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fractional inequality. 
  

Keywords: fractional Caputo differential, Riemann Leovel differential, Menards function, 
granwal fractional inequality.  

 

.

. 

 
Introduction 
Sobolev type differential Equations have been 
investigated by many authors, as examples, [1] 
and [2]. They established the existence of 
solutions of nonlinear impulsive fractional 
integro- differential Equations of sobolev type 
with nonlocal condition. Zhou, Wang and Feckan 
[1][2] investigated a class of sobolev type 
semilinear fractional evolution systems in 
separable Banach space. The existence of the 
mild solution to the Problem in this section by  
using Laplace transform of the Caputo function 
integral to define and find the mild solution of 
problem (3.1)-(3.2) 
 
Preliminaries 
In this section, some basic definitions and 
properties concepts are for the almost periodic 
solutions. 
 
Definition (2.1) [4] 
A number  is called an translation  
number of the function PC(R, X)  if for all 

 which satisfies it t ,  for all i .  

Denote by T( , )  the set of all 

translation  number of .
  

Definition (2.2) [4]: 
A function PC(R, X)  is said to be 
piecewise almost periodic if the following 
conditions are satisfied: 

(1) j
i j iit t t , i , j 0, 1, 2,...,  

are equipotentially almost periodic; that is, for 

any 0,  there exists a relatively dense set 

almost periodic that are common to all 

the sequences 
j
it .   

(2) For any 0,  there exist a positive number 

( )  such that if the points t and t  
belong to a same interval of continuity of: 

and t t , then (t ) (t ) .  
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(3) For every 0, T( , )  is a relatively 

dense set in .  

We denote by TAP (R,X) the space of all 
piecewise almost periodic functions. 
 
Theorem (2.3): "Banach Contraction 
Principle Theorem" [3] 
Let f be a contraction on a complete metric space 
X. Then f has a unique fixed point x .X  
 
Definition (2.4), [5]: 

 

, where 

  
 
Definition (2.5), [5]: 
The Mittag - Leffler function is defined by: 

,
0

( )
( )

n

n

z
E z

n
  

where . 
 
Lemma (2.6) [1]: 

0, ( )a t  is nonnegative function locally 

integrable on 0 t T (some T ) and 
g(t) is nonnegative, nondecreasing continuous 
function with ( )g t N and u(t) is nonnegative 

and locally integrable on 0 t T with:  

1( ) ( ) ( ) ( ) ( )
t

o

u t a t g t t s u s ds  

Then on 0 t T : 

1

1

( ( ) ( ))
( ) ( ) [ ( ) ( )]

( )

nt
n

no

g t
u t a t t s a s ds

n
 

If a(t) be a nondecreasing function on [0,T], then: 
( ) ( ) ( ( ) ( ) )u t a t E g t t  

Where E  is the Mittag Leffler function: 

0

( )
( 1)

k

k

z
E z

k
. 

 
Existence of the Fractional Order impulsive 
Bilinear control 
Consider the Bilinear Control System with 
Rieman-Leovel initial condition: 

1

2

( ( , )) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( , )...(3.1)

c Ex g t x A A x t B B u t

C C x t u t F t x

D

1
0( ) ( ( )), : ( : ) ,

[0, ] ,0 1 ...(3.2)

L x t x h x t h C J X X

J T

D

( ) ( ( )), 1,2,..., .0 1.x t I x t i mi i i  

 

1. 
2( ) ([0, ]; ([0, ], ))x t C T L T X  

equipped with the sup norm 

( 0 , ]

1
2 2(sup ( ) )

t TC
x x t  such that X is a real 

separable Banach. 
2. The operators E and A A  are defined 

on domains contained in X, 
( ) ( )D E D A A  and ranges 

contained in a real separable Banach space Z 

such that E is bijective linear operator, 
1E  

is compact and A A is a closed linear 
operator. 

3. The control function 
2

1 2, ([0, ]; )u u L T U , U is Banach space 

and the operator B B  from U into Z is 
a bounded linear operator.  

4. The functions: 

:[0, ] , : ,

: ( , )

:[0, ]

F T X Z C X X

h C J X X

g T X Z

C
 

are continuous functions. 
5. i iI and t satisfy suitable conditions that 

will be established later and the symbol 

( )x ti ,i=1...m represents the jump of the 

function ix at (t ) , which is defined by 

( ) ( ) ( )x t x t x t . 

