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In this paper, we shall study the existence of a new class called fractional Caputo type of order
0 < a <1 sobolev type fractional order differential Equations motion in separable Banach
spaces. The class of impulsive nonlinear fractional order bilinear control differential Equations
with Riemann Leovel differential initial value studied and discussed also given the important
results for the almost periodic mild solution to be sTable by using Menards function and granwal
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Introduction

Sobolev type differential Equations have been
investigated by many authors, as examples, [1]
and [2]. They established the existence of
solutions of nonlinear impulsive fractional
integro- differential Equations of sobolev type
with nonlocal condition. Zhou, Wang and Feckan
[1][2] investigated a class of sobolev type
semilinear fractional evolution systems in
separable Banach space. The existence of the
mild solution to the Problem in this section by
using Laplace transform of the Caputo function
integral to define and find the mild solution of
problem (3.1)-(3.2)

Preliminaries

In this section, some basic definitions and
properties concepts are for the almost periodic
solutions.

Definition (2.1) [4]
Anumber T €[] iscalledan € — translation
number of the function ¢ € PC(R, X)) if for all

T el whichsatisfies |t — t;| > &, foralli €[].

T(d,e) the set of all
€ — translation number of ¢.

Denote by

Definition (2.2) [4]:

A function ¢ € PC(R,X)
piecewise almost periodic if the following
conditions are satisfied:

Wt =ty =i}, iel, j=0.21,%2,.,

are equipotentially almost periodic; that is, for

is said to be

any €> 0, there exists a relatively dense set
€ —almost periodic that are common to all

the sequences {tf } .

(2)Forany € > 0, there exista positive number

d=0(g) such that if the points t' and t"
belong to a same interval of continuity of:

¢ and |t' - t”| <9, then ||(|)(t') - (|)(t”)|| <E.
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(3) For every €>0, T(¢,e) is a relatively
dense setin [] .

We denote by APp(R,X) the space of all
piecewise almost periodic functions.

Theorem (2.3): "Banach Contraction
Principle Theorem" [3]

Let fbe a contraction on a complete metric space
X. Then f'has a unique fixed point X € X .

Definition (2.4), [5]:
The Mainardi’s function is defined by:

o (—1)kz¥
Mo (2) = Xiso T

———— where 0 < a <
—a(a+1)+1)
1,ze¢

Definition (2.5), [5]:
The Mittag - Leffler function is defined by:

n

z
['(an + p)
where a, > 0,z € €.

0

Ea,/}(z)zz

n=0

Lemma (2.6) [1]:
B>0, a(t) is nonnegative function locally

integrable on 0<¢ <T (some T <+o0) and
g(t) is nonnegative, nondecreasing continuous

function with ” g@) | < N andu(t) is nonnegative
and locally integrable on 0 <¢ <T with:

u(t)Sa(t)+g(t)tj(t —5)"u(s)ds
Thenon 0<¢ <T : 0

u(t)<a(t)+ ][2—@ (;zll;(gﬁ) W ¢ — sy as s

If a(t) be a nondecreasing function on [0,T], then:
u(t)<a@)E, (gL (Bx’)
Where £ 5 18 the Mittag Leffler function:

s

k
z

BTy

Existence of the Fractional Order impulsive
Bilinear control

Consider the Bilinear Control System with
Rieman-Leovel initial condition:

119

‘DY (Fx - g(t,x))=(A+AA)x (t)+(B +ABuy(t)
HC+ACKX (tuy (t)+F(t,x)...(3.1)
Lpr oy @t)=xg+h(x @), h:C(J:X)>X,

J=[0,T],0<a<l (32

Ax(t;)=1;(x(t;)),i =1,2,...m0<a<l.
x (t)eC ([0,T 1;L2([0,T 1,X ))

with  the
e (O y? Suchthat Xis areal
]

1.

equipped sup  norm

||x ”C :(Supte(O,T

separable Banach.
The operators E and A + AA are defined
on domains contained n X,

D(E)c DA +AA) ranges

contained in a real separable Banach space Z

and

such that E is bijective linear operator, E_1
is compact and 4 + A4 is a closed linear
operator.
The

Up,Uy € L? ([0,T ];U ), Uis Banach space
and the operator B + AB from U into Z is

a bounded linear operator.
The functions:

F:[0T|xX -Z, C+AC:X - X,
h:C(J,X)>X
g:[0,TxX > Z

control function

are continuous functions.
Ii and t; satisfy suitable conditions that

will be established later and the symbol
Ax (¢; ) ,i=1..m represents the jump of the

function X at (t;), which is defined by
Ax@)=xtT)-x@¢7).

