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Abstract

The aim of this work is to deal with a new integrable nonlinear equation of wave propagation,
the combined of the Korteweg-de vries equation and the negative order Korteweg-de vries
equation (combined KdV-nKdV) equation, which was more recently proposed by Wazwaz.
Upon using wave reduction variable, it turns out that the reduced combined KdV-nKdV
equation is alike the reduced (3+1)-dimensional Jimbo Miwa (JM) equation, the reduced
(3+1)-dimensional Potential Yu-Toda-Sasa-Fukuyama (PYTSF) equation and the reduced (3
+ 1)dimensional generalized shallow water (GSW) equation in the travelling wave. In fact, the
four transformed equations belong to the same class of ordinary differential equation. With the
benefit of well-known general solutions for the reduced equation, we show that subjects to
some change of parameters, a variety of families of solutions are constructed for the combined
KdV-nKdV equation which can be expressed in terms of rational functions, exponential
functions and periodic solutions of trigonometric functions and hyperbolic functions. In
addition to that the equation admits solitary waves, and double periodic waves in terms of
special functions such as Jacobian elliptic functions and Weierstrass elliptic functions

Keywords: Combined KdV-nKdV equation, JM equation, PYTSF equation, GSW equation,
travelling wave solutions, Jacobian and Weierstrass elliptic functions
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and three nonlinear terms; the terms

Newly, Wawaz [1] introduced the combined
KdV-nKdV equation, and that by unifying the
KdV recursion operator and the negative order
KdV recursion operator to form a new
equation, this is given by

u, +6uu, +u,.. +u,. +4uu,+2u u =0
(1)
where u is the amplitude of the wave in one

field x plus time t. Clearly, it is a scalar fourth
order nonlinear equation and it has three linear

Uyppr Use and Uy, represent the linear

terms while U,U,,, U, U, and UU, represent

the nonlinear terms. The equation is an
integrable equation in the sense that it passes
Painlev’e test [1]. The tan /cot, tanh / coth, and
a modified version of Hirota’s formula were
used to get solutions for this equation see for
more details [1].

The other three equations, we consider in this
work, are the JM equation in (3 + 1)-
dimensions which was proposed by Jimbo and
Miwa [2], that is
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Xz

Uy +3U,U,, +3U,U, +2U, —3U,, =0,  (2)
The PYTSF equation in (3 + 1)-dimensions
was introduced by Yu and his collaborators [3],

reads

=AU, + Uy, +4U,U,, +20,u, +3u, =0, (3)
and the GSW equation in (3 + 1)-dimensions
was given by Tian and Gao [4], this is given by

Uspy —3Uy, —3U,U, +U, —U, =0, (4)
The JM equation (2), the PYTSF equation (3)
and the GSW equation (4) are all of fourth
order nonlinear equations they describe waves
propagate in three spatial dimensions. These
equations have attracted researchers from many
fields and many approaches have been used to
study and analyze the behavior of the solutions
of these equations see for instances [5-13].

This work is lined up as follows. In section
two, a wave reduction variable is used to
reduce the equations in higher dimensions, the
combined KdV-nKdV, JM, PYTSF and GSW
equations, to an ordinary differential equation
in one variable, also in the same section we
address how these equations are related and the
relations for the parameters are stated. We
move next to section three where solutions for
the combined KdV-nKdV equation are
established by showing how the solutions are
built on the solutions of other equations.
Conclusion is given in the last section.

The connections among the reduced

combined  KdV-nKdV  equation
and other reduced nonlinear
equations

The combined KdV-nKdV equation 1, that is

Uy +6U,U,, +Ug, +Ug, +4uu, +2u,u =0,

()

where u is a function of one field X plus time {,
can be transformed to an ordinary differential

34

equation and that by reducing the number of
independent variables of the equation to only
one wave reduction variable by taking

u(x,y,z)=U(g), ¢=ax+4&, (6)

where « and § are arbitrary constants.
Substituting into equation (5), after using chain
rule, yields

3 4 3
aéng +6a Ugug +a Ugm +a°0U

2 2
tda"J U, +2a°U U =0,
Integrating once

geee

a’(a+o)U
add, = ¢

o +3a’ (a+)U,°

)

where C is a constant of integration.
Rewriting the equation

U, +AU, +BU,+C =0, ¢=ax+a, (8)

