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Abstract

In the current study, we have been derived some Basyian estimators for the parameter and relia-
bility function of the inverse Rayleigh distribution under Generalized squared error loss function.
In order to get the best understanding of the behavior of Bayesian analysis, we consider non-
informative prior for the scale parameter using Jefferys prior Information as well as informative
prior density represented by Gamma distribution. Monte-Carlo simulation have been employed to
compare the behavior of different estimates for the scale parameter and reliability function of in-
verse Rayleigh distribution based on mean squared errors and Integrated mean squared errors,
respectively. In the current study, we observed that more occurrence of Bayesian estimate using
Generalized squared error loss function using Gamma prior is better than other estimates for all
cases.

Keywords: Inverse Rayleigh distribution, Bayesian estimator, Generalized Squared error loss
Function, Jefferys prior and Gamma prior.
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Introduction

The inverse Rayleigh distribution is one of im-
portant distributions. The distribution originally
derived by Voda since (1972). In (1993) Ghar-
raph derived five measures of location for the
inverse Rayleigh distribution [1]. Soliman et al.
(2010) studied the estimation and prediction
from inverse Rayleigh distribution based on low-
er record values, Bayes estimator have been de-
veloped under squared error and zero one-loss
functions [2]. In (2012) Dey discuss the Bayesian
estimation of the Parameter and Reliability Func-
tion of an Inverse Rayleigh Distribution use dif-
ferent loss function which is Square error,
LINEX loss function [3]. In (2013) Sindhu and
other researchers studied the Bayes estimation of
the parameters of the inverse Rayleigh distribu-
tion for left censored data under different loss
functions (Symmetric and asymmetric) [4]. Also,
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In (2013) Prakash discuss the Bayes estimation
in the inverse Rayleigh model under two differ-
ent loss functions (Square error, LINEX loss
function) [5]. In (2014) Khan obtained, the Mod-
ified inverse Rayleigh distribution is special case
of inverse Weibll, which is extension to it [6]. In
(2015) the Fan discuss Bayes Estimation for In-
verse Rayleigh model under different loss func-
tions squared error loss, LINEX loss and entropy
loss functions[7]. In (2015) Rasheed discussed
the Comparison of the classical estimators with
the Bayes estimators of one Parameter inverse
Rayleigh distribution under generalized squared
error loss function [8]. In (2016) Rasheed and
Aref discussed the Bayesian approach for esti-
mating the scale parameter of Inverse Rayleigh
distribution under different loss function [9]. Fi-
nally, in (2016) Rasheed and Aref obtained Reli-
ability estimation in inverse Rayleigh distribu-
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tion using Precautionary loss function [10]. The
current study will obtain some Base estimators
for Reliability estimation of inverse Rayleigh
distribution using generalized square error loss
function.

One Parameter Inverse Rayleigh Dis-
tribution

The probability density function (pdf) of the in-
verse Rayleigh distribution with scale parameter
6 is defined as follows [11]:

260 _96
f(x;0) =—e x> 00 >0 1)
The cumulative distribution function is:
-8 2
F(x;0) =ex” ;x> 0,0 >0 (2)

The Reliability, failure rate and the Cumulative
failure rate (Hazard Rate) functions of this distri-
bution are given, respectively, by:

-0

R(t;0) =1—-F(t;0) =1—ex? 3)
o f60)
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We can say, the function h(t) is a failure func-
tion if and only if [12]

1. h(t) = 02. [, h(t)dt = oo

The relationship between R(t) and h(t) can be
defined as

f@  d

_R(t) = —alnR(t)

By integrating and using InR(0)=In(1)=0, yields

h(t) =

InR(t) = — fth(u)du
0

R(t) = exp [— jth(u)dul
0
R(t) = exp[-H(t)]
-6

H(t;0) = —LnR(¢) = —Ln (1 - ex_2>
Where H(t) is cumulative hazard function.
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Bayesian estimators under generalized
square error loss function

Al-Nasser and Saleh (2006) introduced a new
loss function in estimating the scale parameter
and reliability function for Weibull distribu-
tion, which is called Generalized squared error
loss function, that is defined as follows[13]:

k
L(8,6) = () 2,0)(8 - 0%,
j=0
k=10,123,...