Conclusion

Remark (3.1):

1. The operator D(E)QX —>7Z is a
bijective linear then

E'Z SD(E)cX is a bijective

linear.

operator
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E "is compact linear operator we obtain
that £

E -1 1s a bounded and L is a closed linear
operator by (closed graph theorem)we
obtain the boundedness of the linear

operator (A +AA)E_1 Z 7.
The operator (4 +AA)E

then (4 +A4A)E
generator of semi group {T (¢ )}t >0
Suppose thatsup, > ”T (¢ )”Z =M <oo.

1s bounded.

1 1s bounded

1. ) .
1s an infinitesimal

Hypotheses (3.2):
To establish our results,
following assumptions:

we Introduce the

a. The semi group T(t), £ >0 which is
generated by linear operator.
(4 +AA)E_1 is a strongly continuous
and tis compact forany t > 0.

b. The functions

Fi0TIxX > Z, g:[0T]xX —>Z,
(C+AC):[0,T1xX — Ly(K,Z),

h(s):[0,T ]xX —L,(K,x ) satisfy linear
growth and lipschitz conditions this means
that, for anyX,y EX,
positive

and

there exists
ks ky >0,
ks,ke>0, and ko kg >0 such that

Nra)=Fel, sk =y,
||F<t O, <k +|x )
@)=k @l <ksl =yl
IIh @Oy, <ke@+[x],)
Ne@x@n-g@y ol <kl -l
Hg(xm)ll <kg(+[x )

|7, ) =1; )=k =2

constantk,k, >0,

[(o)ow + m|AA(@)|e
~w+m|AA(t))ex e

-1 1] < [

[(@)l-e

aMc,
and HE_1”k7 <1.

Lemma (3.3):

If (A4 +A4)E ™!
group T(t), t=0 in z and A“ belong to
P4 +AET)
(4 +AA4)E ™" then:
For any function f € ([0,T]; Z),

is a strongly continuous semi

i1s a resolvent set of

i-

E"l(i"’l -4 +AA)E‘1)f(z) dt :Te‘i‘
0

TTa ¢ =)t —5)""f (s)ds |dt..(3.3)
0

For any xq€X, we have
E™ (/1“1 ~ +AA)E‘1)E x(0)=[e™*
0

T,()E x(0)dt ..(3.4)
The operator T, (t) and T a (¢) are given by

T,(t)=[E™'M ,(r) T (t*r)dr ..(3.5)
0

T,)=[akE™'M ,(r) T (t%r)dr..(3.6)
0

M () is Mainardis function in definition
(2.4).

120
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Proof:

(L x@®))(W) = [e “THlE x(0)-g (O,
0
x (0))]dt +Ofe‘”E‘1g(z,x (t))dt +
0

o0 t
[e [T, -s)t-5s)*"(B+AB)
0 0

t

uy (s )ds 1dt +Te‘ﬂ‘ [T, -s)t —5)*"
0 0

ey t

Flsx(s)dst+| e [J T,@-s)t-s)"
0 0

<Y t

C+ACK (S y(s)ds it + Y. [e [T, (t-5)

1<t 0 0

(-s) " 1) x @ Wt

Taking Laplace inverse for both sides, we get
x@)=T,OIE x(0)-gOxO)]+ £ g, x @)+
t t

[T, -5)e-s)"" B +ABwy(s)ds + [T, (¢ -s)

0 0

(t —s)* ' F(s,x (s))ds +tha(z —s)(t —s)* !
0

(C +AC )x (s)u,(s)ds +]Ta(t —s)(t —s)¢7!
0

(t —t,),;x(t;)
we have:

RPN U S
x(t)—la(t)E[x0+r(l_a)(j)(t s) h(x(s))cls]

’ - t
1, 0)g0x(0)-E 1g(f,x(f))+fTa(f-S)
0

t
( -5) " (B+ABy(s)ds + [T, (¢ —s)ds

0

=Y Fs,x(s)ds+ ¥ T,(t-1,)E Ix(t;)+
tl <t

121

?Ta_l(t —s)t =9)*THC + AC)x (s )y (5)dbs +
0

2 T,@—-t;)E I;x(t;)
tl<t

(3.7)

The Equation (3.7) is an Equation to the
Equation (3.1)-(3.2) provided the integrals in
(3.7) exists. From the properties of perturbation
generator in [6] we presented the following
lemma.

Lemma (3.4):
If {I(t)t>0}is a strongly continuous
semigroup by linear operator

(A+AM4) E 1.0 50 then the operators
{f o (¢),t >0} having the following properties:
i- For any fixed t > 0, the operator T a (¢)and

T, (t)are linear and bounded

i.e. forany z €[] there exists m > 1 such that
I 1L and ”Ta (t)z Hﬁclm"z

cm
INe)

B

z

I o)z | =<
where ||E ||;1 =c.

