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In this article, we define and investigate the class of Bazilevi’c type harmonic univalent
functions F}'; (n, o, v), which related with a new linear operator. We have also obtained the

harmonic structures in terms of its coefficient bounds, extreme points, distortion bound,
convolution and we proved the function belongs to this class be closed under linear
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Introduction
Let A refer to the class of functions has
been the expressed as:

f(2)=z+ Z a,z" @
n=2

which are analytic in the open unit disk
U={z € C: |z] < 1} and normalized
under two conditions with f(0) = 0 and
f'(0) =1.

In addition to that, let P refer to the class of
functions h(z), with positive real part in ‘U
as follows:

h(z) =1+ Z cnz™.
n=1

A function f(z) in the form (1) is called
starlike functions, if it satisfies

Re {Zf '(2)

@ }>0, (zeWw

and denoted by S*(see [7]). From (1), we write
that:

F ) = <z + Z anzn> )
n=2

By applying binomial expansion on (2), we
obtain:

f (@)% =z + aa,z**!

a(a—1
+ [aa3 +%a§] z%%2

ala—1)
+ aa4+TZa2a3
ala—1D)(a—2

Then we define the class of analytic functions
of fractional power A, as follows:

F@ =274 ) ap(@yztn? 3

Thus, we shall define the differential operator
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Lyig: Ag — Ag as follows:

Ligf @)% = A =B+ D(LYsf @)%)
+ (B - D2(L24f DY),
=[1+(1-a)A-p]z*

+ Z 1+ B -D@a+n-2la,(a)z**t""1,

Ligf (@ = A =B+ D(Lisf ()7)

+ (8 — Dz(Lisf (2)%),
=[1+ 1 -a)A - B)]?z"

+ Z 1+ B —-D@+n-2)]%a,(a)z*" 1,

For general

Lisf (@)% = LULLG' f @29
=[1+0-a)@-pmz"

+Z[1+(/3—A)(a+n

n=2

C)
_ 2)]man(a)za+n—1_

Has been remarked that the linear operator
which is defined in (4) is generalized many
operators by giving specific values to the
parameters which studied by several earlier
authors as follows:

(i) f A=0 and g =1, then operator (4)
reduces A. T. Oladipo and D. Breaz
operator [9].

(i) f A=0,=1 and a = 1, then operator
(4) reduces to the Salagean derivative
operator [11].

@ii)If A=0 and a =1, then operator (4)
generates the operator which presented by
Al-Oboudi[1].

A continuous function f(z) = u + iv which

defined in a simply connected domain U is a

complex- valued harmonic function in U if

both u and v are real harmonic. We write:
f=h+g (5)

where h and g are two analytic functions in U,

where h and g are the analytic and co-analytic

part of the function f respectively. A sufficient
and necessary condition for a function:

f(2) = h(2) + 9@,

126

to be sense preserving and locally univalent in
unit disk U is:

| ()| >

Let Ay denoted the family of all functions f in
the form (5) which

are univalent, sense preserving function and
harmonicinU = {z: |z| < 1}.

In the present work, we will express the
functions h*and g¢ as follows:

R =25+ ) an(@a®nT,
n=2

i 6
g (@)% = z b, (a)z®™ 1, (z €U0 ©
T s@i<
Hence
f@*"=h(@)+g ). (7)

Note that if g is identically zero; that is g = 0,
and «a = 1,then Ay will generates a known
class A.

We define our linear operator as given in (4)
such that

Lisf @)% = Ligh ()" + (=D"L]g ()%,  (8)

Where
Ligh (@)% =[1+0-a)@A—-p]"z"

+ z [1+ (B — D)(a +n—2)]"a,(@)z%+"1,

n=2

g )= Y [+ B = Da+n-2)"
n=1

X b, (a)za+n—1

Now, we shall define generalization class of
Bazilevi'c type harmonic univalent functions
involving new general linear operator.

Definition 1.1 Let f(z) in Ay , belongs to the
class Tﬁ;(n, o,y) if it satisfies the following
condition:

Re {ae“7

[’Zlﬁf (Z)“ (9)

_(O'em—1)[1+(1_a)(1_ﬁ)]mza}2)/,
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where 0<y<1neR =20 =0 1=
0, a>0,nmeN,zeU and Lﬁ;f (2)* is
earlier defined in (8).

