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Article Info Apstract

The main goal of this paper is to study the degree of the best multiplier approximation of

Received monotone unbounded functionsin L,, ; —space on the closed interval [—m,7] by means of
27/06/2023 K-functional, which we represented with, K (f, L, , Wy, , Wy, ),defined by thew,}; and
: W, . that are referred to during this research. In addition, we have established a set of
Revised definitions, concepts and some useful lemmas thatare needed in our work.
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INTRODUCTION studied and discussed finding the best multiplier

Many researchers and specialists have been
interested in the problems of approximation and
finding approximate solutions to them through
analysis and study using multiple different
methods according to type and shape of the
functions and their properties, once for bounded
functions and again for unbounded functions
and in different spaces. For example, in 2010
[1], Guven, A. and Israfilav, D. M., studied
trigonometric approximation of bounded
functions in generalized Lebesque
Lp o (X) —space. Also in 2010 [2], Kadhim
studied and obtained results with respect to
approximation of bounded u —measurable
functions using trigonometric polynomials. On
the other hand, there are those who studied
approximation of unbounded functions such as
in 2020 [3] where S. K. Jassim and A. Zoboon

approximation of periodic unbounded functions
using Fejer operators. In 2022 [4], S. K. Jassim
and R. F. Hassan studied and obtained some
results about finding the degree of the best one-
sided multiplier approximation of periodic
unbounded functionin Lpy, (X) —space, where

X =[0,2r]. They estimated the degree of the
best one-sided multiplier approximation in
terms of averaged modulus.

In this work, we study and discuss finding the
degree of the best multiplier approximation of
monotone periodic unbounded functions in
Lp,,(X) —space, where X = [—m, 7] in terms
of K —functional. Thus, some definitions,
concepts, and important lemmas are needed in
this work.
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DEFINITIONS AND LEMMAS

Each of the following definitions that is recalled,
we establish a similar definition listed below by
dealing with certain conditions in our work and
in the space we have defined.

Definition (1) [5]

A series »>_,a, is called a multiplier
convergent series if there is a convergent
sequence of real numbers {1,};-, such that
Yoo AnAn < 00 and {4, )5, is called multiplier
for the convergence.

Let L, 5, (X), where X = [—m, ], be the space
of all real valued unbounded function.

Definition (2)

For any real valued function f € L,; (X),
where X = [—m, m], if there iS a Sequence
{An =0, Such that:

T

f f ) A dx < o0 (1)

—Tt
Then f iscalled a Multiplier integrable function,
A, is called a Multiplier integrable sequence.

Definition (3)
A [6]. Let f € Ly[a,b], where 1 <p < oo, be

all bounded functions space by the norm

I fl,= f If(x)lpdx]P < (2)

B. Letf € L, ; (X),where X = [—m, ], then: ||
fllpz, is given by the below definite,
Multiplier integral norm:

s

I f llp,2,= [f_ | Pdx]P  (3)

Definition (4) [7]
Let f € L,[a,b], where 1 < p < oo, then the

integral modulus (L,,-modulus or p-modulus ) of
order k of the function f is the following
functionof § € [0, (b — a)/k]:

wi(f, 8)s,

1
b—kh /p

= SUPo<h<s f |A§f(x)|pdx

a

4)

89

Definition (5)

Let f € L, ;,(X), where X = [—m,m], 1<
p < oo. Thus, the following formuladefines the
multiplier integral modulus of order x of the
function f where 0 < § < b — ak, according to:

wr(f, 6)pa,
b-kh 1
= hseb[gp ( | A% (A f) () [Pdx)P (5)
Where:
k
Al (M f)(x) = Z (D)™ G) A f) -
- k!
(x + mh); (&) = oy - (6)
Definition (6) [7]
Let f € L,(X), where X = [a, b] and 1<

p < co. The local modulus of smoothness of the

function f of order k at a point € [a,b]
is the following function of XS
[0, (b — a) /K]
w,(f, x;8) = sup {{AKf ()]
40 Kd
t,t +kh € [x—7,x +7] N [a, b]} (7)
Definition (7)

If f€L,, (X), where X =[-m,7], 1 <p<
oo, thenthe multiplier local smoothness modulus
of an order k function f at a point x € [a, b],

0<6< bk;a, according to:
@i (f, %,8)p 2, = sup {AF (A f)(8):
helo,5]

ké ko
t,t+ kh € [x —7,x+7] N [a, b]} (8)
Definition (8) [7]
The smoothness of order k is averaged modulus
(or T-modulus) of the function f € M[a, b] is
the following functionof  § € [0,(b — a)/k]:

o (f38)p = llwe(f, 5 )l
= [(wi(f, x; 5))”dx|1/1J

Definition (9)
If f€Lpy (X), where X =[-m,mn], 1<p<

oo, then the multiplier'saveraged order k of f €
Ly 2, (X), smoothness modulus is defined by:

)
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T (f, Opan =N 0k(f,,8) lipa,,

b 1
= (f [wi(Anf, %, 8)]Pdx)P (10)
Definition (10) [7]
If f € L,(X),X = [a,b], then:

E.(f)p = inf{llf = Bll:B €P}  (11)

such that E,,(f)p is referred to as the degree of
the best polynomial B, approximation of f a
monotone multiplier.