3 B o

h =, B=——— and
where A " ' a1 d) an

1 .
C,=———cC.
S ACET)

The equation under reduction (8) by a wave
reduction variable is similar to the transformed
J M equation (2) in the travelling wave [5], that
IS

U, +AU. +BU,+C, =0,

(9)

and

¢ =ax+by+cz—wt,

3 —2bw—3ac
where A =2, B =_—_""_°%
A a 2 a’b
C, =0,

although the roles of the parameters are not the
same. By comparing the coefficients of the
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equation (8) and the equation (9), one can

deduce the following relations of the

parameters

-a(2bw + 3ac) , (10)

ab +2bw + 3ac

where a, b, ¢c and w are arbitrary constants.
Another form for (3+1)-dimensional Jimbo-

Miwa equation can be found in [14], this is

given by

a=4a, and 5=

Uy +3(UU, ), +3U,, +3u,8,U, +3u,u,
(11)
-2u, —3u,, =0,

Putting U =V, the equation becomes

Vxxxxy + 3(vaxy ) X + 3Vxxx + 3(Vxxvy ) X

— 2V, — 3V, =0,
integrating once and setting the constant of
integration to zero yields

Viay 3V, Vg 3V, +3V,0 v, —2v,, —3v,, =0,

Taking v(x,t)=U () and

¢ =X+cy+dz+et,

where ¢, d and e are constants, the equation
transforms

cU,,, +6cU .U, +(3-2ce-3d)U . =0,

integrating once gives
cU,, +3cU? +(3-2ce—3d)U, =¢’,

where C is a constant of integration.

Rewriting the equation
U, +AU, +B,U, +C; =0,

£ =X+cy+dz+et, (12)
where

*

_ _ * C
A =3, B;:w and sz—?,
C

Comparing equation (12) and the equation (8)
leads to the relations

3 —
a (220e+3d 3) (3
C+a“(2ce+3d -3)
The connection of the reduced combined KdV-

nKdV equation (8) and the reduced (3 + 1)-
dimensional PYTSF equation in [9], that is

a=1 and 6=-

U, +AU, +BU, +C; =0,

¢ =ax+by+cz—wt, (14)
where
3 30% + 4aw
=—, B,=——— and —0.
A a a’c € =0

By comparing the coefficients of the
equation (8) and the equation (14) leads to
the relations

a(3b* + 4aw)

a—a and 0=———F—"
an ac—3b? —4daw

(15)

where a, b, ¢, and w are constants.

The link of the reduced combined KdV-nKdV
equation (8) and the reduced (3 + 1)-
dimensional GSW equation in [10] this given
by
U, +AU. +BU,+C, =0,
C=X+y+z-W, (16)
where

A, =-3, B,=—(V+1)and c,=cC,.

Comparing the coefficients of the equation
(8) and the equation (16) gives the relations

V+1

a=-1 and §= a7
V +

where V is a constant.

In the next section, we shall use these relations
among these equations to construct solutions

35
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for the combined KdV-nKdV equation.

Solutions for the combined KdV-
nKdV equation

This section is dedicated to get solutions for
the combined KdV-nKdV equation. The
strategy for obtaining exact solutions is built
on the links among the reduced combined
KdV-nKdV equation and the solutions of
other reduced nonlinear equations in the
travelling wave.

According to a transformed rational
function method which was applied by Wen
and Jhn [5], and based on the relations of
the parameters in (10), we obtain the
following solutions for the combined KdV-
nKdV equation

Solution |
u(x,t) = i+ ,
1+ Aexp (<)
3
(04
=0oX— t,
J 1+a’

where all the constants are arbitrary.

Solution 11
2
u(x,t) :L+ BS +D,
4B -Cexp(¢)
27B°
= —3BX + ———t,
d —~1+9B?
where all the constants are arbitrary.
Solution 11
u(x,t) =—-2atan(g) + D,
4a®
=aX———t,
¢ ~1+4a’®

where all the constants are arbitrary.
Solution IV
u(x,t) =—-2atan(s) +%a§+ D,

4a’®
2 t’
1+4a
where all the constants are arbitrary.

