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The purpose of this paper is to find best multiplier approximation of unbounded 

functions in   𝐿𝑝,∅𝑛 –space by using Trigonometric polynomials and by de la Vallee- 

Poussin operators. Also we will estimate the degree of the best multiplier 

approximation by Weighted –Ditzian-Totik modulus.  
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خلاصـةال  
بستخدام الحدوديات  𝐿𝑝,∅𝑛الغرض من هذا البحث هو ايجاد افضل تقريب مضاعف للدوال الغير مقيدة في الفضاء 

 -ن وكذلك سوف نقدر درجة افضل تقريب مضاعف بواسطة نموذج دتزيانبوسا -ه فالي لا والمثلثية و بستخدام مؤثر د

 توتيك الوزني . 

 

  

Introduction 
Main Approximation problems of bounded 

periodic functions using de la Vallee-Poussin 

have been studied by several authors [1,2], in 

Morrey spaces .The Approximation of periodic 

bounded functions in C(I)-spaces, I= [−𝜋, 𝜋] 
by de la Vallee –Poussin sums was obtained by 

[3] in tow dimension . Also the Approximation 

of bounded 𝜇 −measurable functions using 

Trigonometric polynomial have been studied 

by [4]. In the present paper we generalize these 

results in Multiplier spaces, 𝐿𝑝,∅𝑛(𝐵) , 

𝐵 = [−𝜋, 𝜋] using de la Vallee-Poussin sums 

by means of Weighted –Ditzian-Totik  

modulus.  

Let us introduce some definitions and some 

results that used throughout this paper.  

 

Definition:  1.1 [5]:     
A series ∑ 𝑎𝑛

∞
𝑛=0  is called a multiplier 

convergence if there is a sequence { ∅𝑛}𝑛=0
∞  

such that  ∑ 𝑎𝑛
∞
𝑛=0  ∅𝑛 < ∞ , and we will say 

that {∅𝑛} is a multiplier for the convergence.       
 

Note:  

If  ∑𝑎𝑛 is convergent series then it is 

multiplier convergent, this by taken { ∅𝑛}𝑛=0
∞ =

{1}𝑛=0
∞ . But the converse is not true. 

 

Example:  

The series ∑
1

𝑛
∞
𝑛=1   divergent series and the 

sequence { 
1

𝑛
}
𝑛=1

∞

 convergent sequence. Since  

∑
1

𝑛
∙
1

𝑛
∞
𝑛=1 = ∑

1

𝑛2
∞
𝑛=1  which is convergent 

series then the series  ∑
1

𝑛
∞
𝑛=1   is a multiplier 

convergent.  
 

Definition 1.2 [5]:      
For any real valued function 𝑓 if there is a 

sequence { ∅𝑛}𝑛=0
∞  such that  ∫ 𝑓∅𝑛(𝑥)  <  ∞𝐵 ,

   

then we say that  ∅𝑛 is a multiplier for the 

Integral.   

Definition 1.3: 
Let  𝐿𝑝,∅𝑛(𝐵), 1 ≤ 𝑝 < ∞   be the space of all 

real valued unbounded functions 𝑓 such that 

∫ 𝑓∅𝑛(𝑥) 𝑑𝑥 < ∞𝐵
, with the following norm: 

http://creativecommons.org/licenses/by-nc/4.0/
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‖𝑓‖𝐿𝑝,∅𝑛 = sup {(∫ |𝑓∅𝑛(𝑥)|
𝑝 𝑑𝑥

𝐵
)
1

𝑝 ∶ 𝑥 ∈ 𝐵}, 

where ∅𝑛 is the multiplier for the integral, and 

𝐵 = [−𝜋, 𝜋].  
 

Let us define the norm ‖𝑓‖𝐿𝑝,∅𝑛by ‖𝑓‖𝑝,∅𝑛. 

 

Definition 1.4 [2]:  
For 𝑓 ∈ 𝐿𝑝(𝐵) , 𝐵 = [−𝜋, 𝜋]. The Fourier 

series of  𝑓  is given by:  

𝑓(𝑥) ≈
𝑎0
2
+∑(𝑎𝑛(𝑓)

∞

𝑛=1

cos 𝑛𝑥

+ 𝑏𝑛(𝑓) sin 𝑛𝑥), …… (1) 
where 𝑎𝑛(𝑓) and 𝑏𝑛(𝑓) are Fourier coefficients 

of function 𝑓, the 𝑛 −th partial sums of  (1) is 

given by:  

𝑆𝑛(𝑓, 𝑥) =
𝑎0
2
+∑(𝑎𝑛(𝑓)

𝑛

𝑘=1

cos 𝑘𝑥

+ 𝑏𝑛(𝑓) 𝑠𝑖𝑛 𝑘𝑥). 
The de la Vallee-Poussin partial sum of  (1) is 

defined by: 

𝑉𝑛,𝑚(𝑓, 𝑥) =
1

𝑚 + 1
∑ 𝑆𝑘

𝑛+𝑚

𝑘=𝑛

(𝑓, 𝑥) 

𝑚 = 0,1,2, … , 𝑛 = 0,1,2, … .  
 

