=0
H,y=0 Hg: x + wy+ wz=0
Hy:z=0 Hq: X+ wy+w?z=0

Hyx +y+2z=0
Hs: X+ y+ wz=0

Hyo: X+w?y+z=0
Hyp: Xx+w?y+ wz=0
Hi,: X+w?y+w?z=0

Hg: X + y+w?z=0

Using Program (1) below, that found:
) ] d
Di(f) =3, Do(f) = 25 Ds(N) = 2
of A(Gy) and found degree of A(Gyzs) is
{4,7,10}. Thus, the exponent vector of (Gzs) is

{5,8,11} and the partition of this arrangement
is w = {m,, m,, ™3} Where

m; = {Hy, Hy, H3, Hy, Hs},
1, = {Hg, Hy, Hg, Ho, Hyg, H11H12, Hy3},
Ttz = {Hq4, Hys, Hi6, Hi7, Hig, Hyo,

HZOI H211 H22’ H23’ H24}

The Ay, for each X; € rk 2 has been found.

Theorem (2.1):

I. The induced partition my of A (G,5) has no
singleton.

ii. A (G,5)) is not factored arrangement.

Proof:

i. By the intersection of the partitions m;,i =
1,2,3, with arrangement of rk 2 in Table (2)
the result is deduced.

ii. This part is direct result from Part i.
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Table 2: A, for each x; € rk 2.

Ay, ={H;,H,, Hg, H7}

Ax., ={H,,H;}
Ay, ={H,,Hs, Hy, H1o}

Ay, ={H,,Ho}
Ay, ={H;,Hg, H7, Hy1 }

Ax,, ={H,,H;.}
Ax, ={H,,H,, H7, H1}

Ax,. ={Hs,H;}
Ay, ={H,,Hs, Hg, H1}

Ax,, ={Hs,H;,}
Ay, ={H,,H¢, Hy, H7}

Ayx,, ={He,Hg}
Ay, ={H;,H,, Hs, Hg}

Axs ={He,H;0}
Ax, ={H;,H;, Hg, Ho}

Ax,q ={H;,H;,}
Ax, ={Hj3,Hy¢, Hy1, H12}

Ax,, ={Hg,H10}
Ax.o ={H;,H,} N

Ay,, ={Ho,H1}
Ay, ={H,,H;}

3. Inductively Factored of (Gs)

Let ® ={m,,m,,m3}. Let H; distinguished
hyperplane then

(A’ (G25)) =
{Hz, H3, Hy, Hs, Hg, H7, Hg, Ho, Hyo, H11, H12},
n"(A"(Gzs)) = {¥1, Y2 Y3, Yar Y5 }-

To show that §: A'\7'; »A" is injective. Let
H, distinguished hyperplane then by Definition
(2.7) & is not injective since 3 a,B € A'\
n'y such that §(a) = §(B) and a # S. Thus, A
(Gys5) is not inductively factored.

Theorem (3.1)
Every factored arrangement is a nice partition.

Proof:

Suppose that A is factored arrangement. Then
1 = (my,..,m,) Of A such that n=P m; ,
i=1,..,n. Thus,  is independent. Without
loss of generality let ;= {H;}, i=1,...,n.
Then .= m; NAy, is singleton V A,, € Ly,
where x; of rank two. Therefore, By Definition
(1.3) A is nice arrangement.

Program (1)
syms x1 x2 x3 B
hl=x1

h2=x2

h3=x3

h4=x1+x2
h5=x1+x3
h6=x2+x3
h7=x1-x2
h8=x1-x3
h9=x2-x3
h10=B*x1+x2+x3
h11=B*x1-x2+x3
h12=B*x1+x2-x3
h13=B*x1+-x2-x3
h14=B*x2+x1+x3
h15=B*x2-x1-x3
h16=B*x2-x1+x3
h17=B*x2+x1-x3
h18=B*x3+x1+x2
h19=B*x3-x1-x3
h20=B*x3-x1+x2
h21=B*x3+x1-x2
H=h1*h2*h3*nh4*h5*h6*h7*h8*h9*nh10*h11*h12*h13
*h14*h15*h16*h17*h18*h19*h20*h21
L1=diff(H,x1)
L2=diff(H,x2)
L3=diff(H,x3)
L1=simplify(L1)
L2=simplify(L2)
L3=simplify(L2)
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