& = ax—

Solution V
u(x,t) =2acot($) + D,
4¢°
=ax————t,
¢ ~1+4a?

where all the constants are arbitrary.
Solution VI
u(x,t) =2acot(s) +%a§+ D,

4o

1+4a?
where all the constants are arbitrary.

g =ox—

t,

Solution VII

u(x,t)=2atan(¢)+ D,
4a®

1+4a?
where all the constants are arbitrary.

§=oxX— t,
Solution VIII
u(x,t) =2atan($) —%aé’+ D,
4o

—zt’
-1+4a
where all the constants are arbitrary.

¢ =ax—

Solution VI

u(x,t) = 2acoth({) + D,

where all the constants are arbitrary

Solution IX

u(x, t) = 2a coth({) —%a( + D,

4a3
¢=ax— Tiraaz O
where all the constants are arbitrary.

Gl
According to a generalization of the -

expansion method which was used by Zhang

36
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[13], and taking into account the relation in
(10), the solutions for the combined KdV —
nKdV equation

Solution XI

1
u(x,t) = a /A% — 4ytanh(§\/7\2 —4ul

1
+InC) —§a(?\2 —4W)7+D

and

u(x,t)

= /A% — 4u{tanh (VA2 —4ul+1nC)
+ isech (\/7\2 —4ul +In C)} — %a(?@ —4u)T

+D
a3(A2-4p)

1-aZ(A2-4u)
constants are arbitrary.

where ¢ = ax + t and all the

Solution XII

1
u(x,t) = aJA2 —4u coth(?/k2 — 4ug

1l C ! A2 —4
+5In(=0) -zl — 4G

+D

and

u(x, t) = a A% — 4u{tanh(\/7\2 —4ut
+ In(—C))

+ isech (\/7\2 4ug
+ In(— C))} ——0((7\2 4T
+D

o (A2-4ap)
1-a2(A2-4pu)
the constants are arbitrary.

where { = ax + t,C <0 andall

solution XIII

u(x,t) = a1 - ucoth( A2 — ()
- %a(lz — 47+ D
and

u(x, t)

= a2 — 4y {tanth (/A2 = 4p0)
+ isech (A2 - 4uZ)}_1 - %a(?\z — 40)T

+D
a3(A?-4p)

1-a?(A2-4u)
constants are arbitrary

where ¢ = ax + t and all the

Solution XIV
u(x,t) = am tanh( V=)
- Ea(?\z — 47+ D,
and

u(x, t) = a/A? — 4u{tanh A% —4u0)
+ isech (1/;\2 - 4;1()}

-2a(A% — 4T+ D
Gl
1-a?(A2-4p)
constants are arbitrary.

where ¢ = ax + t and all the

Solution XV

1
u(x,t) = —a/4u — A?tan {E VA — A%
1
- tan_l(C)} - §a()\2 — 4u)¢
+ D,
ad(A2-4p)

1-a2(A2-4pu)
constants are arbitrary.

where { = ax + t and all the

Solution XVI

37
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u(x,t) = a,/4u — A%cot {% JaAn— A2+
tan"l(C)} - éa(kz —4pW)T+ D,
a3 (A2=4y)

1-aZ(A2-4u)
constants are arbitrary .

where ¢ = ax + t and all the

Solution XVII
u(x,t) = a /A% — utanh( VA% —4ul
1
+ Eln C) + D,
and
ulx,t) = a /A% — 4u{tanh VA% — 4t
+1nC)
+ isech (\/7\2 —4ul+In C)}
+ D,
_ a’(A*—4p)
where { = ax + Tt and all the

constants are arbitrary.

Solution XVII

u(x, t) = a/A? — 4p COth{ JAZ —4apg+
~In(-0)} + D,

and

u(x, t) = a /A% — 4u{tanth (VA2 — 4t

+ In(— C))

+ isech (\/7\2 — 4z

+ ln(—C))}_l +D
ad(A2-4p)

—1-a?(A%2-4u)
constants are arbitrary .

where { = ax + t and all the

Solution XIX

u(x,t) = ayA* - ucoth{ \/)\274

+D,

and

38

u(x,t) = a /A% — 4u{tanh (A% —4u0)
+ isech (\/)\2 - 4u()}_1

+D,

_ a3 (A*-4p)
where { = ax + T

constants are arbitrary .

t and all the

Solution XX

u(x,t) = a A% - utanh{ A2 — (}

+D,

and

u(x,t) = a/A? — 4u {tanh (WA%2 —4u0)
+ isech (\/?\2 - 4u()}

+ D,

o _C
where { = ax + (P

constants are arbitrary.