Furthermore, let VF3';(n, a,v) be subclass of
Fis(n, 0,v) consist of harmonic functions

f =h*+ g% (10)
where h% and g_% which has the following

representation:

h(2)® = 2%+ Z la, (a)|ze 1,
n=2

9@ = =(=D" Y (@21,

n=1
(z€eU,0<|b(a)] <)

Starting point in the study of functions
characterized in (9) was discovered in 1955 by
Bazilevi'c [2], when the Bazilevi'c function
defined in U by the form:

@
§
=177z | (h(®)
{1 o of . (12)
ey £ ]f
—imt T g(e)n dt

where the function h(t) belongs to P and
gz)eS* , &neRwithé > 0.

The class of harmonic functions have been
studied by many authors for variant properties.
By the earlier papers for contributors such as
[[31.[4], [5], [6].[8], [9]] and [10] regarding of
the theory of analytic functions which have a
wide application in many physical problem: as
electrostatic potential in heat conduction, fluid
flows, and theory of fractals constitute practical
examples.

The aim of this paper requests to generate class
of Bazilevi'c type harmonic univalent function
related to new derivative operator. Also, we
obtain  coefficient bounds for functions

f%which is define in (6) belongs in the class
T/{fﬁ (77' o, V)

As well as, the distortion bounds, inclusion
results and extreme points for functions in this
class are also obtained.

1. Main Results

In this result, we present a sufficient condition
for coefficient of functions in the class
Frp®, 0,7).

Theorem 2.1. Let f* = h® + g* be given by
(7). If:

oc—1 <1 +B-ND(a+n-— 2)) la, ()]

n=21_y 1+A-a)(1-p)

o 1(1+B-D@+n-2)" (12)
n_ll_]/( 1+(1l-a)(1—p) ) |by ()]
<1

where 0<y<1neR o=0 =20 1=
0, a>0,nmeN,zeU, then f% be
harmonic univalent and sense-preserving in U
and f* € Fy5(m,0,7).

Proof. First suppose that the inequality (12)
holds.

If z, #z,

f4(z1) = f*(2)
h®(z,) — h%(z2)

9%(21) — 9%(2z2)

=1 e @) — o)

D ba(@@ T =z
n=

(o]
+n—-1 _
(=) 4 ) an@ (@ -z
n=

Y (@+n—1)b,(a)
a+ Z:zz (a+n—Day(a)

>1

> -1
Z:;l(l + (B —D(a+n—1)by(a)

1+A-a)@-)+ X A+ (B —Dla+n—1)ay(a)

@ @ Copyright © 2018 Authors and Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons
@ Attribution-NonCommercial 4.0 International License.


http://creativecommons.org/licenses/by-nc/4.0/

Juma et al. Harmonic Functions of the Class of Barzilai’c Type Related to New Derivative Operator 2019

>1 The remaining condition needs to investigate

s 011+ B -Dlatn—2V", the function £%(z) which belongs to
- i y( 1+ -4 -p) ) _ the class F}%(n,0,¥). By (9) and (10), we
1435, T (M DEH D o @) have
YT a- - p)
>0

Re {aei” — (ge™ —1) Lisf (2)° }

1+0-a@-pmz*

Hence proved the univalent, and also note that
Lgh (@)% + (=)™ L g (z)“}

f % be sense- preserving in U since:

Re [Gei" —(ge™ = 1) [T+ -a)@A-PB)]"z=

IR (2)%] = alz|“~* =y
- Z (a+n—Dlay(a)] |z|**"72 By applying the fact that Re{w} >y, if and
n=2 only if [1—y+w|=>|14+y—w| for y(0 <

% y < 1), it suffices to show that
>a- ) (@+n=Dlay@|
n=2

‘(1 —¥) + e — (gen
>(1+Q-a)(A-pB)) -

-1
Z T, A+ B =D+ n—1)la, (@)
n=2

Lisf (2)°
[1+0-a)@-p)]mz*

-1

|(1 +y) —age' + (oe™

o—1 -1) L &) > 0.
> 1—_]/(1+(ﬁ—/1)(a+n—1))lbn(a)l 1+ -a)@A-BImze|~
i That is
> (@+n—1)lby(@) (1= 7 + 0oL+ (L — )i — B 2
n=2 — (oe™ — 1)1:}1&;]( (Z)a|
o - +y—0ceM[1+ 1A -a)A—-p)]™z“
> Z (@ +n— Db, (@)] |z]&*"~2 + (0o — DLPLF (%] 2 0,
n=2