Definition 1.5:  
For 2π − periodic 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) and from [4] 

let us consider the following Trigonometric 

polynomial, which has the representation:  

𝑆𝑛
∗∗(𝑓, 𝑥) = 1

𝑛
∑ 𝑓(𝑥𝑘
2𝑛
𝑘=1 ) 𝐷𝑛(𝑥 − 𝑥𝑘) ,  

where 𝐷𝑛(𝑡) = 1 + 2∑ 𝑐𝑜𝑠𝑘𝑥𝑛
𝑘=1 , and  

𝑥𝑘 =
2𝜋𝑘

2𝑛+1
 .   

 

Definition 1.6: 
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵), let us define the modify de 

la Vallee-Poussin operator as: 

𝒱3𝑛,2𝑛(𝑓, 𝑥) =
2

3𝑛+2
∑ 𝑓∅𝑛(𝑥𝑘)𝑞2𝑛(𝑥 −
3𝑛
𝑘=0

𝑥𝑘), 
where 𝑞2𝑛 =

1

𝑛+1
∑ 𝐷𝑛+𝑘
𝑛
𝑘=0 (𝑡) , and 𝐷𝑛+𝑘(𝑡) is 

the Dirchlet kernel. 
 

Definition 1.7:  
Let 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) then the degree of best 

multiplier approximation of a function 𝑓 with 

respect to trigonometric polynomial 𝑔𝑛 ∈ Π𝑛 is 

given by:     

𝐸𝑛(𝑓)𝑃,∅𝑛 = inf{‖𝑓 − 𝑔𝑛‖𝑃,∅𝑛 , 𝑔𝑛 ∈ Π𝑛}, 

where Π𝑛  be the set of all trigonometric 

polynomial. 
 

Definition 1.8:  
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) and 𝛿 > 0, we will define the 

following concepts: 

  

1. 𝜔𝑘(𝑓, 𝛿)𝑃,∅𝑛 = 𝑠𝑢𝑝|ℎ|<𝛿‖∆ℎ
𝑘𝑓(∙)‖

𝑃,∅𝑛
, the 

multiplier modulus of smoothness of order (𝑘) 
of function 𝑓 where ∆ℎ

𝑘(𝑓, 𝑥)      

= ∑ (
𝑘
𝑖
) (−1)𝑘−𝑖𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑖ℎ)𝑘

𝑖=0   

𝑥 ∓
𝑘ℎ

2
∈ 𝐵 the 𝑘𝑡ℎ symmetric difference of 

the function  𝑓.  
 

2. 𝜔𝑟,𝜃(𝑓, 𝛿)𝑝,∅ = 𝑠𝑢𝑝|ℎ|<𝛿‖∆ℎ,𝜃
𝑟 (𝑓, . )‖

𝑝,∅𝑛
,                         

where ∆ℎ,𝜃
𝑟  (𝑓, 𝑥) =  ∑ (

𝑟
𝑘
) 𝑟

𝑘=0 (−1)𝑟−𝑘 𝑓(𝑥 −

𝑟ℎ𝜃

2
+ 𝑘ℎ𝜃), 𝑥 ±

𝑟ℎ𝜃

2
  ∈   𝐵,   𝜃(𝑥) = √𝑥 − 𝑥2,  

𝑥 ∈ [0,1] is the multiplier Ditzian –Totik 

modulus of smoothness of 𝑓. 
 

3. 𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅ = 𝑠𝑢𝑝‖𝜃

𝑘(𝑥)∆ℎ,𝜃
𝑟 (𝑓, . ) ‖

𝑝,∅𝑛
,  

the k-th locally weighted Ditzian –Totik 

modulus of smoothness of   𝑓   where 𝑟, 𝑘 are 

nonnegative integers and  𝑟 + 𝑘 > 0. 

Note: For 𝑟, 𝑘 are nonnegative integers and 

for 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵), 1 ≤ 𝑝 ≤ ∞, then:  

𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 ≅ 𝐾𝑟,𝑘,𝜃(𝑓, 𝛿)𝑝,∅𝑛      ⋯⋯ (2)  

where 𝐾𝑟,𝑘,𝜃is the multiplier  weighted      

Ditzian – Totik   K-Functional which is defined 

by: 

 𝐾𝑟,𝑘,𝜃(𝑓, 𝛿)𝑝,∅𝑛 = 

𝑖𝑛𝑓 {‖𝜃𝑘(𝑥)(𝑓 − 𝑇𝑛)‖𝑝,∅𝑛
+ 𝛿𝑟 ‖𝜃𝑟𝑇𝑛

(𝑟)
‖
𝑝,∅𝑛

} . 