Conclusion  
Remark (3.1): 

1. The operator ( )D E X Z  is a 
bijective linear operator then

1 : ( )E Z D E X  is a bijective 
linear. 
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2. 
1E is compact linear operator we obtain 

that 
1E  is bounded.  

3. 
1E  is a bounded and L is a closed linear 

operator by (closed graph theorem)we 
obtain the boundedness of the linear 

operator 1( ) :A A E Z Z . 

4. The operator 1( )A A E  is bounded 

then 1( )A A E is an infinitesimal 

generator of semi group 0{ ( )}tT t  

5. Suppose that 0sup ( ) .t z
T t M  

 
Hypotheses (3.2): 
To establish our results, we introduce the 
following assumptions: 
a. The semi group T(t), 0t  which is 

generated by linear operator. 
1( )A A E is a strongly continuous 

and t is compact for any 0t . 
b. The functions 

2

:[0, ] , : [0, ] ,

( ) :[0, ] ( , ),

f T X Z g T X Z

C C T X L K Z
 and 

2( ) : [0, ] ( , )h s T X L K X  satisfy linear 
growth and lipschitz conditions this means 
that, for any ,x y X , there exists 
positive constant 1 2, 0k k , 

3 4, 0,k k

5 6, 0k k , and 
7 8, 0k k  such that 

i. 
( , ) ( , ) ,1

( , ) (1 )2

F t x F t y k x yz x

F t x k xz x

 

ii. 2

2

5

6

( ( )) ( ( )) ,

( ( )) (1 )

h x t h y t k x yL x

h x t k xL x

 

iii. 7

8

( , ( )) ( , ( )) ,

( ( )) (1 )

g t x t g t y t k x yz x

g x t k xz x

 

iv. ( ) ( ) 1I x I y k x yi i  
 

c. 

2 1
1 1 0

1

( )( ( ) )
( ) min ,

4

( ( ) )
( )(1 )

4

w m A t
T t t I

MC L

w m A t
e

MC

and 1
7 1E k . 

 
Lemma (3.3):

 If 1( )A A E  is a strongly continuous semi 

group T(t), t  in z and  belong to 
1(( ) )p A A E  is a resolvent set of 

1( )A A E  then: 

i- For any function f ([0,T]; Z),  

1 1

0

1

0

( ) ( )

( )( ) ( ) ...(3.3)

tE I A A E f t dt e

T t s t s f s ds dt

For any , we have  

1 1

0

( ) (0)

( ) (0) ...(3.4)

tE I A A E E x e

T t E x dt

The operator  and ( )T t  are given by  

 1

0

( ) ( ) ( )T t E M r T t r dr ...(3.5)  

1

0

( ) ( ) ( )T t E M r T t r dr ... (3.6)                 

( )M r  is Mainardis function in definition 

(2.4). 
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Proof: 

0

1

0

( ) ( ) [ (0) (0,

(0))] ( , ( ))

t

t

L x t e T E x g

x dt e E g t x t dt

1

0 0

1
1

0 0

[ ( )( ) ( )

( ) ] [ ( )( )

t

t
t

t
e T t s t s B B

u s ds dt e T t s t s

1

0 0

2
0 0

1

( , ( )) ] [ ( )( )

( ) ( ) ( ) ] [ ( )

( ) ( ) ( )]

i

t
t

t
t

t t

i i i

F s x s ds dt e T t s t s

C C x s u s ds dt e T t s

t s t t I x t dt

 

Taking Laplace inverse for both sides, we get
1

1
1

0 0

( ) ( )[ (0) (0, (0))] ( , ( ))

( )( ) ( ) ( ) ( )
t t

x t T t E x g x E g t x t

T t s t s B B u s ds T t s
 

1 1

0

1
2

0

( ) ( , ( )) ( )( )

( ) ( ) ( ) ( )( )

( ) ( )

t

t

i i i

t s F s x s ds T t s t s

C C x s u s ds T t s t s

t t I x t

 

we have:  

1

0
0

0

1
( ) ( ) [ ( ) ( ) ]

(1 )

( ) (0, (0)) ( , ( )) ( )

t
x t T t E x t s h x s ds

t
T t g x E g t x t T t s

 