The {(t)t>0)
{r o (t),t =0} are strongly continuous, which

ii- operators and

mean that 0<#; <#, <T forevery z €[] and
we have

“fa(fz)z ~T(t))z ”x —0
[Ty @2)z =T, @t)z], -0 ifty =1

and

iii- T a (¢ )is compact operator in X for each
t>0.

Existences of Almost Periodic Solution For
Fractional Impulsive Soblev Type:

In this section, the existence of the mild solution
to the Problem formulation has been developed.

Definition (3.5):
An X-valued process

x(t)eC(0,T:L2([0,T1,X)) is almost

periodic mild solution of bilinear control system
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motion in Equation (3.1) with Rieman-leuovel
non local condition and implosive condition in
Equation (3.2), for each control function
u(0) gL’ ([0,T ),u), it satisfies the integral
Equation:
1t
t-s) " h(x(s)ds]-
m_a)J( )y h(x(s))s]

0

x()=T,()Elx,+

t

T, (Og(Ox (0)- E'glt,x )+ [T, -s )Xt -5)""
0

(B+ABYuy(s)ds + [T, (¢t —s Xt )"~ Fs.x (s))ds
0

+jTa (t =)t =5)*7(C +AC)x (5, (s )ds +
0

ZTa(t —t,)EL; (x (¢;)). ..(3.8)
Lemma (3.6):

For any x €C([0,T ];L%([0.T],.X)), the
operator (Wx )(¢) is continuous on [0,T] in the

space L2([0,T1,X))

Proof:
Let #},t5 € [0,7"] such that 1| <t, then for any
x €C([0T ;L[0T 1.X )
From Equation (3.8) we have
1 >
l‘ —
Fimay @)

0
h(x(5))ds]-T, (t,)g(Ox O)+ E~'gltr,x ¢,))+

[¥x () - P )] = |, () Ele +

fTa(tz —5)(ty —5)* " (B +AB Yy (s )ds +
0

joa (ty—5)(ty—5)* ' F(s,x (s))ds +
0

fTa (ty =)ty —5)* " (C +AC)x (5 )y (s)ds +
0

> T,(t,~t; )E L;x (t;)-T,(t))

1y<t;

1 _a
E x0+m_([(tl—s) h(x(s))ds]

T, (t)g (0,x (0) = E g (t1,x (1)) -

JLTa(tl —s)(t,—s)* 7 (B +AB Yy (s)ds —
0

lea (t; —s)(t; =)' F (s,x (s))ds —

(]

Tt =)t =) (C +AC)x (5 (s )dls —

S —_—

> T,(t,—t;)E I;x(t;)

1(T )-T, (n))Exoi(T; (6) =T, (1)
e r(ll—a)ii(tl_S)_ah(x (s))ds +

Ty (6y)E ﬁi[@z ) =ty =5) ]
h(x ($))ds +T4 (12)E — =

ty _ 3
(6= hCx (s))s +[T,, (6) =T, ()1g (0, (0)

1

+E gt x () - gt x @)+

gl
[T,y =5)ty =) =T, (t; -5)t, —5)* "]
0

y)
(B +ABYuy(s)ds + [T, (t =5 )ty =5)*""

|
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(B +AB)u(s)ds +
i

J[Tatt=5)er =) =T, 0, =5, =) |

0

F(s,x(s))ds +

%)

[T,y =)ty =) Fs,x (s))ds +
n

il
[T,y =)ty =)™ =T, =), —5)* ']

0
(C+AC)x (s (s)ds +

joa (ty =)ty =) (C + AC)x (s ), (s )ds +

g}

D [Tyt —t,) =T, () —t,)IEL; (x (¢,))
ll'<t1

+ > Ta(fz—ff)Efi(x(fi))H-

1<t <ty

<[, )T, ) x| +

. . 1

T, (6)-T,(t)E j (=) h(x (s))ds |+
Il-a);

T, (t5)E ——— e J(@—s)‘“—m =) " h(x (s)ds| +

T,(t,)E T j(rz $) “h(x (s))ds| +

T (ty)E fi<a) { (ty =) “h(x (s))ds| +

E~[g(ty,x (t,))-gt),x (tl))”+

/1
[[T,@,-s)
0

(ty =) =Tt —s)(t, —s)* ' 1(B +ABu, (s )ds|+
%)