Proof:  
For 𝑓 ∈ 𝐿𝑃(𝐵), we have [4]:  

𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑃 ≈ 𝐾

𝑟,𝑘,𝜃(𝑓, 𝛿)𝑃,  
then, 

𝑆𝑢𝑝‖𝜃𝑘(𝑥)∆ℎ∅
𝑟 (𝑓, 𝑥)‖

𝑃
 

≈ 𝑖𝑛 𝑓 {‖𝜃𝑘(𝑥)(𝑓 − 𝑇𝑛)‖𝑃 + 𝛿
𝑟‖𝜃𝑟𝑇𝑛

(𝑟)‖
𝑃
}.  

Since(𝑓∅𝑛) ∈ 𝐿𝑃(𝐵), then: 
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𝑆𝑢𝑝‖𝜃𝑘(𝑥)∆ℎ∅
𝑟 (𝑓∅𝑛, 𝑥)‖𝑃 

≈ 𝑖𝑛 𝑓 {‖𝜃𝑘(𝑥)(𝑓∅𝑛 − 𝑇𝑛∅𝑛)‖𝑃 +
𝛿𝑟‖𝜃𝑟(𝑇𝑛)

𝑟∅𝑛‖𝑃} =  

𝑖𝑛 𝑓 {‖𝜃𝑘(𝑥)(𝑓 − 𝑇𝑛)∅𝑛‖𝑃 + 𝛿
𝑟‖𝜃𝑟(𝑇𝑛)

𝑟∅𝑛‖𝑃}. 

Then,   

𝑆𝑢𝑝‖𝜃𝑘(𝑥)∆ℎ∅
𝑟 (𝑓, 𝑥)‖

𝑃,∅𝑛
 

≈ 𝑖𝑛 𝑓 {‖𝜃𝑘(𝑥)(𝑓 − 𝑇𝑛)‖𝑃,∅𝑛
+ 𝛿𝑟‖𝜃𝑟(𝑇𝑛)

𝑟‖𝑃,∅𝑛}. 

Thus,  

𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 = 𝑆𝑢𝑝‖𝜃𝑘(𝑥)∆ℎ∅

𝑟 (𝑓, 𝑥)‖
𝑃,∅𝑛

 

≈ 𝑖𝑛 𝑓 {‖𝜃𝑘(𝑥)(𝑓 − 𝑇𝑛)‖𝑃,∅𝑛
+ 𝛿𝑟‖𝜃𝑟(𝑇𝑛)

𝑟‖𝑃,∅𝑛} 

= 𝐾𝑟,𝑘,𝜃(𝑓, 𝛿)𝑝,∅𝑛 . 

Hence,  𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 ≈ 𝐾

𝑟,𝑘,𝜃(𝑓, 𝛿)𝑝,∅𝑛 .               
 

2. Auxiliary Results:   
In this section, we mention some basic results, 

which used to prove the main results. 
 

 

Lemma 2.1 [6]: 
If 𝑓 ∈  𝐿𝑝(𝑋), 1 ≤ 𝑝 < ∞,𝑋 = [ 𝑎, 𝑏 ],  then 

we have:  

∫ 𝑓(𝑥)𝑑𝑥 =
𝑏−𝑎

𝑛

𝑏

𝑎
∑ 𝑓(𝑥𝑘) 
𝑛
𝑘=1 , 

where 𝑥𝑘 = 𝑎 +
(𝑏−𝑎)(2𝑘−1)

2𝑛
  , 1 ≤ 𝑘 ≤ 𝑛. 

 

Lemma 2.2:  
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵), 1 ≤ 𝑝 < ∞  and 𝐵 =
[−𝜋, 𝜋], we have:  

𝒱3𝑛,2𝑛(𝑓, 𝑥) =
1

𝜋
  ∫ 𝑓∅𝑛

𝜋

−𝜋
(𝑥)𝑞2𝑛(𝑥 − 𝑡)𝑑𝑡.  

 

Proof:  
Since, 

𝒱3𝑛,2𝑛(𝑓, 𝑥) =
2

3𝑛+2
∑ 𝑓∅𝑛(𝑥𝑘)𝑞2𝑛(𝑥 − 𝑥𝑘
3𝑛
𝑘=0 ) 

then: 

 𝒱3𝑛,2𝑛(𝑓, 𝑥)  

=
2

3𝑛+2
∑

2𝜋

3𝑛
 
3𝑛

2𝜋
𝑓∅𝑛(𝑥𝑘)𝑞2𝑛(𝑥 − 𝑥𝑘

3𝑛
𝑘=0 )  

=
2

3𝑛+2
 
3𝑛 

2𝜋
 ∑

2𝜋 

3𝑛

3𝑛
𝑘=0  𝑓∅𝑛(𝑥𝑘)𝑞2𝑛(𝑥 − 𝑥𝑘)  

=
6𝑛

6𝑛+4
 
1

𝜋
∑ 2𝜋

3𝑛 

3𝑛
𝑘=0  𝑓∅𝑛(𝑥𝑘)𝑞2𝑛(𝑥 − 𝑥𝑘).  