L(8,0) = (ag + a,0 + - + a,0%)(6 — 6)°

So, the risk function under Generalized squared
error loss function which is denoted by

Res (@, 6) , will be:
R(8,8) = E[L(0,6)] = [ L(8,8)h(8]x)d6

The risk can be minimized simply, by setting
the first derivative to zero [8]

Hence, 6 based on generalized squared error
loss function will be:

4

B aoE(8]x) + aoE(6%|x) + -+ + a,E(6%*|x)

B a, +a1E(9|£) +---+akE(9K|§)

(6)

Prior and Posterior Distribution

In the current study, we consider informative as
well as non-informative prior density for 6 as
follows:

(i) Posterior Distribution Using Jeffreys Prior
Information

Assume that (6) has non-informative prior den-
sity defined as using Jefferys prior information

g (8), which is given by[14]:

g1 </ 1(0)
Where, 1(8) = —nE [W] is the Fisher
information.
Hence,
g1(0)=b \/ —nE (%) ,b is constant

By taking the second derivative of log f(x; 6)
with respect to 6 yields
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9?Inf(x,0) 1

d 62 e
Therefore,
p 02 Inf (x;; 9) _ _l
d 62 62
b
91(8) = 9 Vn, 6 >0

Now, the posterior density function, is defined
as:

h(01x) =

9(9)L(9'X1xz Xn)
g (O)L(O; x,x,...x,)d0

()

After simplification, the posterior density func-
tions of (8) based on Jefferys prior, will be:

n
1
T=) @

i=1

Tn en 1
h1(9|£) =

It is clear that,
8|x~Gamma (n, T),

. n n
with E(8) = ;,VCZT @) = s

Now, based on Jeffreys prior, the m™ moment
for @ is:

E(0™|x) = fH"‘ h, (8]x)d6

~ ay %‘l‘ a, (n ;zl)n +a; ((n e 2)';;1 e 1)1’1) 10
0. = n (n+n ( )

ag + a, T +a, T2
(ii) Posterior Distribution Using Gamma Pri-
or

The prior predictive prior distribution using

Gamma distribution prior is defined as follow:
,Ba ea—le—Oﬁ

;0>0a>0,>0
'a « B

g2(0) =

Where, 8 and «a are the shape and the scale pa-
rameters respectively. Since, using Equation
(9), the posterior distribution of (8) will be as

follows:
patn e—GPea—1+n

ho(612) = —F (12)

Where, P = Z?ﬂ# + B

Notice that: 6|x~Gamma(a + n, P), with:

a+n at+n
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B(0]x) = [ 6™ h(0lx)do0
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J o I'(a +n) 0
0
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e P de
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., gmTmOm e ) . (a;l)—n)+a1(a+n)(lc)r2+n+1)
° o B, = (12)
! +a atn
E(Qm )_ 'n+m do T d1—p
%) = Torm
(n+ 1n
a +a ——
R I 9)
a0+a1T
a+n (a+n)(a+n+1) (a+n)(a+n+1)(a+n+2)
G2 a+n

(a+n)(a+n+1)

Reliability Function
In this subsection, we have derived the Bayesian
estimates for reliability function of inverse Ray-

P
leigh distribution under Generalized squared er-
ror loss function, where



Rasheed et al.

Comparison of Bayes Estimators for Parameter and Reliability function for Inverse Rayleigh Distribution By using

2017

Generalized square error loss function

aE(RM®E) + aoE(R(®)?t) + - + axE(R®**|t)

R = ap + ;ERM®IL) + - + a E(R(X|t)

14

(i) Bayesian Estimator for Reliability function
under Jeffreys prior

__9
Since R(t) =1 — e (15)

Now, to

E(R®)|t) = ] R(®) hy(6]¢)d6
0
) (16)

BROY|) = [ R©)? m(0l0)d0
0

according Jeffreys  prior,

2

t2T + 1

BRI =1~ (

Tt2 \" Tt2 \"

Tt? Tt?

n W e n n
a"(l_(tZT+l) )+a1(1_2(tZT+1) +(t2T+2))+a2(2_3(t2T+1) +(tZT+2))

And E((R()°[t) = [ (R(€))* hy(6])d6
5 (0"l =23 (1) + (77) @9

Hence, the Bayesian estimators for the R(t) based
on Generalized squared error loss function using
Jeffreys prior with the first and second order pol-

ynomials, which are denoted by }?(t)Gm,
R(t)¢s) respectively, are as follows

ﬁ(t)Gsu . .
Tt? Tt? Tt?
ao(“(m) )+31<1‘2(W) +(m

B Tz \"
ag +a; (1 — <—tZT T 1) )

Tt? Tt?