Definition (11)
If f €L,,,(X),X =[—m,m], then:
En(fpa, = inf{llf = Sallpa,:

S, € P} (12)
like that E,, (f)p, is called the degree of the
best monotone multiplier approximationof f by
polynomial S,,.

Definition (12) [7]

If fe€eL,(X), then wusing trigonometric
polynomials of order n in L, (X), the best one-
sided approximationof f is as follows:

E.(f), = inf{llP=Qllp:P,Q € T,Q(x)

< f(x) < P(x);Vx} (13)
Definition (13)
If f € L,(X),X = [—m, m], then:
En(f)p,ln = inf{”Sn - Gn”Rln: Sn, Gn

€T, G,(x) < f(x)

< Sp(x); Vax} (14)

such that £, (f) 2, is referred toas the degree of

the most accurate polynomial approximation of
f the one-sided monotone multiplier, S,, and G,,.

Definition (14)
Let f € Ly, (X), where X = [-m, ], n €N,
and

n
1
Do) = 5+ Z cos ku (15)
k=1

be the Dirichlet kernel fBr u. Note that

1 < sin (n + %)u
D,(w) = §+z cos ku = ————
= 2sin (7)

sin 2n+ 1%/,

(16)
2sin (%)
and
1
p fKn(u)du =1 (17)
where: -
K. ) sin(n+ 1%/, 2
n(U) = )
sin? (%) 2(n+1)
n=012,.... (18)
This means
1
Kn(w) = — = [Do() + Dy (W) + -+ + D ()]
1
-—= kZODk(u) (19
Now to prove the following: (LD, (w) =

sin (2n+1)4%/,

1,1
25im O (Z)Ef_nl(n(u)du =1 for every
f € Ly, (X), where X = [—m, m].
Proof

To show that (1) holds, we start with:

in (2n+ 1)u = si u+ n 2% _ sin
sin (2n )u—sm2 sin —-— sin 5
+si 5u ) 3u+
sin —-—sin -
2n+1

2
u
—sin (2n—1) >

+ sin u
u u
sin(2n+ 1Du = sin—2 + sin 5 2cosu
u u
+ 2sin 5 cosu+ ZSL'TL?
u
*cos 3u+ -+ sin 5 cos nu
n
u
sin(2n+ Du = sini(l + 22 cos ku)
k=1
=sin (1
n
+2 Z cos ku) (20)
k=1

so that
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. n

sin (2.71 zl)u/z =(1+2 Z cos ku)

sin ¥/, k=1

then
sin(2n+ 1)U

( Y2 + Z cos ku

2sin ¥/,

_p (u) (21)

Now, to show that
T

1
o fDn(u)du =1

-7

(22)

Proof
We start the proof with the below definite
integral
Y

1
o f D, (w)du
—T

T
_1f
21

-1

Y

1
— f[l + 2(cosu+cos 2u + -
2

-1

n
1+ZZ cosku‘du

k=1

Then

+ cos nu)]du

1 1
——jZ[—+(cosu+c052u+---
s 2

+ cos nu)] du

T

1
f [§+ (cosu+ cos 2u + -

-1

+cosnu)]du
1711 1
—[—u+ sinu+—=sin2u+--
ml2 2

1

T
+ —sin nu]
n -7

11
=;[E(T[—(—Tl’))+0++'“+ O]

= % E (Zn)] =1 (23)

Then

T
1
p fDn(u)du— 1

[
Now, to show that (2) holds start with:

91

K, (W) = ——=[Do() + D, (W) + - + D, (W]

Z Dy (u)
k=0

and sincelfn D (u)du =1, forn € N, then:
TY—T
1

nf;Dn(u)du =— f [

n+1

:n+1

7 (Do) + D1 (W)

+-+D (u))] du

l j Do(u)du

%]nl((u)du——

-7

+ —f D;(w)du + -
) g
1 V3
+—f Dn(u)dul
n -1
= m[l +1+-+ 1]n+1times
=1 n+1)=1
the proof is completed.
Note:
Let
2 n
Jn O f ) = m;@m (Ko (6

— Xp) (24)
Now for xj, = xy.,,, let
=0 =1 [ Gpe+n
n -7
K, (w)du (25)

Thus for 0, €T, and for f €L, (X),X =
[-m,m],1 < P < 0.