Using lemma (2.1) above we have: 

𝒱3𝑛,2𝑛(𝑓, 𝑥) =
6𝑛

6𝑛+4
 
1

𝜋
  ∫ 𝑓∅𝑛

𝜋

−𝜋
(𝑡)𝑞2𝑛(𝑥 − 𝑡) 𝑑𝑡,  

and since lim𝑛→∞
6𝑛

6𝑛+4
= 1, then we get:   

𝒱3𝑛,2𝑛(𝑓, 𝑥) =
1

𝜋
  ∫ 𝑓∅𝑛

𝜋

−𝜋
(𝑡)𝑞2𝑛(𝑥 − 𝑡) 𝑑𝑡.  ∎  

 

Lemma 2.3: 
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞, 𝛿 > 0  

𝐵 = [−𝜋, 𝜋],  we have:  

1.  𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 ≤ 𝐴𝛿𝜔𝑘

𝑟−1,𝜃(𝑓′, 𝛿)𝑝,∅𝑛 

2.  𝜔𝑘
1,𝜃(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝐴𝛿‖𝑓

′‖𝑝,∅𝑛, where 𝐴 be 

 a positive constant, 𝑓′ is the first derivative of 

𝑓. 
 

Proof:  

1.  𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛  

= 𝑠𝑢𝑝‖𝜃𝑘(. )∆ℎ,𝜃
𝑟 (𝑓, . ) ‖

𝑝,∅𝑛
  

= 𝑠𝑢𝑝‖𝜃𝑘(. )∆ℎ,𝜃
𝑟−1(∆ℎ,𝜃

1 (𝑓, . )) ‖
𝑝,∅𝑛

  

= 𝑠𝑢𝑝{∫ |𝜃𝑘(𝑥)∆ℎ,𝜃
𝑟−1 (∆ℎ,𝜃

1 (𝑓, 𝑥))∅𝑛|
𝑝

𝑑𝑥 }
𝐵

1
𝑝
    

≤ 𝑠𝑢𝑝{∫ |𝜃𝑘(𝑥)∆ℎ,𝜃
𝑟−1(𝑓∅𝑛(𝑥 −

ℎ𝜃

2
+ℎ𝜃) −

𝐵

𝑓∅𝑛(𝑥 −
ℎ𝜃

2
))|
𝑝
𝑑𝑥 }

1
𝑝      

≤ 𝑠𝑢𝑝

{
 
 

 
 

∫ ||𝜃𝑘(𝑥)∆ℎ,𝜃
𝑟−1 ∫ (𝑓∅𝑛)

′(𝑡)𝑑𝑡

𝑥−ℎ𝜃2 +ℎ𝜃

𝑥−ℎ𝜃2

||

𝑝

𝑑𝑥

𝐵

}
 
 

 
 

1
𝑝

 

≤ 𝑠𝑢𝑝

{
 
 

 
 

∫ ||𝜃𝑘(𝑥)∆ℎ,𝜃
𝑟−1(𝑓∅𝑛)

′(𝑡) ∫ 𝑑𝑡

𝑥−ℎ𝜃2 +ℎ𝜃

𝑥−ℎ𝜃2

||

𝑝

𝑑𝑥

𝐵

}
 
 

 
 

1
𝑝

  

≤ 𝑠𝑢𝑝{∫ |𝜃𝑘(𝑥)∆ℎ,𝜃
𝑟−1(𝑓∅𝑛)

′(𝑡)[𝑥 −
ℎ𝜃

2
+ℎ𝜃 − 𝑥

𝐵

+
ℎ𝜃

2
|
𝑝
𝑑𝑥}

1
𝑝

 

≤ 𝑠𝑢𝑝 {∫|𝜃𝑘(𝑥)∆ℎ,𝜃
𝑟−1(𝑓∅𝑛)

′(𝑡)[ℎ𝜃]|
𝑝
𝑑𝑥

𝐵

}

1
𝑝

 

=  ℎ𝜃. ‖𝜃𝑘(. )∆ℎ,𝜃
𝑟−1𝑓′‖

𝑝,∅𝑛
  

≤ 𝐴𝛿𝜔𝑘
𝑟−1,𝜃(𝑓′, 𝛿)𝑝,∅𝑛. 