t and all the

Solution XXI
u(x,t) = — a/4u — A% tan {% JAn— A2 —
tan_l(C)} + D,
o O
where { = ax + e —tn)
constants are arbitrary.

t and all the

Solution XXII

a~/4u — A% cot {% JaAn— A2 —

tan‘l(C)} + D,

u(x,t) =

ad(A%-4ap)
—1-a?(A%2-4p)
constants are arbitrary.

where { = ax + t and all the

According to [9] and based on the relations of
the parameters in (15), the solutions for the
combined KdV — nKdV equation

Solution XXII
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-2
u(x,t) = 1+2D* exp(Q) +D,

where all the constants are arbitrary .

Solution XXIV
—24A*? "
u(x, t) —m‘l‘x‘l ¢+ D,
= —3A"x + 2747 t
¢=3Ax+ gt

where all the constants are arbitrary .

Solution XXV
u(x,t) = 2av/—o tanh(vV=0{) + D, ¢
4

-1+ 4a20't'0 <0

=ax —

where all the constants are arbitrary .

Solution XXVI
u(x, t) = 2av—o coth(v=a{) + D,

4a30

et

( =ax —

where all the constants are arbitrary .

Solution XXVII

u(x, t) = 2av/—o tanh(vV—0¢)
+ 2av/—0o coth(vV=0{) + D,

16a3c
Where { = ax — ———
—-1+16a<o

the constants are arbitrary .

t,o<0 and all

Solution XXVIII

u(x, t) = 2av/—o tanh(vV=a?Q) + gaai +D,

4030
{=ax——22 t,6<0
1+4a?0

39

where all the constants are arbitrary .

Solution XXIX

u(x, t) = 2av/—o coth(v=0¢) + gaa +D,

4a3c

—t,0<0
1+ 4a?0 o

{=ax—

where all the constants are arbitrary .

Solution XXX
u(x, t) = 2av/—o tanh(vV—07)
+ 2avV—o coth(\/—cr{)
16
+—aa{ + D,
3
where { = ax — —22% ¢ 5 <0 all the
1+16a“o

constants are arbitrary .

Solution XXXI

u(x,t) = —2avotan(~o{) + D,

4a30
(=ax———t,0>0
1+4a?0

Where all the constants are arbitrary .

Solution XXXII
u(x, t) = 2av/o cot(Va) + D,

430

T aaze 77"

(=ax —

where all the constants are arbitrary .

Solution XXXIII
u(x, t) = —2avo tan(\o{)
+ 2avo cot(Va{)
+ D,
3
where { = ax — ——=2_t,¢>0 and all
—-1+16a<o

the constants are arbitrary .

Solution XXXIV
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u(x, t) = —2avo tan(vo{) + %aa( + D,

4a3c

C=ax—1+4a20

t,o>0

where all the constants are arbitrary .

Solution XXXV

u(x, t) = 2avo cot(vVa) + gaai +D,

430

C=ax—1+4a20

t,o>0

where all the constants are arbitrary .

Solution XXXVI

u(x,t) = —2avo tanh(vo()
16
+ 2a+/a coth(Va() + 3 ao{
+ D,
3
where { = ax — —=2
1+4ao
constants are arbitrary .

t,o >0 and allthe

Solution XXXVII

¢
u(x, t) = —Zaszf sn?(¢y,s)dq,
0
2
__ 1 2
30(( 1-s

+ (54—52+1))(+D,

2a3V14+2652 454

—14+40a2V1+2652+s5%

C=ax+
where all the constants are arbitrary .
Solution XXXVIII

u(x, t)
(525112 (C1,s) + nSZ(Zl» S))d<1

¢ 2 -1 —5?
= -2 —
ajo 3a<i (54—52+1)><

+D,

40

2a3V1 + 1152 + 54 .
—1+ 402V1 + 1152 + s%

C=oax+

where all the constants are arbitrary .

