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The purpose of this paper is to find best multiplier approximation of unbounded
functionsin Ly, 5 —space by using Trigonometric polynomials and by de la Vallee-
Poussin operators. Also we will estimate the degree of the best multiplier
approximation by Weighted —Ditzian-Totik modulus.
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Introduction

Main Approximation problems of bounded
periodic functions using de la Vallee-Poussin
have been studied by several authors [1,2], in
Morrey spaces .The Approximation of periodic
bounded functions in C(l)-spaces, I= [—m, 7]
by de la Vallee —Poussin sums was obtained by
[3] in tow dimension . Also the Approximation
of bounded u —measurable functions using
Trigonometric polynomial have been studied
by [4]. In the present paper we generalize these
results in  Multiplier spaces, L,g (B)
B = [—m, ] using de la Vallee-Poussin sums
by means of Weighted -Ditzian-Totik
modulus.

Let us introduce some definitions and some
results that used throughout this paper.

Definition: 1.1 [5]:

A series Yo_pa, is called a multiplier
convergence if there is a sequence {@,}n—o
such that > ,a, @, < o, and we will say
that {@,,} is a multiplier for the convergence.

Note:

If Y a, is convergent series then it is
multiplier convergent, this by taken { @,,}o—, =
{1}, —,- But the converse is not true.

Example:
The series Z;‘{;l% divergent series and the

[ee]

convergent sequence. Since
n=1

w 1 1 _ soo 1 : :
Z”=1n n_2"=1n2 which is convergent

. . 1 . . -
series then the series Z;‘{;l; is a multiplier
convergent.

1
sequence {;}

Definition 1.2 [5]:
For any real valued function f if there is a
sequence { @, }n—, such that fB fD,(x) <

then we say that @, is a multiplier for the
Integral.

Definition 1.3:

Let L,g (B),1<p <o be the space of all
real valued unbounded functions f such that

J; fn(x) dx < oo, with the following norm:
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11y, = sup{(fy 1F@uCOIP dx)e s x € B),

where @,, is the multiplier for the integral, and
B = [—m, m].
Let us define the norm ||f||Lp‘®nby £y, -

Definition 1.4 [2]:

For f€L,(B),B=[-mm]. The Fourier
series of f is given by:
FG) =%+ (an(f) cosnx
n=1
+ b,(f)sinnx), ... (D)

where a,,(f) and b,,(f) are Fourier coefficients
of function f, the n —th partial sums of (1) is
given by:

Sa(f,x) = % + Z(an(f) cos kx
k=1

+ I;n(f) sin kx).
The de la Vallee-Poussin partial sum of (1) is
defined by:

n+m

1
Vam (1) = ——= > S (f,)
k=n

m=0,12,..,n=012,...

Definition 1.5:

For 2mt — periodic f € Lpg (B) and from [4]
let us consider the following Trigonometric
polynomial, which has the representation:

Sii(f,x) = 2332 f (i) Dy — x)
where D,,(t) = 1+ 2 Y}~ coskx, and

_ 21tk
Xk = 2n+1 "’
Definition 1.6:

For f € Lpg,(B), let us define the modify de
la Vallee-Poussin operator as:

2
v3n,2n(f: x) = — Ziio fPn (X)) qan(x —
xk)’ .
where gy = —=3k o Dnsi(t) ,and Dy (t) is
the Dirchlet kernel.

Definition 1.7:
Let f € Lpg (B) then the degree of best
multiplier approximation of a function f with

28

respect to trigonometric polynomial g,, € I1,, is
given by:

En(Frp, = nf{llf = gnllpg, gn € M},
where I1,, be the set of all trigonometric
polynomial.

Definition 1.8:
For f € Lpg_(B) and § > 0, we will define the
following concepts:

LW (f,8)pg, = Sup|h|<s||Aﬁf(')||P,®n, the
multiplier modulus of smoothness of order (k)
of function f where AX(f,x)

= 20 () 0t (x = 2+ i)

x+ kz—h € B the k" symmetric difference of
the function f.