Then 

𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 ≤ 𝐴𝛿𝜔𝑘

𝑟−1,𝜃(𝑓′, 𝛿)𝑝,∅𝑛   , |ℎ| < 𝛿 
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2. 𝜔𝑘
1,𝜃(𝑓, 𝛿)𝑝,∅𝑛 = 𝑠𝑢𝑝‖𝜃

𝑘(. )∆ℎ,𝜃(𝑓, . )‖𝑝,∅𝑛
 

= 𝑠𝑢𝑝{∫ |𝜃𝑘(𝑥) (∆ℎ,𝜃(𝑓, 𝑥))|
𝑝

𝑑𝑥 }
𝐵

1
𝑝
   

≤ 𝑠𝑢𝑝{∫ |𝜃𝑘(𝑥)(𝑓∅𝑛(𝑥 −
ℎ𝜃

2
+ℎ𝜃) − 𝑓∅𝑛(𝑥 −𝐵

ℎ𝜃

2
))|
𝑝
𝑑𝑥 }

1
𝑝   

≤ 𝑠𝑢𝑝

{
 
 

 
 

∫ ||𝜃𝑘(𝑥) ∫ (𝑓∅𝑛)
′(𝑡)𝑑𝑡

𝑥−ℎ𝜃
2
+ℎ𝜃

𝑥−ℎ𝜃
2

||

𝑝

𝑑𝑥

𝐵

}
 
 

 
 

1
𝑝

 

≤ 𝑠𝑢𝑝

{
 
 

 
 

∫ ||𝜃𝑘(𝑥)(𝑓∅𝑛)
′(𝑡) ∫ 𝑑𝑡

𝑥−ℎ𝜃
2
+ℎ𝜃

𝑥−ℎ𝜃
2

||

𝑝

𝑑𝑥

𝐵

}
 
 

 
 

1
𝑝

 

≤  ℎ𝜃. ‖𝑓′‖𝑝,∅𝑛 ≤ 𝐶𝛿‖𝑓′‖𝑝,∅𝑛 .                   ∎   
 

Lemma 2.4: 
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞,  then: 

𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 ≤ 𝐶𝛿𝑟‖𝑓(𝑟)‖

𝑝,∅𝑛
, 

where 𝐶 is a constant depends on 𝑘.  
 

Proof: 
By using lemma 2.3 (1) we get: 

𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 ≤ 𝐴1𝛿𝜔𝑘

𝑟−1,𝜃(𝑓′, 𝛿)𝑝,∅𝑛 ≤

𝐴2𝛿𝜔𝑘
𝑟−2,𝜃(𝑓′′, 𝛿)𝑝,∅𝑛 ≤

⋯𝐴𝑟−1𝛿
𝑟−1 𝜔𝑘

1,𝜃(𝑓(𝑟−1), 𝛿)
𝑝,∅𝑛

.   

Now using lemma 2.3(2) we get:  

𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 ≤ 𝐴𝑟−1𝛿

𝑟−1 𝜔𝑘
1,𝜃(𝑓(𝑟−1), 𝛿)

𝑝,∅𝑛

≤ 𝐶𝛿𝑟‖𝑓(𝑟)‖
𝑝,∅𝑛

.                   ∎ 

Lemma 2.5: 
For the kernel 𝑞2𝑛, which is defined in 

definition (1.6), we have:  
1

𝜋
 ∫ 𝑞2𝑛(𝑡)𝑑𝑡 = 1
𝜋

−𝜋
  For each  𝑛 ∈ 𝑁. 

 

Proof: From definition (1.6), we see that   
1

𝜋
 ∫ 𝑞2𝑛(𝑡)𝑑𝑡 =

1

𝜋

𝜋

−𝜋
 ∫ 1

𝑛+1
∑ 𝐷𝑛+𝑘
𝑛
𝑘=0 (𝑡)𝑑𝑡

𝜋

−𝜋
  

=
1

𝑛+1
[∫ 1

𝜋

𝜋

−𝜋
[𝐷𝑛(𝑡) + 𝐷𝑛+1(𝑡) + ⋯𝐷2𝑛(𝑡)]𝑑𝑡]  

=
1

𝑛+1
 [1
𝜋
∫ 𝐷𝑛(𝑡)+

1
𝜋∫

𝐷𝑛+1(𝑡)+⋯
1
𝜋∫

𝐷2𝑛(𝑡)
𝜋
−𝜋

𝜋
−𝜋

𝜋
−𝜋 ] 

=
1

𝑛+1
[1 + 1 +⋯1𝑛+1−𝑡𝑖𝑚𝑒] = 1, since  

1

𝜋
 ∫ 𝐷𝑛(𝑡) = 1 
𝜋

−𝜋
 For each  𝑛 ∈ 𝑁.              ∎  

 

Lemma 2.6: 

For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞, there is a 

constant 𝐴(𝑝) depends on 𝑝  such that:   

‖𝒱3𝑛,2𝑛(𝑓)‖𝑝,𝜃𝑛
≤ 𝐴(𝑝)‖𝑓‖𝑝,𝜃𝑛 . 