1
1 1

0

1

( ) ( ) ( ) ( )

) ( , ( )) ( ) ( )i i i

t
t s B B u s ds T t s ds

t s F s x s ds T t t E I x t
t ti

 

1
1 2

0
( )( ) ( ) ( ) ( )

( ) ( )i i i

t
T t s t s C C x s u s ds

T t t E I x t
t ti

    

...(3.7) 
 
The Equation (3.7) is an Equation to the 
Equation (3.1)-(3.2) provided the integrals in 
(3.7) exists. From the properties of perturbation 
generator in [6] we presented the following 
lemma. 
 
Lemma (3.4): 

If { ( ), 0}T t t is a strongly continuous 
semigroup by linear operator 

1( ) :A A E  then the operators 

{ ( ), 0}T t t  having the following properties: 

i- For any fixed , the operator ( )T t and 

( )T t are linear and bounded  

i.e. for any z there exists  such that 

 
1( )
( ) z

c m
T t z z

and 
1( ) ,zT t z c m z  

where 
1

1x
E c . 

ii- The operators { ( ), 0}T t t  and 

{ ( ), 0}T t t are strongly continuous, which 

mean that 1 20 t t T for every z  and 
we have  

 2 1( ) ( ) 0
x

T t z T t z  and 

2 1( ) ( ) 0
x

T t z T t z  if 2 1t t   

iii- ( )T t is compact operator in X for each 

. 
 
Existences of Almost Periodic Solution For 
Fractional Impulsive Soblev Type: 
In this section, the existence of the mild solution 
to the Problem formulation has been developed. 
 
Definition (3.5): 
An X-valued process 

2( ) ([0, ]; ([0, ], ))x t C T L T X  is almost 
periodic mild solution of bilinear control system 
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motion in Equation (3.1) with Rieman-leuovel 
non local condition and implosive condition in 
Equation (3.2), for each control function 

2
1(0) ; ([0, ), )u L T u , it satisfies the integral 

Equation: 

0
0

1 1

0

1
( ) ( ) [ ( ) ( ) ]

(1 )

( ) (0, (0)) ( , ( )) ( )( )

t

t

x t T t E x t s h x s ds

T t g x E g t x t T t s t s

1
1

0

( ) ( ) ( )( ) ( , ( ))
t

B B u s ds T t s t s F s x s ds

1
2

0

( )( ) ( ) ( ) ( )

( ) ( ( )). ...(3.8)
i

t

i i i
t t

T t s t s C C x s u s ds

T t t EI x t

  

 
Lemma (3.6):

  For any 2([0, ]; ([0, ], ))x C T L T X , the 

operator ( )( )x t  is continuous on [0,T] in the 

space 2([0, ], ))L T X  
 
Proof: 

Let 1 2, [0, ]t t T  such that 1 2t t  then for any 

2([0, ]; ([0, ], ))x C T L T X  
From Equation (3.8) we have  

2 1 2 0 2
0

1
2 2 2

1
( ) ( ) ( ) [ ( )

(1 )

( ) ] ( ) (0, (0)) ( , ( ))

t

x t x t T t E x t s

h x s ds T t g x E g t x t

2
1

2 2 1
0

( )( ) ( ) ( )
t

T t s t s B B u s ds

2
1

2 2
0

( )( ) ( , ( ))
t

T t s t s F s x s ds

2

2

1
2 2 2

0

2 1

( )( ) ( ) ( ) ( )

( ) ( ) ( )
i

t

i i i
t t

T t s t s C C x s u s ds

T t t E I x t T t

1

0 1
0

1
1 1 1

1
( ) ( )

(1 )

( ) (0, (0)) ( , ( ))

t

E x t s h x s ds

T t g x E g t x t
 

1

1

1
1 1 1

0

1
1 1

0

( )( ) ( ) ( )

( )( ) ( , ( ))

t

t

T t s t s B B u s ds

T t s t s F s x s ds
 

1

1

1
1 1 2

0

1

( )( ) ( ) ( ) ( )

( ) ( )
i

t

i i i
t t x

T t s t s C C x s u s ds

T t t E I x t

1

2 1 0 2 1

1
0

( ( ) ( )) ( ( ) ( ))