2.0 (f,8)p,0 = supini<sl|Aro ()], 5 -

r _
where A7 (f,2) = Tieo () (C1" fx -
™9 + kho), xi% € B, 0(x) =Vx—x2,
x €[0,1] is the multiplier Ditzian —Totik
modulus of smoothness of f.

3.0 (f, 8)p = sup|6* A6 (£, |,
the k-th locally weighted Ditzian —Totik
modulus of smoothness of f where r,k are
nonnegative integers and r + k > 0.

Note: For r,k are nonnegative integers and
forf € Lpg,(B),1 < p < oo, then:

0’ (f,8)pp, = K70 (f,8)g, (2)
where K™*%is the multiplier weighted
Ditzian — Totik K-Functional which is defined

by:
p,®n} '

K™% (f,8)p0, =

inf{”@k(x)(f ~ 1|, + 0 [lorn”

Proof:
For f € Lp(B), we have [4]:

wr?(f,8)p = K™%0 (f,8)p,
then,

Supl|0* ()% (F, 0,
~ in f {I6%@)(F = Tllp + 8"
Since(f®,,) € Lp(B), then:

07T

)
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Supl|6* ()AL (fBn, 0|,
~ in f{l0°CO(f @y — Tu@)llp +
67107 (T)" Dnllp} =
in f{[[0“G(f = T)Bull, + 571167 (1) B,
Then,
Supl[0* (AL (f, 0],

~ in f {I16* () (f = T llp,p,
+ 871167 (T) llp g, )
Thus
180, = Sup||0%COBG(f, D
~ mf {16 = Tllp,
+ 671167 (T) 5.0, }
— Kr,k,e(f 6)p 0,

Hence, w°(f,8)pg, = K™ 0 (f,8)pg,-

2. Auxiliary Results:
In this section, we mention some basic results,
which used to prove the main results.

Lemma 2.1 [6]:
If f€ L,(X),1<p<o,X=
we have:

[ fGodx =225 F(x),

—“"‘”f"‘” 1<k<n

[a,b], then

where x, = a +

Lemma 2.2:
For f € Lpg (B),1<p <oo and B =
[—m, ], we have:

V3n,2n(fl X) = % ffnfq)n (X)an(x — t)dt

Proof:
Since,
Vanan(f, %) = 57— Ytk fOn (X G2n (¥ — %)
then:
v3n Zn(f x)
2w 3

3n+2 anO 3: zsz (xk)an(x )

= Sn+z 27: inozgn [ Dn (k) qon (x — xi)

== _Zinoj—z [ Bn (i) Gon (x — x3).

6n+4 T
Using lemma (2.1) above we have:

Vanan(f%) = o = [7 By (©)qon(x — ) dt,

and since l1mn%0 62+ = 1, then we get:
v3n,2n(ff x) = ; f_nf(an B qon(x —t) dt. m

Lemma 2.3:

Forf € Lpg (B),1<p<,6>0

B = [—m, ], we have:

1 wp?(f, 8)po, < ASwp 2 (f',8) 00,

2. Wi’ (f,8)pg, <ASIf'll,g,, Where A be

a positive constant, f' is the first derivative of

f.

Proof:
1 w0 (f,8)pg,
= sup||6¥ ()AL 4 (f,.) ||

= sup||0*()ALS (A e(f )) “
7 (8ho(, x)) c>n|p dxy’
(O (x — o) —

= sup(f, [0"COaty
< sup{J, |6k(x)A

FOn(x — 19| dx }”

S

x—@+h6 P \
< sup J 0% (x)Ay j (f8,)'(H)dt| dx }
B o_h8
2 J 1
x—ﬁ+h9 b \?
< sup J 0% ()AL 5 (FB,)' () dt dx}
B X—H )