 

Proof:  
By lemma (2.2) we have: 

 𝒱3𝑛,2𝑛(𝑓, 𝑥) =
1

𝜋𝑛
  ∫ 𝑓∅𝑛

𝜋

−𝜋
(𝑥)𝑞2𝑛(𝑥 − 𝑡)𝑑𝑡. 

Thus, 

‖𝒱3𝑛,2𝑛(𝑓)‖𝑝,𝜃𝑛

= 𝑠𝑢𝑝 {∫ |
1

𝜋
∫ 𝑓∅𝑛(𝑡)𝑞2𝑛(𝑥−𝑡)𝑑𝑡

𝜋

−𝜋

|

𝑝

𝐵

}

1
𝑝

= 𝑠𝑢𝑝 {∫|𝑓∅𝑛(𝑡)|
𝑝𝑑𝑡.  

1

𝜋
∫ 𝑞2𝑛(𝑥−𝑡)𝑑𝑥

𝜋

−𝜋
𝐵

}

1
𝑝

 

(Jensen inequality) 

≤ 𝑠𝑢𝑝 {∫|𝑓∅𝑛(𝑡)|
𝑝𝑑𝑡.  𝐴

𝐵

}

1
𝑝

 ≤ 𝐴(𝑝)‖𝑓‖𝑝,𝜃𝑛 

where    𝐴 =  1
𝜋
∫ 𝑞2𝑛(𝑥−𝑡)𝑑𝑥.
𝜋
−𝜋    

Then ‖𝒱3𝑛,2𝑛(𝑓)‖𝑝,𝜃𝑛
≤ 𝐴(𝑝)‖𝑓‖𝑝,𝜃𝑛 .      ∎ 

 

3. Main results: 
In this section, we present the following main 

results. 
 

Theorem 3.1: 
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞,𝐵 =  [−𝜋, 𝜋] 

 𝑎𝑛𝑑  𝑘 ≥ 1  we have: 

𝐸𝑛(𝑓)𝑝,∅𝑛 ≤ 𝐴(𝑘)𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,𝜃𝑛 , , 

where 𝐴(𝑘) is a constant depends on  𝑘 . 
 

Proof: 

Since 𝛿𝑟‖𝑇𝑛
(𝑟)‖

𝑝,∅𝑛
≥ 0 where  𝑇𝑛 ∈ Π𝑛  the 

best multiplier approximation of 𝑓, 0 ≤  𝜃(𝑥) 

= √𝑥 − 𝑥2, ≤
1

2
   

for  𝑥 ∈ [0,1] then we have 

𝐸𝑛(𝑓)𝑝,∅𝑛 = 𝑖𝑛𝑓‖𝑓 − 𝑇𝑛‖𝑝,∅𝑛    

≤ ‖𝑓 − 𝑇𝑛‖𝑝,∅𝑛 + 𝛿
𝑟‖𝑇𝑛

(𝑟)‖
𝑝,∅𝑛

  

≤ 2𝑘‖𝜃𝑘(. )(𝑓 − 𝑇𝑛)‖𝑝,∅𝑛 +  

2𝑘𝛿𝑟‖𝜃𝑘(. )𝑇𝑛
(𝑟)‖

𝑝,∅𝑛
≤ 2𝑘𝐾𝑟,𝑘,𝜃(𝑓, 𝛿)𝑝,∅𝑛  
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≅ 2𝑘𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛 , by (2). Thus:  

𝐸𝑛(𝑓)𝑝,∅𝑛 ≤ 𝐴(𝑘)𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,𝜃𝑛∎ 

 

 

Theorem 3.2:  
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞,𝐵 = [−𝜋, 𝜋].  

Then there is a constant 𝐴(𝑝, 𝑘) depends on  𝑝  
and 𝑘 such that the following inequality hold:  

‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
 

≤ 𝐴(𝑝, 𝑘)𝜔𝑘
𝑟,𝜃(𝑓, 𝛿 )𝑝,∅𝑛. 