[T @) =)t =) (B + AB Yy (s)ds

151

+

ul
[T,y =5)ty =) =T (t; =5)(t; —5)* ']
0

123

7,503 -)" F . s+

|

F(s,x(s))ds”+

al
[Tty =3)ty =) =T, (=)t =5)" ™)
0

(c +Ac)x (s)uy(s)ds ||+

joa(tz —5)(ty =) e + Ac)x (s o (s )ds | +

gl
2Ty ey =) =T (e =t )IEL; (x (1)) +

[l' <l1

> 7o =t)EL (x @ )
H<t; <tp
Moreover,

(T, (t2)E[xo+ (ty =) hx (s))ds -

1
I(l-a )j

T, (t,)g(0,x (0)+E 'g(0,x (0)) +
E_lg(tz,x (tz))_(fa(ll)E[xo +

1
I'l-e«)
13 _

[ @ =) h(x (s))ds =T, (t,)g (0,x (0)) -
0

E_lg(tl,x ) H
<| @ 6)-T, @ )Ex |+

(T, ()T, (0 )E — )J(rl § hx (5 +

I'l-«a
(@, (6,)E (1 ) j =)=, =s)" h(x(s))dsH
+|T, ()E T 1 5! [ (fz_S)_ah(x(S))df‘

T ) -, )2 Ox )]+

£ 20 )~ (1.x ()]
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<[ ) ~To @||E[beol + [T t2) ~T @)
w (1+|x ” clzm2||E”k6T
I'd-a T()I(1-a))?

f

( [(rz—s)‘“—(tl—s)‘“]zdsa+|\xuc)+
0

2.2 t t

cm’|E| 7 v
L ([ ey as [ e s )+
(@l (-a)? { > j pe)

7 ) -T, (1)) ||g(0x(0))||+

Gl ||g(t23x (t2)) _g(tlax (tl))”
Hence, by using strong continuity of T a (¢) and

T,() in lemma (3.4),(ii) and lebesgues

dominated convergence theorem, we conclude
that the right-hand side of the above inequalities

tends to zero as I, —> 1y, thus, we conclude
(I,Ux )(¢) is continuous from the right in [0,T].
A similar argument shows that it is also
continuous from the left in [0,T] thus (l,Vx )t)

is continuous on [0,T] in the LZ([O,T 1,X).

al
[Tty =)ty =) =T, (6, =5 )(t; =5)* ']
0

(B +AB)u,(s)ds ||
gl

< [[Tqty =)ty =) =Tot, =)
0

(=) Vs ||B + AB [y )]

gl

<Jlraa =)tz =) =@ =5 T, 0 -5)
0

+Hty=9)" T, (6 =5) =T, =)

(t1=5)""||B +AB|Juy ()] ds

n
<] J2 =9 Mty =) Tt =01+
0

T, (t; =)ty —s)* ™ = (t; —s
|B +AB|.Juy (5)| s

)

|
< [lr =) [Tty =) =T 6y =]+
0

It =5)| |2 =) =6, =)'
B +AB | Jurys)|ds

1
<[ T,y =) Tty =) -Tot, —5)|+
0

1

JIa =) =) =, =57
0

B +AB]Juy (5)]ds

< [M\m (ty—s)=T,(t, —s)|+

T N K
<&
from
£, —s| —s" >0, ~|t —s|a_1<0,
then
(¢, —S|0’_1 —[t, —S‘a_l) <l —s|0!_1 <—<g
then

=" =y =57 <.
And

gl
[Tty =)ty -5)"" -
0

Tyt =)t =)* 1 (s, x (5))ds |

@ @ Copyright © 2017 Authors and Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons Attribution-
NonCommercial 4.0 International License.
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3] gl
-1 -1 -1 -1
SI =sNta=s)" =T, @ =s)t;-s)" [T, =)ty =)™ =T, (ty =5)ty =)' ]
0 0
| s, x (s))|ds (C +AC)x (s, (s)ds |

|
< I }Ta (ty=5)ty=5)"" =ty =) T, (t, -5)
0

+(t =T, 0=9)~T, (=)

(t;—s)""! H |F (s, (s))|ds

< 62 =) T, 1 =9) =T, (6 =)+ T, =)
0

[ty -5)"" =t -5)" "]

1765 x s s

< [~ 7 0 -9) T, 6 -5) 1, )|
0

le =) =, =) I[P (5.x (s )]s

4l
<[[ =5V, 1 =5)-T, (,-s)|+
0

1
I @ =)=y~ =@ =Y PG x ()]s
0

S[(t2 ~s)" oty =5) =T () —5)|+
52’") Jez =) = =) ke (1 e

from

it, —s| —s|0t_1 <0,

then

(=" =ty —s " <lry s~ < % <e

then

s =l = < g
1 2

And

125

=)ty =) =T, 6 =5)t,=5)""|
€+ AC] e ()] o )

< Ih’fa (ty =5)ty =) =ty =) T, -s)
+ty=5) T 6y =5) =T, (6, =5)|

(=)™ € +AC[r ()] a5 ds
s[i”(zz —) Tt =5) =T, (1, =)+

Tty =)ty =)* " =t =) ]|
€ +AC e )]-Jea s

n
< (62 = =) T, 0 -5)
0

N | R |
€+ AC| e ()] s 5]

4|
<[ty =) Tty =) ~Tp t; = )|+
0

1

JIre@=9)l)e2=9)"" =@ =)'
0

€ +AC | ()] ()]s

_ (04

S[“Z )Ty =) ~T, =)+

coim -1

Fl( )H(t Tty -s)* H]-FzLo-kz
<e&.
from
t,—s|>0, —t —Sa_1<0,
2 -] 2 -]
then
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(=" =ty =" <lry s~ < % <e
then

=" =y =57 <.