ﬁ(f)us]z =

(ii) Bayes Estimator for Reliability function
under Gamma prior

According to Gamma prior, E(R(t)|¢) will be
E(R®|e) = ]0 R hy(611)d9

E(RD[t) =1- ( )m (21)
B(ROYI) = [ R©)? hy(ole)a0

2

t?P +1

2 Pt2 a+n pe2 ain
E((R®)|e) =1-2 (W) + (W) 22)
And

Ptz a+n PtZ a+n
E((R®))*|t) =2-3 (tZP = 1) + <t2P . 2> -
é(t)GSGl . ) +
pez \*H" prz \&* ppz
ao(l_(w) >+a1(1_2(Pt2+1) + (pr2) ) (24)
_ Ptz \“"
a+a(1-(mr) )
at+n win o
S e
GSG2 ao+a1<1_(%)a+n)+a2<1_2(Pf2ti1)a+n+ (sztiz)mn)
wlza(di) ) )

pe2 &t pe2 \@tN G (25)
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Simulation Results
In the current the simulation study, we generated
samples of different sizes, n = 10, 25, 50, and
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T\ :
a"+a1(1_(t2T+1) )+a2(1_2(t2T+1) +(t2T+2) )

(20)

Tt2 Ttz \"

100 from one parameter inverse Rayleigh distri-

bution with three different values of (6 =
0.5,1.5 and 3). The constants of Generalized
squared error loss function are choose as
a, = 5000, a; = 10anda, = 0.5. The values of
parameters of Gamma distribution prior are(a =
0.8, 8 = 1.2, 3). The processes have been repeat-
ed 5000 times. The expected values and mean
squared errors (MSE's) for the Bayes estimates

of the parameter 6 are obtained, where

R (8;—0)°
MSE(0) = M ;i=123,...,R
And integral mean squared error (IMSE) for all
estimates of the reliability function of Inverse
Rayleigh distribution are obtained which is de-
fined as follows:
Yt MSE(R; (t))

N

IMSE (ﬁ(t)) =

Where,i=1, 2, ..., L ; ntis the random limits
of i

In current paper, we use
t =15,1.8,2.1,24,2.7,3

The results of the simulation study for estimating
the scale parameter (0) were summarized and
tabulated in tables (1), (2) and (3) which are con-
tain the expected values and MSE's for different
estimates of the scale parameter, while tables (4),
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(5) and (6) are contain IMSE's for different esti-
mate of the Reliability function. We have ob-
served that:

1.

Table (1), shows that, the Bayesian estimation
based on Gamma prior under Generalized
Squared error loss function (GSELF) with
(=3 and a=0.8) is the most occurrence in
comparing to the others.

. Table (2), shows that, the Bayes estimator ac-

cording to Gamma prior under Generalized
Squared error loss function (GSELF) with
(B=3 and 0=0.8) is the best estimator compar-
ing to the other estimator for all sample size
expect the sample (10) the performance under
Gamma prior with (=1.2 and a=0.8) is the
best estimator.

. Table (3), shows that, the performance of

Bayes estimator with Gamma prior under
Generalized Squared error loss function
(GSELF) with (B=1.2 and a=0.8) is the best
estimator comparing to the other estimator for
all sample size.

. Table (4), shows that, the performance of

Bayes estimator with Gamma prior under
Generalized Squared error loss function
(GSELF) with (B=1.2 and a=0.8) is the best
estimator comparing to the other estimator for
all sample size expect the sample (10) the per-
formance under Gamma prior with (=3 and
a=0.8) is the best estimator.

. Table (5) and (6), shows that, the performance

of Bayes estimator with Gamma prior under
Generalized Squared error loss function
(GSELF) with (B=1.2 and a=0.8) is the best
estimator comparing to the other estimator for
all sample size.