1
( ) ( ( ))

(1 )

t

T t T t Ex T t T t

E t s h x s ds  

1

2 2 1
0

2

1
( ) [( ) ( ) ]

(1 )

1
( ( )) ( )

(1 )

t

T t E t s t s

h x s ds T t E

 

2

1

2 2 1

1
2 2 1 1

( ) ( ( )) [ ( ) ( )] (0, (0))

[ ( , ( )) ( , ( ))]

t

t

t s h x s ds T t T t g x

E g t x t g t x t

1

2

1

1 1
2 2 1 1

0

1
1 2 2

[ ( )( ) ( )( ) ]

( ) ( ) ( )( )

t

t

t

T t s t s T t s t s

B B u s ds T t s t s
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1

1

1 1
2 2 1 1

0

( ) ( )

( )( ) ( )( )

( , ( ))

t

B B u s ds

T t s t s T t s t s

F s x s ds

2

1

1

1
2 2

1 1
2 2 1 1

0

( )( ) ( , ( ))

[ ( )( ) ( )( ) ]

t

t

t

T t s t s F s x s ds

T t s t s T t s t s

2

1

2

1
2 2 2

( ) ( ) ( )

( )( ) ( ) ( ) ( )
t

t

C C x s u s ds

T t s t s C C x s u s ds
   

1

1 2

2 1

2

[ ( ) ( )] ( ( ))

( ) ( ( )) .

i

i

i i i i
t t

i i i
t t t

T t t T t t EI x t

T t t EI x t

 

1

2 1 0

2 1 1
0

( ) ( )

1
( ) ( ) ( ) ( ( ))

(1 )

t

T t T t Ex

T t T t E t s h x s ds

1

2 2 1
0

1
( ) ( ) ( ) ( ( ))

(1 )

t

T t E t s t s h x s ds
 

2

1

2 2
1

( ) ( ) ( ( ))
(1 )

t

t

T t E t s h x s ds
 

2

1

2 2
1

( ) ( ) ( ( ))
(1 )

t

t

T t E t s h x s ds

1
1

2 2 1 1 2
0

[ ( , ( )) ( , ( )) [ ( )
t

E g t x t g t x t T t s

1 1
2 1 1 1( ) ( )( ) ]( ) ( )t s T t s t s B B u s ds

2

1

1

1
1 1 1

1 1
2 2 1 1

0

( )( ) ( ) ( )

[ ( )( ) ( )( ) ]

t

t

t

T t s t s B B u s ds

T t s t s T t s t s
    

 

2

1

1

1
2 2

1 1
2 2 1 1

0

( , ( )) ( )( ) ( , ( ))

[ ( )( ) ( )( ) ]

t

t

t

F s x s ds T t s t s F s x s ds

T t s t s T t s t s

2

1

2

1
2 2 2

( ) ( ) ( )

( )( ) ( ) ( ) ( )
t

t

c c x s u s ds

T t s t s c c x s u s ds
 

1

1 2

2 1

2

[ ( ) ( )] ( ( ))

[ ( ) ( ( )) .
i

i

i i i i
t t

i i i
t t t

T t t T t t EI x t

T t t EI x t
 

Moreover, 
2

2 0 2
0

1
2

1
( ( ) [ ( ) ( ( ))

(1 )

( ) (0, (0)) (0, (0))

t

T t E x t s h x s ds

T t g x E g x

 

1

1
2 2 1 0

1 1
0

1
1 1

1
( , ( )) ( ( ) [

(1 )

( ) ( ( )) ( ) (0, (0))

( , ( ))

t

E g t x t T t E x

t s h x s ds T t g x

E g t x t

1

2 1 0

2 1 1
0

( ( ) ( ))

1
( ( ) ( )) ( ) ( ( ))

(1 )

x

t

T t T t Ex

T t T t E t s h x s ds

2

2

1

2 2 1
0

2 2

1
( ( )) ( ) ( ) ] ( ( ))

(1 )

1
( ( )) ( ) ( ( ))

(1 )

t

t

t

T t E t s t s h x s ds

T t E t s h x s ds

2 1

1
2 2 1 1

( ( ) ( )) (0, (0))

[ ( , ( )) ( , ( ))] .