And

3 [T,y —t;)-T,(t, —t;)E I, (x(t;))

(i <t

Z [Tyt =t ), (=) =T, (& —t)IE I; (x (7))

ti <t

=\ > [T,y =t)=IT,(t;~1;).E I;(x(t;))

(i <
< Y. -t)- 1| @ )| E 1; @)
t <
By condition (c) then
—( A4 (1))
<y l@-e w+mAd @) e CM .
1 <y 4MC, (@)
Moreover,

%)
[Tty =)ty =) (B +AB Yy (s)ds

|

)
< [y =) Tty =5)||B +AB| oy (s)]ds

|
< (t, —t)” .CIM
a ')

Flky<es.

And
%)
[Tty =5)(ty =)' F(s,x (s))ds
i

< %.”Ta (ty —5)||F (s.x (s ))|ds

< (t, —1)" _ClM _
a ['(x)

ko (1+|x )

< (t, -t C\M

i dkr+bko Ly <&
o F(a) 2 thky.Ly

And

JZTa(tz -s)t5 —s)a_l(c +Ac)x (), (s)ds

5]

<O =) e+ el ) heas)
s(z_tl) oM FyLyk,<E&
o ['(ex)
Similarly,
D> [T,y —t)IEI (x ))|
11 <t; <t2
< D oGy —t)|EL @)
l‘1<ti <12
cym
< JENIC <&
Fi—e-t by 1
Lemma (3.7):

If the operator W is defined in Equation (3.8)
then

w(CIO,TLLA(0T X)) c C(0TT,LA([0,T],X))

Proof:
From lemma (3.6), for any

L*([0.71.X) =C([0.T LL*([0.T 1.X )
The operator (l// f )(t ) is continuous on [0,T] in
the spaceLZ([O,T 1,X).

To prove that forx € C ([0,T 1;L*([0,T 1,X))
implies |yx (£)[, < co.

Let x eC([0.T;L*([0,T],X)).
Equation (3.8) we have:

= }fd (€)Elxo+

From

e @), I (¢ -5) ™ h(x (s))ds

r(1 2);
T, (O)g(0x (O))-I-E'lg(t,x(t))H
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t

[T, =)t =s)*' (B +ABu,(s)ds +
0

t

[T, =)t =s)*7 F(s,x (s))ds +

0

]Ta(t —s)(t —$)*NC +AC Yu,(s)ds +
0

—1;)EL; (x (¢;))

2Tt
1<t x
From the equality above, we have

2PN Lt
<[l OB o+ - e { ()

g 0.x @) +E g (x @)],
rez0x )+ g x0)] +

Jwx @),

]Ta(t —5)(t =) (B + AB Yuy(s)ds
0

tha (t —s)(t —s)*VF (s,x (s))ds|| +
0

X

+

tha (t —s)(t —s)*HC +AC Yu,(s)ds
0

X

2. T o

<t

We

iVETL; (x (2;))

X

2-2
7272,

have,

g
(F( )?

ks (1+||x (0)|| )+
(@)

Jlyx @), <

(C1-a))(1-a))’

(A+]x L)+

ctm?L3T?

ctkafl + T o)+

2T2ak
clT;—‘z(“”x )+
|C +ACJpx e ()] +

2 =t E-1; @)

t; <t

012 2T 2a-1

|2a —1‘

127

T 2—2ak6
(C(1-a)(1-a))

2
_cim’[E]

(I'(e))”
2.2
(1+L0)+c1 m k§
(I'())
clzm 2L%;T 2
|2a—1|

(A+Ly)+

2 2
#Fz ko (14 Lg)+
2T 2a—1
|2a—1|

”Ta t—t; )”E 'H]i (x (¢; ))”

SC'12m2||E2||2 {L N Tz_za/% .
(I'(@)) (T(-a)d-a))
cim?k
———3(1+Ly)+
(I'())
clzm 2L%;T2
|2a—1|

€ +AC] [ ez ()] +

1<t

(1+Ly)+

ctkg(1+Ly+ ki +

2 22«

Mg Lok, (1+Ly)+
2a-1

cym 1

I(a) (1—e +m||AA”))