2 |g'(2)*]
C-pii+d-o@-pImz" - Z(Ue”’ —D[1+@B-D+n-2]"a,(@)z* "1

—(-D™ Y (oe = D1+ (B = V(e + 1 - Dby (@7

1+ (A —a)(A =)™z + Z(ae”’ - D[1+B-D(a+n-2)]"a,(a)z* "1
_ n=2 > 0.

HEDM Y (e = D1+ (B = V(e +n = D]y (@ze T

co—1(1+B-D(@+n-2)
n=21_y( 1+1-a)(A—-pB)
1m°°a—1 1+ B-ND(a+n-2)

- n=21—y< 1+(1-a)@A-p)

220 -+ A-a)@-pI" [IZI“ - ) |lan (@)]]z]**"~1

) |bn (@)]|z] %" l

128
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Matn 2)) lan(@)| 13)

22(1-pii+0-a)@-pI"|1
So—1(1+ (-
- n=21—y< 1+A-a)@-p)
lmwa—l
+ED L1-y\ 1+0-02-p)

The expression (13) is non-negative by (12),
and furthermore f(2)* € (1, 0,7).
The harmonic functions of the form:

f%(2)
=Za
Cl-y( 1+0-)Q-p \" ...
+;a—1<1+(ﬁ—/1)(a+n—2)) Xz

i1—y 1+(1-a)A-p)
- c—1\1+(B—AD(a+n-2)

n=1

+

where0 <y <1, neR =0, =0,
A=>0,a>0,nmeN,zeU,and

Dl + Y Il =1
n=1

n=2

Note that the coefficient bound s which given
in (12) is a sharp. Therefore, functions in the
form (14) belong to the class F;z(n,0,7),
since

°°a—1(1+(,8—,1)(a+n—2)
L1y 1+(0-0@-p)
co—1/1+@-D@+n-2)
1—y< 1+(1-a)(A-p)

n=1
= D bl + ) Il = 1
n=2 n=1

) lax@I

) (o)

n
) ynZa+n—1 , (14)

<1 +B-Da+n- 2)) o (@] )] o

Next theorem investigates that a condition in
(12) as a necessary condition for the function
¥ which given by (10).

Theorem 2.2. Let £,2 = h® + g% be given by
(10) belongs to class [NF] (AB)"m (m,0.y)
if and only if:

So—1/1+@B-NDa+n-2)
n=21—y( 1+(1-a)(A-5)
co—1/1+ (B -Da+n—2)
1—)/( 1+(1-a)(A-p)

n=1

<1

) lan(@l
(15)

)" b

where 0<y<1,n€R, 0>0,8>0,1>0, a>
0,nmeN,zeU.

Proof. Since NTﬁ;(n, 0,y) C Tﬂ;(n, g,7),
we just have to state the only part of theorem.
To this end, suppose that f7 € NF; % (n,0,7)
and by virtue of (9), we get:

Re {(ae”’ -7
‘C/rlr,lﬁf (2)* (16)

_(aein_1)[1+(1—a)(/1—ﬁ)]m2“}20

This is equivalent to:

Re {(Ge”’ -NIL+ A -a)@ -z — (ge™ — DL (Z)“}
[1+0-a)@-p)mz*

(ge™ =PI+ 1 -a)A =] 2z% = (g = D[[1+ (1 — a)(A — B)]™ z*
—Y2,[14+ (B —Da+n—2)]"a,(a)|z¥*" 1
+(=D)™YE L1+ (B = D(a +n—2)]" b, (a)|zetn—1]
1+ -a)A-p)]mz*

Re

129
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= Re A

Q-+ A-)@-PI" 2 = Ei,(0e™ = D1+ (B = D(a +n—2)]"a, ()24
+H(=D™ Y (ge — D1+ (B — V(@ +n—2)]"|by(a)|z*+" 1

1+ -a)@-p)"z¢

1-Pl+A-a)@-PI"™ - Eia(oe™ - D1+ (B - D(a +n—2)]"a,(@)]|z"?