Proof: 
By using lemma (2.6), definition (1.7) and 

theorem (3.1) we get that: 

‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
  

= 𝑠𝑢𝑝 {∫ |(𝑓(𝑥) − 𝒱3𝑛,2𝑛(𝑓, 𝑥 )) ∅𝑛|
𝑝

𝑑𝑥
𝐵

}

1
𝑝
  

= 𝑠𝑢𝑝 {∫ |(𝑓(𝑥) − 𝑇𝑛 + 𝑇𝑛 − 𝒱3𝑛,2𝑛(𝑓, 𝑥 )) ∅𝑛|
𝑝

𝑑𝑥
𝐵

}

1
𝑝
  

≤ 𝑠𝑢𝑝 {∫ |(𝑓(𝑥) − 𝑇𝑛)∅𝑛|
𝑝𝑑𝑥

𝐵
}

1
𝑝
  

+𝑠𝑢𝑝 {∫ |(𝑇𝑛 − 𝒱3𝑛,2𝑛(𝑓, 𝑥 )) ∅𝑛|
𝑝

𝑑𝑥
𝐵

}

1
𝑝
  

= 𝑠𝑢𝑝 {∫ |(𝑓(𝑥) − 𝑇𝑛)∅𝑛|
𝑝𝑑𝑥

𝐵
}

1
𝑝
  

+𝑠𝑢𝑝 {∫ |(𝒱3𝑛,2𝑛(𝑇𝑛, 𝑥 ) −𝐵

𝒱3𝑛,2𝑛(𝑓, 𝑥 )) ∅𝑛|
𝑝

𝑑𝑥}

1
𝑝
= ‖𝑓 − 𝑇𝑛‖𝑝,∅𝑛 +

‖𝒱3𝑛,2𝑛(𝑇𝑛, 𝑥 ) − 𝒱3𝑛,2𝑛(𝑓, 𝑥 )‖𝑝,∅𝑛
  

= ‖𝑓 − 𝑇𝑛‖𝑝,∅𝑛 + ‖𝒱3𝑛,2𝑛(𝑇𝑛 − 𝑓)‖𝑝,∅𝑛
  

≤ ‖𝑓 − 𝑇𝑛‖𝑝,∅𝑛 + 𝐴1(𝑝)‖𝑇𝑛 − 𝑓‖𝑝,∅𝑛  

≤ 𝐸𝑛(𝑓)𝑝,∅𝑛 + 𝐴1(𝑝)𝐸𝑛(𝑓)𝑝,∅𝑛  

= 𝐴(𝑝)𝐸𝑛(𝑓)𝑝,∅𝑛 ≤ 𝐴(𝑝)2
𝑘𝜔𝑘

𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛  

where 𝑇𝑛 be the best multiplier approximation 

of  𝑓  and  𝒱3𝑛,2𝑛(𝑇𝑛) = 𝑇𝑛, thus: 

‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
    

≤ 𝐴(𝑝, 𝑘)𝜔𝑘
𝑟,𝜃(𝑓, 𝛿 )𝑝,∅𝑛       ∎  

 

Corollary 3.3:  
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞, using theorem 

(3.2) and lemma (2.4) then there is a constant 

𝐴(𝑝, 𝑘) depends on 𝑝 𝑎𝑛𝑑 𝑘 such that the 

following inequality hold:   

‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
  

≤ 𝐴(𝑝, 𝑘)𝛿𝑟‖𝑓(𝑟)‖
𝑝,∅𝑛

. 
 

Theorem 3.4: 
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞, then there is a 

constant 𝐴(𝑝, 𝑘) depends on  𝑝  and 𝑘  such 

that the following inequality hold: 

 

‖𝑓(. ) − 𝑆𝑛
∗∗(𝑓, . )‖𝑝,∅𝑛 ≤ 𝐴(𝑝, 𝑘)

2𝑛 + 1

𝑛
𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛. 

 

Proof: 

‖𝑓(. ) − 𝑆𝑛
∗∗(𝑓, . )‖𝑝,∅𝑛 =  𝑠𝑢𝑝 {∫ |(𝑓(𝑥) −

𝐵

𝑆𝑛
∗∗(𝑓, 𝑥 ))∅𝑛|

𝑝𝑑𝑥}
1
𝑝
= 𝑠𝑢𝑝 {∫ |(𝑓(𝑥) −

𝐵

𝒱3𝑛,2𝑛(𝑓, 𝑥 ) + 𝒱3𝑛,2𝑛(𝑓, 𝑥 ) −

𝑆𝑛
∗∗(𝑓, 𝑥 )) ∅𝑛|

𝑝

𝑑𝑥}

1
𝑝
≤ 𝑠𝑢𝑝 {∫ |(𝑓(𝑥) −

𝐵

𝒱3𝑛,2𝑛(𝑓, 𝑥 )) ∅𝑛|
𝑝

𝑑𝑥}

1
𝑝
+

𝑠𝑢𝑝 {∫ |(𝒱3𝑛,2𝑛(𝑓, 𝑥 ) − 𝑆𝑛
∗∗(𝑓, . )) ∅𝑛|

𝑝

𝑑𝑥
𝐵

}

1
𝑝
  

= ‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
+  

𝑠𝑢𝑝 {∫ |(𝒱3𝑛,2𝑛(𝑓, 𝑥 ) −
1

𝑛
∑ 𝑓(𝑥𝑖
2𝑛
𝑖=1 ) 𝐷𝑛(𝑥 −𝐵

𝑥𝑖)  )∅𝑛|
𝑝
𝑑𝑥}

1
𝑝
 ≤ ‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛

+  

2𝑛+1

𝑛
 ∑ 𝑠𝑢𝑝 {∫ |(𝒱3𝑛,2𝑛(𝑓, 𝑥) −𝐵

2𝑛
𝑖=1

𝑓(𝑥𝑖))∅𝑛|
𝑝
}
1
𝑝
.      