<L
Hence, the last
”LPX (t )” < 0. Moreover,

for x € B,C([0,T J;L*([0,T 1,X)).
Lemma(3.8): Let w >0, m>1
“AA (¢ )” is bounded linear operator then

M
| o0 MM @Da

inequality implies that

and

> o~ MA@ _

Li<t
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proof :
In order to estimate the second term on the right-
hand of the above formala we assume

tySt<ty, jell $0
t—t; =@ —t;)+; —t;)2( —i)x
S Me O MIMOD (e o
and i<t
T Me M IM©OD GmDa
—0<i <)
_ z Me_(w +M A4 (1)) ka C
0<k=j—i<w
M
Tt M A O

Notation (3.9):

For any 7 EN, let

B, ={x €AP; (R.X):|x|<L,,
n

bt +7)—x )<L, and
n

1.
|t—ti|>—,zeZ,rte 3,
n ;,f A ko, T
B = ﬂ B,. The set B 1 s relatively compact
neN n
and so is B.Obviously, B is a nonempty closed
convex set.

Lemma (3.10):

For ey e (r +7) —x (t)||si—(=5)'

xeBcB,(Vnel) adteQ, f,I;,K,T,F

n n

|l‘ -1, | >l then
n

i |[F(,x( +T))—F(t,x(t))||£%

128

il.

Iis, (x (ti+q N—1; (x(t; ))”S%

for

q €ll with k

1

% (¢ +7)— Px (t)”S%

Proof:
(Wx (¢ +7)) - (Px)(t) =T, +7) E

t+7
1

fi—) J(; (t+7t-5)" h(x(s)) ds |-

XO+

T,(+7) gOx(O)+E™" gt +1,x(+7))

+ TTa(t+T—s)(t+r—s)a_1(B+AB)ul(s) ds +
0

t+7

j T, +7-s)t+7-5)"" F(s,x(s)) ds +
0

[ To+7=5)t +7-5)""" (C +AC)
0

x(s) uy(s)ds +T;(1)E

1 o
+m£(t—s) h(x(s)) ds |+

X0

T (t-s)t-5)" Fls,x(s)) ds -

—_—

T, =)t -5)' "' (C+AC) x(5) uy(s)s -

O O
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T, () gO0.x(O)-E™" g(t,x()-

]Ta(t—s)(r—s)“‘l (B +ABuy(s) ds -
0

DT, t—t;) E I;(x(t;))

L«

1

L N 1 [ - v \\'\Tv‘, NN

:Fla(l”ff)t?{xdfr ¢-3) f‘é@Jrf))‘*J‘la@”)g@‘@)*
(ka),

E' gist )+ 0) [ Te-s)-s) B-ABy(s+1) b+
0
tha ¢ —s)t-5)"" F(s +7,x(s +7)) ds

+]Ta t—s)t —s)* (C+AC)
0

X(s+7) uy(s +7)ds + ZTa(t —t;)

Li<t

E 1i+q(x (ti+q))—f (t)E

j(t —$) “h(x (s)) ds}

Yot r(1— )
+T, () g(0.x(0)—E ™" g(t,x () -

]Ta(t —5)t —s)*" (B +ABu(s) ds -
0
]'Ta ¢ —s)t —s)*" F(s,x(s)) ds —

]Ta(t —s)t =) (C+AC) x(5) uy(s)ds
0

=D T,@~1;) E I;(x(t;))

tig

129

= [Tt +7) =T, ()]

E

1 o
[x0+m_a)£(t—s) h(x (s)) ds

+T,(t +7)

(B + AB )ds +]Ta(t —s)(t —s)*!
0

[F(s +7,x (s +7)—F(s,x (s ))]ds +

]Ta (t-s)t-s)"" [x (s+7) ty(s +7)-x(s) uz(s)]

0

C+AC)s+ ). T, (t-t;)

E (L1 @) =1 (@) ]
ot +0)=To @) |E] Jxol +[£]

1
r(-a);

el

Then for t+‘|:—)t then 1 —> 0,
1
I'l-o)

j(x —5) “h(x (s)) ds|+|T, (¢ +7)|

t+1

j(t+r Y “h(x (s +7)) ds

we get

<Cm [E| Lo +|E]

[t =) |h(x s)|ds +Cm |E|
0

t+7

j (t +7—5)"|h(x (s +7))|ds

(-«
l—a

<ei el Lo+lEl =

ke(1+Lgy)+

l-a

T
Cym |E| - ke(1+Lg)

(I-a) ¢
|E|T " (1+Ly)

Suppose k 6=
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(I-a) g (1+L,)