= Re A

This condition must be true vz € U and for
real n . Therefore, choose 0 < |z| =r<1

—a \
- (i—) (D™ Eiy (o€ = D1+ (B = V(@ +n— 2" |by(a)|z7 T l}
l1+A-a)@-pRI" |

}zo

)

= 0.

and n = 0, so that the above inequality reduces

to:

1-1+A-@-PI" —Eiz(0 - D1+ (B - D(@+n-2)]"a,(@)]z"*

—(=1)" ¥ (6= D1+ (B - D(a+n—2)]"by(a)zn" T

=0

1+0-a@-pIm

In the following theorem, we will determine
the extreme points of closed convex hulls for
functions belong to the class NT%(n,a, ¥),
and we refer to it with the symbol
clco NT/L";;(n, 0,7).

Theorem 2.3. Let f(z)be given by (10)
belongs to class clco NF's(n,0,7)
if and only if

1@ = ) (nha(2) + 7090(2)),

where
hy(2)* =Z“,
h“(z) =z%
1+(1-)@-B8) \" s
+Z 0—1(1+(ﬂ Da+n— 2)) z (n
=23,..)
gnm(z) _Z -

(sz 1—y ( 1+1-a)A-p) ) presy

1I\1+B-D(a+n-2)
(n= 23
Zn—z Xn + Zn—1Yn =1 % =0, =0 and
x1=1— Q2 Xn + Xn=1n) = 0.

In particular case, the extreme points of
NFEm, 0,v) are {hy}and {gnm}-

Proof. First, we have

FE@ = ) Gnltn(@) + Yngam(2),

(-

130

= i(xn + ) z*

1+(1-a)A-pB)
+Z a—1<1+(ﬁ D(a+n—-2)

m
> xnza+n—1

moo 1-y 1+1-a)(1-p) n .
1) ZZ 0—1(1+(,3—/1)(a+n_2)) Vi Z T

Then
0—1(1+(,8—/1)(a+n—2))"|
L1-y\ 1+A-a@-p

s = 0—1(1+(,8—/1)(a+n—2))m

1-y

n=1

1+(1-a)(A—p)

an (@)

|bn ()]

= lenl +Z|yn| =1-x <L
n=2 n=1

This means that £ € clco NF;,(n,0,7).

Conversely, assume

that

fr € clco NFy'p(n, 0,7). Putting

Xn =

1+1-a)(A—p)

0=x,=1,n=2)

1-y

n = 1+(1-a)@A-5)
0<y,<1n>1)

1-y

and X1 =1— (Qn=2%n + Xnz1 Yn)-

f,%(z) can be written as

0—1(1+(ﬁ—1)(a+n—2))m

0—1(1+([)’—/1)(a+n—2) m

lay ()],

) (@I,

Therefore,
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F5@) = 2%+ ) Jag(@)] 244

= (™ ) Iba(@)|

n=1

—+

Za
il—y( 1+ -a)A—-B) )mx atn-1
Lo 1\1+ B - Da+n-2) ™

n=2
[ee)

CSi-y 14— )@ - p)
- Za—1<1+(ﬁ Dletn=2)

=1

~

=z%+ Z(hn(z) - Za)xn + Z(gnm(z) a)yn
n=2

+ Z (2 + Z Im @

OO

Z Xl (2) Z YnGam (2.

n=2

We give distortion bounds for functions
belongs to the class N'F;'; (1, 0, 7).

Theorem 2.4. Let ;7 € NF;;(n,0,y). Then
for |z] = r < 1, we have

. B @ 4 (HU-@OG=-p\™ 12y _
Ifim ()] < (1 = |by () Dr +( 1+(B-D)(@) ) -1

1

22 \by ()] e+,

Ifm (@] = (1 + |by (@)
_(1+(1—a)(/1—ﬁ) m[l—y
1+ B —D(a) oc—1

1 +
L Iy @l r,

Proof. This proof for only a right part
inequality because the left part is similar to the
right part. Let f,f € NFyp(m,0,7).