Solution XXXVIX

¢
u(x, t) = —asf (ssn?(y,s)
0

i' Cn((p S)dn@L S))dZ1
1 2
~3 a (—1 -

+/(s* + 1452 + 1))Z+D,

2a3V1+2652+s% t
—1+402V1426524s5%

(=oax+
where all the constants are arbitrary .
Solution XL
u(x,t)
= —ajz(szsnz(il, s) + ns?(qy, s)
0

+ sen(y, s)dn(ly, s) + cs(Gy, s)ds({y, s))di,
—%a(—l —s%2+6s
+/(s* + 60s(1 + s2) + 13452 + 1))(

+D,

V14605413452 +60s3+54
—1+402V1+60s+13452+60s3+s%

 =ax+

where all the constants are arbitrary .

According to [8] and by applying the relations
of the parameters in (15), the solutions for
combined KdV — nKdV equation

Solution XLI

—aAexp(+2/AD)

utot) = +16VABFexp+2VAg = O’

A
where { = x — :rﬂ t and all the constants are
arbitrary .

Solution XLII
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u(x,t)
B —2 cosh(VAQ) sinh(\/Z()}
4\/2{ +2cosh?(VA) — 1

" 2cosh?(VA7) — 2 cosh(VAZ) sinh(VA7)
-3
+ B,

A
where { = x — 24 ¢ and all the constants
: 1+4A
are arbitrary .

According to [7] and by calling the relations
in (15), the solutions for combined KdV —
nKdV equation

Solution XLII1
ulx,t) = A+ 2/—u(1+ ui?)

( tanh(B + v/—u{) )
1+ AJ/=utanh(B + =)/’

and
u(x,t)
= A
+2/—u(1
+ ui?) (

coth(B ++/—uQ) )
1+ A/=pcoth(B++—nl))

M u<0 and all
—1+4u

the constants are arbitrary .

where = x —

Solution XLIV

u(x,t) = A+ \/—_,u(tanh(B + \/—_,u{)
+ isech(B + \[—uQ)) ,

and

ulx,t) = A+ \/—_y(coth(B + \/—_/1{)
+ csch(B + \/—_/x{)),

where { = x —%ﬂlt, p<0 and allthe
constants are arbitrary .

Solution XLV

u(x,t)= A+ 2\/—_,11(1\/—_;1 + coth(B
+=1)).

and
u(lx,t) = A
+ 2,/—;1(/1,/—/1 + tanh(B
+y/=u4)),
where { = x — _ffw t,p <0 and all the

constants are arbitrary .

Solution XLVI

u(x,t) = A+ 2,/—pu(tanh(B + \/—uQ)
+ coth(B + /7)),

16u

where { = x — “rrie t,u<0 and allthe
constants are arbitrary .
Solution XLVII
u(x,t) = A+ ,/—p(tanh(B + \/—pQ)
+ isech(B + 1/—,u())
+A/—u
and
u(x,t) = A+ /[—p(coth(B + \/—uQ)
+ csch(B + w/—/JL())

+A/—u,
where { = x _%-I-Mt”u < 0 and all the
constants are arbitrary .

Solution XLV

u(x,t) = A+2/ul + pr?)

( tan(B—v/u{) )
1+A/u tan(B—/ud)

and

u(x,t) = A+2/u(1 + pr?)
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cot(B ++/ud)
(1 + A/ cot(B + \/ﬁ()>

Where { = x —
—1+4u
constants are arbitrary .

and all the

t,u<o

Solution XLIX

ulx,t) = A+ \/ﬁ(tan(B
- Ju)

— \/ﬁ() + sec(B

and

u(x,t) = A+ Ju(cot(B +/ug) + csc(B
+ 1)

where ,{ = x — ﬁt and all the constants
are arbitrary .

Solution L
u(x,t) = A+ 2,/u(1/u+ cot(B
+/u9))

and

u(x,t)= A+ Zﬁ(l\/ﬁ + tan(B
—Jul)),

where { =
are arbitrary .

Solution LI

ulx,t) = A+ Zﬁ(tan(B — \/ﬁ{)
—cot(B - R2)),
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Where ¢ = x —
—-1+16u
constants are arbitrary .

t and

Solution LII

ulx,t) = A— \/ﬁ(tan(B + \/ﬁZ)
+ sec(B + \/ﬁf))
+A4/u (84)

and
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u(x,t) = A— \/ﬁ(cot(B — \/ﬁ{)
+ esc(B +,/u)) + A/u

R
Z_x —1+ut

constants are arbitrary .

where and all the

According to [10] and based on the relations in
(17), we have the following for solutions for
the combined KdV — nKdV equation