Since, 𝐷𝑛(𝑥 − 𝑥𝑖) ≤ 2𝑛 + 1 , for each 𝑖 =
1,2, … , 2𝑛, and using theorem (3.2) we get:   

‖𝑓(. ) − 𝑆𝑛
∗∗(𝑓, . )‖𝑝,∅𝑛

≤ ‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
+ 

http://creativecommons.org/licenses/by-nc/4.0/


Al-Saidy et al. Best multiplier Approximation in 𝐋𝐩,∅𝐧𝐁 2019 

 

32 

 

2𝑛 + 1

𝑛
∑‖𝒱3𝑛,2𝑛(𝑓, 𝑥) − 𝑓(𝑥𝑖)‖𝑝,∅𝑛

   

2𝑛

𝑖=1

≤ 𝐵(𝑝)2𝑘𝜔𝑘
𝑟,𝜃(𝑓, 𝛿 )𝑝,∅𝑛  

+
2𝑛 + 1

𝑛
∑𝐶(𝑝)2𝑘𝜔𝑘

𝑟,𝜃(𝑓, 𝛿 )𝑝,∅𝑛

2𝑛

𝑖=1

≤
2𝑛 + 1

𝑛
𝐴(𝑝)2𝑘 𝜔𝑘

𝑟,𝜃(𝑓, 𝛿 )𝑝,∅𝑛 . 

Then  ‖𝑓(. ) − 𝑆𝑛
∗∗(𝑓, . )‖𝑝,∅𝑛

≤ 𝐴(𝑝, 𝑘)
2𝑛 + 1

𝑛
𝜔𝑘
𝑟,𝜃(𝑓, 𝛿)𝑝,∅𝑛       ∎ 

 

Corollary 3.5: 
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞, using theorem 

(3.2) and lemma (2.4) then there is a constant 

𝐴(𝑝, 𝑘) depends on 𝑝 𝑎𝑛𝑑 𝑘 such that the 

following inequality hold: 

  

‖𝑓(. ) − 𝑆𝑛
∗∗(𝑓, . )‖𝑝,∅𝑛

≤
2𝑛 + 1

𝑛
 𝐴(𝑝, 𝑘)𝛿𝑟‖𝑓(𝑟)‖

𝑝,∅𝑛
. 

Theorem 3.6: 
For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) ,1 ≤ 𝑝 < ∞,𝐵 = [−𝜋, 𝜋] 

there is a constant 𝐴(𝑝) depends on 𝑝 such that 

the following inequality hold:  

‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
  

≤ (1 + 𝐴(𝑝))𝐸𝑛(𝑓)𝑝,∅𝑛  

Proof: 

Let 𝑇𝑛
∗ be the best multiplier approximation of  

𝑓  then ‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
  

= ‖𝑓(. ) − 𝑇𝑛
∗ + 𝑇𝑛

∗ − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
  

≤ ‖𝑓(. ) − 𝑇𝑛
∗‖𝑝,∅𝑛 + ‖𝑇𝑛

∗ − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
  

= ‖𝑓(. ) − 𝑇𝑛
∗‖𝑝,∅𝑛 + ‖𝒱3𝑛,2𝑛(𝑇𝑛

∗ − 𝑓 )‖
𝑝,∅𝑛

, 

this by linearity of 𝒱3𝑛,2𝑛   and by 

𝒱3𝑛,2𝑛(𝑇𝑛
∗) = 𝑇𝑛

∗  Then by boundedness of  

𝒱3𝑛,2𝑛    we get 

‖𝑓(. ) − 𝒱3𝑛,2𝑛(𝑓, . )‖𝑝,∅𝑛
= ‖𝑓(. ) − 𝑇𝑛

∗‖𝑝,∅𝑛 +

‖𝒱3𝑛,2𝑛(𝑇𝑛
∗ − 𝑓 )‖

𝑝,∅𝑛
  

≤ 𝐸𝑛(𝑓)𝑝,∅𝑛 +  𝐴(𝑝)‖𝑇𝑛
∗ − 𝑓‖𝑝,∅𝑛  

= 𝐸𝑛(𝑓)𝑝,∅𝑛 + 𝐴(𝑝)𝐸𝑛(𝑓)𝑝,∅𝑛  

= (1 + 𝐴(𝑝))𝐸𝑛(𝑓)𝑝,∅𝑛 .                     ∎  
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