T t T t g x

E g t x t g t x t
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2 1 0 2 1

2 2 2 2
6 1 6

2 2

( ) ( ) ( ) ( )

(1 )
( (1 )) ( ( ) (1 ))c

T t T t E x T t T t

E T k c m E k T
x

1

2 2

1 1

2
2 1

0

2 2
21

22

( [( ) ( ) ] (1 )

( ( ) )( ( ( )) )
( ( ) (1 ))

t

c

t t

t t

t s t s ds x

c m E
t s ds h x s ds

2 1

2
1 2 2 1 1

( ) ( ) . (0, (0))

( , ( )) ( , ( ))

T t T t g x

G g t x t g t x t
 

Hence, by using strong continuity of
 

( )T t  and 

( )T t  in lemma (3.4),(ii) and lebesgues 

dominated convergence theorem, we conclude 
that the right-hand side of the above inequalities 

tends to zero as 2 1t t , thus, we conclude 

( )( )x t  is continuous from the right in [0,T]. 
A similar argument shows that it is also 

continuous from the left in [0,T] thus ( )( )x t  
is continuous on [0,T] in the 2([0, ], )L T X . 

1
1 1

2 2 1 1
0

1

[ ( )( ) ( )( ) ]

( ) ( )

t

T t s t s T t s t s

B B u s ds

1
1

2 2 1
0

1
1 1

[ ( )( ) ( )

( ) ] ( )

t

T t s t s T t s

t s ds B B u s

 

1
1 1

2 2 2 1
0

1
2 1 1

( )( ) ( ) . ( )

( ) . ( ) ( )

t

T t s t s t s T t s

t s T t s T t s

1
1 1( ) . ( )t s B B u s ds

 

1
1

2 2 1
0

1 1
1 2 1

( ) [ ( ) ( )]

( )[( ) ( ) ]

t

t s T t s T t s

T t s t s t s

 

1. ( )B B u s ds

 
1

1
2 2 1

0

1 1
1 2 1

[( ) ( ) ( )

( ) . ( ) ( ) ].

t

t s T t s T t s

T t s t s t s
 

1. ( )B B u s ds

 
1

1
2 2 1

0

[ ( ) . ( ) ( )
t

T t s T t s T t s

 

1
1 1

1 2 1
0

( ) . ( ) ( ) ].
t

T t s t s t s  

1. ( )B B u s ds

 

2
2 1

1 11
1 2 1 1 1

( )
[ ( ) ( )

. . ( ) ( ) . .
( )

t s
T t s T t s

c m
t t s t s F k

 

 
from 

1 1
2 2 20, 0, 0,t s t s t s  

then 

1 1 1
1 2 1

1
( )t s t s t s

n
 

then 
1 1

1 2t s t s . 

And 
1

1
2 2

0

1
1 1

[ ( )( )

( )( ) ] ( , ( ))

t

T t s t s

T t s t s F s x s ds
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1
1 1

2 2 1 1
0

( )( ) ( )( )

( , ( ))

t

T t s t s T t s t s

F s x s ds

1
1 1

2 2 2 1
0

1
2 1 1

( )( ) ( ) ( )

( ) ( ) ( )

t

T t s t s t s T t s

t s T t s T t s

1
1( ) ( , ( ))t s F s x s ds

1
1

2 2 1 1
0

1 1
2 1

( ) [ ( ) ( )] ( )

[( ) ( ) ] ( , ( ))

t

t s T t s T t s T t s

t s t s F s x s ds

1
1

2 2 1 1
0

[( ) . ( ) ( ) ( )
t

t s T t s T t s T t s  

1 1
2 1( ) ( ) ] ( , ( ))t s t s F s x s ds

1

1

1
2 2 1

0

1 1
1 2 1

0

[ ( ) . ( ) ( )

( ) . ( ) ( ) ]. ( , ( ))

t

t

t s T t s T t s

T t s t s t s F s x s ds

2
2 1

1 11
1 2 1 2

( )
[ . ( ) ( )

. . ( ) ( ) ]. (1 )
( )

.

t s
T t s T t s

c m
t t s t s k x

from 
1 1

2 2 20, 0, 0,t s t s t s  

then

 1 1 1
1 2 1

1
( )t s t s t s

n
 

then 
1 1

1 2t s t s . 

And 

1
1 1
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