Solution LII, when A% —4u >0

u(x,t) =
yER— —A*cosh @\//12 —4u()+B*sinh(§1MZ—4u{)
B B A*sinh @\//12 —4ﬂ()+B*cosh(§1MZ—4u() +

+4,

A2—4p _
Pl O 1 andall

the constants are arbitrary.

where { = ax —

Solution LI, when 12 — 4u < 0

u(x, t)

sm( JH=2%))
+B*cos (T/W()
() |
[ +Bsin (54— 2%¢)

= —/4p —2A%4

+a0 +/1,

A2-4
ﬁtlt,a = —1 andall

the constants are arbitrary .

where { = ax —

According to modification of Fan sub—
equation method which was applied by Zhang
and Peng [6] ,the solutions for the combined
KdV - nKdV equation

Solution LIV
u(x, t)

2ak,s? 2
j (g9 (ak;

- s2+1

i\/azkg - 3a2k0k4)( + D,
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4a’\|—a?(—k2 + 3kok,)
+1 + 4a/—a?(—k2 + 3koks)

{=oax—

1-
where k, m,k4<0k2>0
and all the constants are arbitrary .

= ax —

Solution LV
2ak,s? 2
uGot) = 52 f W2 [5G, 5)dGs
—§(ak2
i \/azkg - 3a2k0k4){ + D,
4a?\[—a?(—k? + 3kok,)
C=ax— ,
+1 + 4a/—a?(—k2 + 3kok,)
here ko = —2% &, < 0,k, > 0 and all
where ky = ra 2D ko and a

the constants are arbitrary .

Now , going back to the reduced combined
KdV — nKdV equation (7), that is

ad(a+ 8)Ug; + 3a*(a + 8)U?
+adU; = c".
Taking U; =V the equation becomes
a*(a+ 8V +3a*(a+ 8§V + adV = c*,
multiplying by V; yields

a3(a + 5)V(V§( + 3a2(a + 6)V{V2 + aé\V(V
= c"V,
¢

integrating once

1 3 2 2 3 1 2

Sa (@+8)V:" +a*(a+6)V° + Ea(SV
=c'V +c*,

where ¢** is a constant of integration.

Rewriting the equation
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2 _ _E 3 _ 1) 2 ZC*
V( T« 4 a?(a+6) Ve+ a3(a+6) V+
ZC**
a3(a+8)’

The solution for the last equation is well known
in the literature see for instance the classic
book of Whittaker and Watson [15], and can be
given in terms of Weierstrass double periodic
waves in the following form

V() = —2a({;92,93) RTCED)

where Weierstrass elliptic function g satisfies
the differential equation

80% = 4° — g, — g3

and the invariants of the Weierstrass function
are given by

18?263 + 18a368? + 432c*a36 +

216c*a?8% + 216¢c*at
54a*(a + §)3

g2 =

and

—218c**a?5 — 108c** ad? + &3
+18¢*8% — 108c** a3 + 18c*a
54a*(a + 6)3 '

gs =

where all the constants are arbitrary. As a result
the solutidh8 RAIHAH JeP@REStrass ddatteV
periodic waves for the combined KdV-nKdV

equation are established.

Conclusions

To sum up, families of solutions for the
combined KdV-nKdV equation have been
found. The results were built on the
connections to some nonlinear equations in
higher dimensions. We have shown that the
solutions of the new integrable nonlinear
equation, the combined KdV-nKdV equation,
can be obtained by some analogues of solutions
of the JM , PYTSF and GSW equations. These
nonlinear equations actually are related to each
other in the travelling wave; they belong to the
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same class of nonlinear ordinary differential
equation. The exact solutions for combined
KdV-nKdV equation are represented in terms
of solitary wave, periodic wave solutions by
means of trigonometric  functions and
hyperbolic functions, and double periodic wave
solutions by means of Jacobian elliptic
functions and Weierstrass elliptic functions,
although the solutions in terms of elliptic
functions were not given in simple forms.

One may notice that each method that have
been used in solving the nonlinear equations
provide variety types of solutions, and by
examining these approaches one may recognize
the efficiency and reliability of such methods;
however some methods give more general
solutions than others. Finally we should say
that some solutions may repeated or looked the
same after using some equivalent relations, but
we have written them to show the similarities
and differences of the methods that have been
used to solve these types of equations.
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