=+ L,)
<& |E| Ly+&+Cim &
<(E| Lo+1+Cim) &
1
n(|E| Ly+1+Cym)
[T, +7) T, )| | (0.x (0))
<& kg(1+|x|) <S¢ (kg+Lj kg)
IE g +ox+0)-gt.x @)

<Lt —r—t|+L" |x ¢t +7)—x @)

Let 81 =

sk

<L+
n

tj T, (t —s)t—s)*"
0
[ul(s +T)—u1(s)] (B +AB)”
<[5 -s)
0

o1 (s +7) =1, ()] (B +AB))

S(t—s)a cm  ky
a ') nm

1

]Ta(t =s)(t =s)""
0
[F(s+7,x(s+7))—F(s,x (S)]”
<[ =)o =)
0

IF (s +7,x (s +7)) = F(s,x (s)|

S(t—s)a cm  k
a I'(a) n

tha ¢ —s)(t —s)*!
0

[x(547) 135 +0)=x(5) 5(5) | (€ +AC)”
t

<[ ~s)* T, -5)
0

Hx (s+7) uy(s+7)-x(5) u2(S)H |(C€+AC)

SM} am ||x(s+r) Uy (S +T)=X(S+T7) uy(s)

a ['()

+3(s+7) 1y(s)-x(5) w6 | (C+AC)

< t-s)* I cm
a | ')
+”x (S+7)—x(s )||”u2 (s )||]”(C + AC)”
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< (t _S)a cm I:LO k_2+l hj'Fz
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Y T,e-t,)E |:1i+q @)1 (x (@ ))}H

li<t

130

@ @ Copyright © 2017 Authors and Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons Attribution-
NonCommercial 4.0 International License.




Hasan et al.

Existence and Stability of Solutions for Bilinear Control System with Rieman-Leovel Initial Condition

2017

< 2=

lict

[ ()1

< cm
- r(a)(l_e—(w+MHAA(t)”)a)

E—2
K

1
Then ||‘Px (t+7)—Px (l‘)“ <—.
n
To introduce the following main theorem

Theorem (3.11):

If assumptions condition (a)-(c) are satisfied,
then the system (3.1)-(3.2) has the mild almost
periodic solution on [0,T].

proof:
To prove the existence of a fixed point of the

operator ¥ which is defined in Equation (3.8)
by using the contraction mapping principle. Let

X,y € C([0,T];L*([0,T],X)). From (3.8)
for any t €[0, T], we have

|3~ (¥))|=

m ol J (t—s)"
h(x (s))ds =T, () g(0,x(O)+E ™" gt,x(t)+

tha(t —s)(t —s)* (B +AB u,(s)ds +
0

]Ta(t —s)(t —s)¥'F (s,x (s))ds +

0

tha(t —s)(t —s)*!
0

(C+AC) x(s) uy(s)ds + D T, —t;)

Li<t

EI;(x(t;)- j(r —s)"“h(y (s)) ds +

r(l— Do
T, () g0,y (0)—E~" g(t,y () -

tha(t —s)(t —s)*"(B +AB)
0

(s )ds -tjra t —s)(t —s)*!
0

131

F(s,y(s))ds —]Ta(t —s)(t —s)a_l(C +AC)
0

y(s) uy(s)ds = Y Tyt =) E I;(y(t;))

}Tav) m_ o

[7(x (s))=h(y (s))]ds|
+|To @) [2(0,x (0)—g(0,y (O)]|+
E7 [glx@)-g.y )]+

<

I(—)‘

T,

a

=s)t—s)" [FlexE)-Fe,y6)]+

oS —

T, —s) —s)a_l(C +AC)[x (s)—y(s)]u2(s)

oS —

HD Tyt —t;) E[I; (x ;) =1, (¥ (¢;

li <t

By using lemma (3.4) we obtain

_ cim ”E HT e
SEORCER 0 e

sgp]nh(x(s» M)+ - Cl’”

|2(0,x (0))~g(0,y (0))| +

))]H

IC)[g@.x@)-g,y @)]+ %

s?op]nF(s,x(s))—F(s,y(s>>||+

cym T %ol _
|20[—1| F2 Kzszﬁ){)t]”x(s) y(S)||+
ST @ =) ENE @, D=1 5 @)
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Clm ||EHT o ks
I-a)'()'(1-a)

em TV ko k
sup [x (s)—y ()] +— > 7
se[04] (-l (1-a)

SFOP]HX ()= ey kqx )=y @] +

Clm Takl Clm Ta_l F2 K2 K3

|C#)@) - (B )O)] < (

|2a—1| |2a—1|
sup [x (s)—y (s)|+ sup [x(s)—y(s)
s€[0,] s€[0,]

cm
By taking the supermom over t €[0,T] for

+

both sides, we get

[¥x =Wy <Y @) -]

where

Y ()= em|E|T% ks
(lI-a)l'(a)l'(d-a)
cm T b ks k-

(I-al'(a)I'(-a)

LomT B K, K,

’20{ - 1‘

then, there exists T; €(0,T) such that

0 < X(T;)<1land ¥ isacontraction mapping

on C([O,Tl];Lz([O,T],X)) and therefore

has a unique fixed point which is a mild solution

of Equation (3.1)-(3.2) on [0, Tl] .
This procedure can be repeated in order to extend

Lam T%,
T a1

+C

the solution to the entire intere interval [0, T]
infinitely many steps complete the proof.