. Provided that chosen the value of £ is in-

versely proportional to the value of 8 in esti-
mation the scale parameters

Itis clear that, MSE's of all estimates of scale
parameter is increasing with increase of the
parameter value with all sample sizes.

In general, we conclude that, in situation in-
volving estimation of parameter and Reliabil-
ity of inverse Rayleigh distribution using
Generalized squared error loss function using
Gamma prior is most occurrence in compar-
ing to the corresponding other estimates.

Table 1: Expected values and MSE’s of the different esti-
mators for the Inverse Rayleigh distribution with 6=0.5,
A0 =5000, Al =10, A2=0.5, 0=0.8

Estimator

0.553371 | 0.521807
4 5

0.5102229 | 0.5053623

0.042094 | 0.012818 | 0.0056789 | 0.0026506

8 8

0.553376
7

0.5102234 | 0.5053626

0.521809
0

0.042098 | 0.012819
5 0

0.0056790 | 0.0026507

0.556374 | 0.524782
4 2

0.5119841 | 0.5063035

0.036269 | 0.012420 | 0.0056124 [ 0.0026389
8

0

0.505081 | 0.505511
2 2

0.5026784 | 0.5017222

0.021696 | 0.010139 | 0.0050806 | 0.0025085
6 7 9 5

0556378 | 0524783 | 05119846 | 0.5063038
8 4

0.036272 | 0.012420
4 2

0.0056124 | 0.0026389

0.505084 | 0.505512
5 3

0.5026789 | 0.5017225

0.021697 | 0.010139 | 0.0050807 [ 0.0025085
6 9 3 7

Table 2: Expected values and MSE’s of the different esti-
mators for the Inverse Rayleigh distribution with 6=1.5,
A0 =5000, Al =10, A2 =0.5, 0=0.8

Estimator
1.660525 1.565559 1.5307320 1.516117
0 00 0 00
MSE 0.379388 0.115427 0.0511227 0.023858
6 30 6 65
052 EXP. 1.660670 1.565596 1.5307460 1.516125
0 00 0 00
MSE 0.379685 0.115448 0.0511268 0.023859
8 50 3 61
B=1. EXP. 1.470881 1.498353 1.4990200 1.500668
p 2 0 00 0 00
@ MSE 0.172541 0.086561 0.0445572 0.022280
6 78 0 35
B=3 EXP. 1.167163 1.352119 1.4220680 1.461137
00 0 0 00
MSE 0.176139 0.078635 0.0420131 0.021517
10 5 2 09
562 p=1 EXP. 1.470958 1.498383 1.4990340 1.500675
2 0 00 00
MSE 0.172601 0.086572 0.0445598 0.022280
3 83 9 96
p=3 EXP. 1.167200 1.352141 1.4220810 1.461143
0 0 0 00
MSE 0.176127 0.078634 0.0420131 0.021517
0 9 40 14

Table 3: Expected values and MSE’s of the different esti-
mators for the Inverse Rayleigh distribution with 6=3, A0
5000, Al =10, A2 = 0.5, 0=0.8

Estimator

10

25 50 100

Crite-
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Table 6: IMSE's of the Different Estimators for the In-
verse Rayleigh distribution 6=3, A0 =5000, A1=10,A2 =
0.5 and R(t) =0.0540405, 0=0.8

3.322277 3.131524 3.061658 3.032330

0 0 0 0
1.520739 0.462053 0.204564 0.095452
0 5 6 1
3.323429 3.131816 3.061781 3.032390
1.52%432 0.462396 0‘203631 0.09%466 0.0097372 | 0.0041687 0.0020556 0.0010152
0 8 0 7
> 505774 3795067 3893783 3948242 0.0097182 0.0041611 0.0020514 0.0010131
0 0 0 0 0.00948 0.0039513 0.0020082 0.0010035
0.594360 0.301940 0.165540 0.085610
8 9 5 7 0.0292004 | 0.0089456 0.0035154 0.0014181
1.747872 2.328637 2.620616 2.799525
0 0 0 0
1.648842 0574375 0247032 0107516 0.0093714 0.0039059 0.0019848 0.0009917
0 0 5 2 0.0289152 | 0.0088241 0.0034536 0.0013872
2.506136 2.795448 2.893888 2.948292
0 0 0 0
0.594324 0.301975 0.165552 0.085614
6 0 7 1
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