<sup{f |9k(x)A L(f8,) (O)x — "o — x

1
14
p
+?| dx

< sup {f |9k(x)A;,_91(f(?)n)’(t) [h9]|pdx}

<

= 1.0 OB,
< Asw, (', 8)pg,,-
Then

VO (f, 8)po, < ASwy P (f',8)pg, IRl <&
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wx* (f,8)pg, = supl|0*()ne(f, ')”p.@n
1

= sup([, |0*@) (ano(f,0))[ dxy’
< sup([, |6%C)(fOn(x —"Lens) — f By (x
"o dx 7

( ho P

X——-+h6
B

(f@,) (D)dt
J

\
< hO.Af llpg, < CSNf Il 0,

ST

<sup< | [6%(x) dx }

a1

x-"8no P

< sup- 0% (x)(fD,)'(t) dt| dx

x—ﬂ

2 J

Lemma 2.4:
For f € Lpg (B),1 <p < o, then:

0
w;; (f) 6)p,®n S C6r||f(r)||p'®n1
where C is a constant depends on k.

Proof:
By using lemma 2.3 (1) we get:

W 8po, < Abap YO (f1,8)pp, <
Azaw; 200", 8)pg, <
— 0 _
Ay, 67 1“); (f(r 1)'6)11,%'
Now using lemma 2.3(2) we get:
wl‘r(',g(f’ a)p’wn < Ar—15r_1 w;,f)(f(r—l)’ 6)p'®n
r|l £()
< comf|F - n
Lemma 2.5:

For the kernel q,,, which
definition (1.6), we have:

1
- f_”n q2n(t)dt =1 Foreach n € N.

is defined in

Proof' From definition (1.6), we see that
- f Qan(Ddt = = [* 152 Do (E)dt
—— " LD (t) + Dpy1(8) + - Dy (D)]dt]
= +1[ [T DR (O+E [ D1 2 [ Dan ()]
=— —[1+ 1+ 1, 1-timel = 1, since
% f_”nDn(t) =1 Foreach n € N. n

n+1

Lemma 2.6:

30

For f € Lpg (B),1 <p < o, thereisa
constant A(p) depends on p such that:
Vsnan DIl 5 < ADflIps,

Proof:

By lemma (2.2) we have:

Vsnan(f,%) = = [ fB ()qzn(x — t)dt.
Thus,

”an,Zn(f)”p‘gn

T

1

= sup j -
-1

j FOn(©)qan(x—D)dt
B

p p

. v
1
= sup] [ If@(OPde. % [ amte-o
B -1

(Jensen inequality)
1
»

< sup f 0, OPde. 44 < ADIf I,

where A = 27 qun(x-t)dx.
Then [[Vspzn(NI, < ADIflpo,

3. Main results:
In this section, we present the following main
results.

Theorem 3.1:
For f € Lpg (B),1<p < o,B= [-m,mn]
and k =1 we have:

E (f)p@ <A(k)(1) (f 6)p9n”
where A(k) is a constant depends on k .

Proof:
Since 67 || , > 0 where T,, €11, the
D,On
best multiplier approximation of f,0 < 6(x)
x—x2, < %

for x € [0,1] then we have
Ev(fpo, = nfllf = Tullpe,
< \If = Tullpg, + 67|| 7,
< 29016* () = T)llpo, +

2657 |6k ()T Lo, S 2K, 80,

P»¢n
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= 2% (f, 8)pg,, by (2). Thus:
En(Fpg, < A0 (f,8)p0,m

Theorem 3.2:

For f € Lpg (B),1<p < ,B = [-m,m].
Then there is a constant A(p, k) depends on p
and k such that the following inequality hold:

”f() - V3n,2n(f:-)”p’®n

< A, )i’ (f, 8 )p,

Proof:

By using lemma (2.6), definition (1.7) and
theorem (3.1) we get that:

IFC) = Vanan (£,

—sup{J, |(70) - Va0, a5)
= sup ([, |(FGO = T+ T = Vanzn£,2)) 0] )’
< sup{f, 1(F(x) - Tn)(Z)nlpdx}%

+sup {f, |(Tw = Vanan(f, 1)) ?n|p dx}%

= sup {[, 1(F(x) = T)@,IPdx}’
+Sup {fB |(V3n,2n(Tn: X ) -

Vinan(£,2)) 0| dx}’ = IIf = Tillyo, +
||v3n,2n(anx ) - v3n,2n(f'x )”p,@n

= lIf = Tullpo, + [Vanan(Tu = Pl

< |f = Tallpg, + AT, = fllpo,

< En(f)p,(bn + Al(p)En(f)p,(Dn

= AD)En(fpg, < A2’ (f, 8)pg,
where T, be the best multiplier approximation
of f and V3, ,,(T,) = T, thus:

1FC) = Vanan(F o

<A, W’ (f,6)py, ™

Corollary 3.3:

For f €Lpg (B),1 <p <o, using theorem
(3.2) and lemma (2.4) then there is a constant
A(p, k) depends on pandk such that the
following inequality hold:

”f() - Vsn,Zn(f")“p,Q)n
< AW, S"|F| .

Theorem 3.4:

For f € Lpg (B),1 <p < oo, then there is a
constant A(p, k) depends on p andk such
that the following inequality hold:

2n+1

7,0
Y(f,6 .
n wk (f )p,QSn

IfC) =S (s ) lpe, < Alp, k)

Proof:
FC) = S5 (o ipg, = sup{f, 16FG0) =

Sw'(f,x)BulPdx}” = sup {[, |(£C) -
v3n,2n(ffx ) + VBn,Zlq(f'x ) -

53 () 8 axf < swp{f, |(F0) -
Vinan(f,x)) 0| dx}% +

sup {f, |(Vanan(F ) = $5(£,0) 0] &)’
=IFC) = Vanan (£, +

sup {f |(Vanzn (f,2) = L2 £(x) Dy —

%) )0l dx}” < FC) = Vanan (£, +

2n+1
% 12:1 Sup {fB |(V3Tl,21’l(fJ x) -
1
IENINS
Since, Dp(x—x;)<2n+1,for eachi=

1,2, ..., 2n, and using theorem (3.2) we get:

IFC) = Si(F o,
< [1FO = Vanzn (£, +
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2n+1

}Nwmmfm el
< B(p)zk i (.8 Do,

2
n ZC(p)zk °(F,6 o,

2n+1
<

A(p)2*

wk’ (f’ 6 )p,(z)n'

Then [If(.) = S3*(f, Illpg,
2n+1
< A(p, k) w0’ (f,8)pp, ™

Corollary 3.5:

For f € Lpg (B),1<p <, using theorem
(3.2) and lemma (2.4) then there is a constant
A(p, k) depends on pandk such that the
following inequality hold:

IfC) =S (F )lpo,

2n+1

Theorem 3.6:

For f € Lpg (B),1 <p < o,B = [-m,mn]
there is a constant A(p) depends on p such that
the following inequality hold:

”f() - v3n,2n(f' . )”p,@n

A R)ST|IF

< (1 +AP)HE.(Npe,
Proof:

Let T,; be the best multiplier approximation of

f then ||f() - V3n,2n(f")”p,@n

= “f() —Ty+ T, — VSn,Zn(f’-)”p‘@n
<O = Tillpo, + 1T = Vanan (],
=1f () = Tillpon + Vsnan (T = g -

this by linearity of 7V;,,, and by
Vanon(Ty) =T, Then by boundedness of
V3non We get

32

1FCO) = VananF N, = IFC) =Tl +
||V3n,2n(Trt - f )”p,wn

< En(fpo, + ADIT; — fllpg,
= En(f)p,(z)n + A(p)En(f)p,V)n

= (1 + A(p))En(f)p,(Z)n- u
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