Asymptotically Stable Almost Periodic Solution
of Problem Formulation.

Lemma(3.12):
Let a nonnegative piecewise continuous function

x(t) satisfy for £ > 1, the inequality

x()<C + ](t -$) N (@u@dr+ Y Bix(z;).

to to<r; <t

(3.9)

Wherec >0, B, 20, v(r) 20, z; arethe first

kind discontinuity points of the function x(t).
Then,

x)<C ] (1+Bi)Ea(v(r) T'(a) T“)-

tO <7; <t

.(3.10)

Proof:
By induction on the interval [ 0-L; ], then (3.9)
has the form.

x()<C +v (t)tj(t —5)% x (s)ds
0

and so by the lemma (2.6), we have that

x()<C [ (+B,) E,(v(0) T(@) )
to<t; <t

fort € [to,ti ], from (3.10) suppose it holds for

telr;,r;]), 1@ =1,2,...,K —1, then for

t €[tg ,Tg 1], wehave

x(t)<C +§:Bicﬁ(l+Bi JEq (v () (@) )
=l j=l
T;

K
+y [ v()C

=17

ﬁ(1+ B)E, (v, - - DI @), - - d )+

j=1
[y (@ (0)d ()

Tk

=c[1+§ ﬁ(l+Bj)Ea(v(r—z'i)l"(a)(r—z'i)“)(1+Bl.)_

i=l j=1

@O0
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1_—[1(

~

>

~ =~

[ =) (o (0)d (2)
Tk

K
=C[la+B,)E, (v (r—7,)T(a)(r -1, )“)+

j=1

t
[ €= (@ (2)d (2)
i
fort €[z} ,7; ,;]. the function X (¢) satisfies

x(@)<C,+ I (t —s)a_lv () (r)d () where
K *

C1=CH(1+Bj)Ea(v (r—1, )r(a)(r—rk)“)
=

and by lemma (2.6), for € [Tk Tk +1],
x()<CE, (v (r=7T(@)(7 -7, )" ) and

x@t)y<c [ (+B,) E, (v (1) T(a) r“)
to<t; <t

The following theorem is important theorem for

investigate the stability of system (3.1) by using

Gronwal Bellman of fractional integral Equation

which introdued above.

Theorem (3.13):

If assumptions conditions (a)-(c) are satisfied,
then the system (3.1)-(3.2) has a mild almost
periodic solution on [0,T] with the following
sufficient condition:

o'=|L, [ +
{ [(@— ) —s)
ks ok

i@ =, Ol -]

1

14B,)E, (v (e =7, )T (@)r -7,_)" )+

133

I, | |E[- wm

el Aoy e

|

r.ollEle-vl) -l
€ —+
H [(@ =) -5)
ks o ky N
E||(®-¥ ]
=010 o e v

a| (€ +AC)||F @)
I OIE@-9))

<0

Folizie-wi 1
e |

|

proof :

x(t)=T,(t)E [XO

s )J< -s) “h(x@))ds}

T, (6) g0x(O)+E™ g(t,x @)+

tha (t —s)(t —s)* " (B + AB)u,(s)ds +
]Ta (t —s)(t —$)*7" F(s,x (s))ds +
0

]Ta(t —5)(t =) (C +AC)x (s) u,(s)ds +
0

ZTa(t —1;) E1;(x(;))

li<t

Let X@t)=X(,0,D) and
Y (¢)=Y (t,0,®) be two solution of
Equation (3.1)-(3.2)

P 1 ’ —a
X@)=T,(t) E q>+m_a)£(t —s)% h(x(s)) ds

T, () g(0,x (0)+E~" g(t,x () +

tha (t =)t —5)* (B +ABYu, (s )ds +
0

]Ta(t —s)t =) F(s,x(s))ds +
0
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[g(t,x @)-g@,y (t))] +jTa (-5t _S)a—l
0

[F(S,x (s)-F(s,y (S))]+ITa(t —s)t _S)a—l
0

(C+AC) [x(s)—y(s)] Uy(s)ds +
DT, —t;) E [I;(x(@;))—1; (v (¢ ))]‘

Lt
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