By taking the absolute value of £, we get

@] = |2+ ) ap(@zen?

n=2

- (" i b (@) 27T

< A= @D+ ) (lan(@] = [ba(@)]) 7

) ykza+n—1

< (1= [b@Dre + 7% Y (lay (@] = (@)

- =21 1— g m
< (1= by (@Dr® +— Z( Ii ® i)i)(ooﬁ))

0—1 1+ B -D@ \"
[Z 1+(1—a)(/1—/3)) lan(@)]

0—1( 1+ B-D@ \™ ]

) (@)

L1y A -0@-p)
-y (1+(1-a)@=-R\"
< (1= by (@Dr® + _Z( J{J(r B a)i)(a)ﬁ)>

za—l 1+ - A)(a+n—2)> 0, (@)
T+d-G-p ) '™
0—1 1+ B -D(a+n-2)\"
_n:11—y< 1+1-a)(A-pB) ) |b()|l
< (1= [by(@)Dr”

1+A-a)@A-\"[1-v
+< 1+ G-D@ > [0—1
1
-~ @],
for |b,(a)| < 1. This shown that the bound

which given in theorem 2.4, be sharp
for harmonic functions

FE@) = 2%+ ) Jan(@lzetn

— (D™ Iba(@] 77,
n=1
Fi(2) = 2+ ) |Ay(@)|z%+ 1
= (D™ Y |Ba(@)| 7,
The convolution of £,% and EZ is given by
(fm * En)(2) = fir (2) * By (2)
= z%
+ ) lay @14, @)z an
n=2

= (D™ ) b (@ [By(@)] 75T

In this theorem, using the definition in (17) to
show that the class NF;;(n,0,v) is closed
under convolution.

131
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Theorem 25 For o<su<y<1, let
NFRm,0y) and  E! € NFL®,0,u0).
fm * Bn € NFip(m,0,v) € NFp(m,0,0).

fm €
Then

Proof. We wish to show that the coefficients of
5 = Ef satisfy the required condition given
in Theorem 2.2. For the functionES €
NT,{%(n, o,u), we note that |4,(a)| <1 and

|Bn(a)| < 1.

Now, for the convolution function (f,5 *
EX)(z), we obtain
So—1/1+@-D@+n—27\"
25 Trawasg ) @l
So—1/1+(B-D@+n—27\"

25 racaap ) @)
So—1/1+ B —-D(a+n—27\"
n=21—y< T+(1-0)@-p) ) lan (@)
So—1/1+(B-D@+n—27\"

n=11—y( T+(1-a)@-f) ) hu@ist
Since 0<u<y<1 and ff€NFL®,0,7).
Therefore

fom * Bn € NFip(m,0,v) € NFip(m,0,1).
Here, let f,;(2) be defined as

fmi(2) = z%
+ Z'an,i(o{”zoﬁn—l
n=2 o

= (D™ ) [ 7T

n=1

(18)

wherei = 1,2,...,k.

Theorem 2.6 Let f5;(z) which defined by
(18) belongs to the class ]\/‘Ti’lﬁ(n,a,y) for

everyi = 1,2,...,k. Then the function

k

ti'(z) = Z Vi fmi(2),

i=1
are also in the class NT,{fl/;(n, o,y), Where

kKo —
i=1 Vi = 1.

(OSULS1)

Proof. According to a definition of tf, can be
written as

tf(z) =z + Z;’f’zz(Z{.‘zlvi an (@) Za+n=1 _
=™ Zf’f:l(Zf:l vibn’i (a)) zotn-1,

132

Furthermore, since f,;(z) belongs to the class
NFp(m, 0,y) forevery i
1,2,...,k, then by (12), we have

- m s k
2, = i (1 . ff(; f)é‘;‘(j{f [;)2)) <Zl ot |ans (a)|>
- m s k
L, Z = ; (1 Jlr Ef(; f)o((;‘(:f ;)D) <; 0t b (a)|>-
o (SR
S, )
= zk:vi <1

Corollary 2.7 The class NFyp(n,0,v) be
closed under convex linear combination.

Proof. Let f5;(z) , (i = 1,2) defined by
(18) belongs to the class J\fﬂ-‘ﬁ; (n,0,y). Then
the function ®“(z) defined by

P¥(2) =pfm@D+ A= fma(2), 0<su<1)
is in the class WNF(n,0,7).
choosing k = 2,v; =pandv, =1—pin
Theorem 2.6, we obtain the above corollary.

By
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