Lemma (1)
For f €Ly, (X),X=[-mn],

then

1 <P < oo,

low(H)llpa, < Clifllpa,

Where 0,, € T,,, C is aconstant.
Proof

Subsequently

(26)

Vs

o
fl
T
-7

| Gaprca

+u) K, (w)du)? dx” (27)

”O-n(f)”p,ln =
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By using Minkowski’s inequality [8] which is
given by the following:

aimed at f,g € L,(X) where X =[a,b], we
have:
b 1/p b 1/p
f F +g@Pax| < |[If@Pdx
Yo
flg(x)lpdx ,p>1 (28)
and for (aq,ay,...,a,),(by, by, ...,b,) are

proportional, we have

5" o w] <> ]+

[Z Ibklp] ,p>1,a,,b, >0
k=1
Hence, we achieve:

(29)

T s

lon(PDllpa, < f% flf/ln(x+u)|l’ dx

1/p
‘K, (t)dt]

1/p

1 - 1T
lon(llpa, <= f|(f)1n)(x + u)|Pdx - C]
T [ 4
1/p

lon(Dllpa, <

f |(FAa)x + u)l”dx]
C(P) = CPIIfIL .

lon(llpa, < Clifllpa, (30)

the proof is completed.

Then

Definition (15)
Let f €Ly, (X), where X =
define the following:
1L Wy ={f €Ly, X)X =[a,bl},f
aabsolutely continuous.
2. Wy, ={f €Lpr,(X),X = [a,b]},
is aabsolutely continuous, Where

conjugate of function f.
While

[a, b], let us

f
is

={feL,(X),X =[ab],
f is absolutely continuous} (31
and
={ftel,(X),X =lab],
f'is absolutely continous} (32)
where £ is conjucate of the function £.
Note: Jenson Inequality [9]:
For P > 1 and a; > 0, and for every i
1,2, ...,n, there are:

n 14 n

Db <) alpp (33)

i=1 i=1

Where Y7, a; = 1.

Lemma (2)

For

2 n
Jn(F1%) = m; Fx Ky

(x— %0 (34)
Where:
sin? (n + 1)(x — xy)
Kp(x —x) = (35)
¥ 2n sin? [(x - x")/z]
Then
W (f 20N 2, < ClIfNlp 4, (36)
Proof

With the aid of Jensen's inequality [9], we get:

RGO [ [ 1Zf<xk>1< (x
p 1/17
dx]

—T

— Xi)

2 n
ORI
k=0

T Yp
i - xk)ldx] 37)
Since o
f |K,(x — x,)|dx < 1
then o
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2 n 14 1/17
Un 0, < || 1;f(x) o)
< [1fllp,2,0(1) (38)
Hence:
Wn(f, ) llp,a, < Cllifllpa,

Definition (16)
For f € Ly, (X) where X = [a, b] for g€
Wy, N W, let us define the K-

functional as follows:
1 71
K(f: Lp,ln' Wp,/ln' Wp,/ln)

= inf {llfhllp)ln + (”fl”Prﬂn
# IR, 0 e )
1<p<o

RESULTS AND DISCUSSION

In this Section, all above lemmas are used to
state and prove the theorems of the best
multiplier approximation of monotone of
f €Lp,, (X)— space, where X =[—m,m] in
terms of K —functional.

Theorem (1)

For f € W, ,n €N,1 < p < oo, then:

1f = 0% Pllpa,
C ~
< {1 Moy + 17N, } (40)

(39)

Proof
Let B, €T, Dbe the best
polynomial for f such that:

If = B(O)llp i, = Ex (o (41)
Now

If —on(lpa, < If = B(Dllpa, +
I1B.(f) — (/) lp .2,
< Ex(Npa, + CIB) — an(Dllpa,
< Eq(Npa, + CIIP.(H = fllpa,
+CIf —0.(Nllpa, (42)
Now for P € T,,, f € W1, from [9] it is known
that:

trigonometric

nllf = oDl < C [

P
And

“]n(P) - O-n(P)”P

= p’ 1
—— [P'cos(n+ 1)x
— P'sin (n+ 1)x]

93

Thus: )
nlf ~olrs =] @)
P, n

And
I/n(P) = on (Pl 4,

[P'cos (n+ 1)x

- n+1
— P'sin (n + 1)x] (44)
Thus
If = on(Nllpa,
< Eq + CllB.(f) = fllpa,
C raf}
w2, (45)
using the inequality [9]
C, -
Ex(F) < —IfL,,, (46)

C, .
If = 0alDllpa, < lIFN,, +
C, .
C”Pn(f) _fllp,)ln +E||fl||p,ln

C £
< Ity + 1771, } (47
Using 6,(f) = 0,,(f) and 6, (f) = a,(f), thus:
C s .
If = onPllpa, < ={If1l,,. + 171}

C
< f = an(Dllpa, + o

16Oy 2, + N3P0}
Let g =0,(f), g €T,, be the trigonometric
polynomial:

C
If = onPllpa, <1f = gllp 2, +
{gllpa, + NGl 2}

1 —~
= CK(f’E’LP,/ln'Wl,ln' Wp,/ln) (4‘8)

p

Theorem (2)
For f € L, ;, (X),X =[-m,m],1 < P < o and

1 1 7l
we have K (f,~, Ly 2, Wy 2, Wy 2,,): Of K-
functional on T,,, then:

1 —
EL(Ppan < CKU i Lpays W, Wia, ) (49)
Proof
EX(Dpa, = nf{If —gllpa,:

9 € Wpl;ln n Wpl,ln} (50)
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A 1 T 71 .
1Let hew,, h'eW,,  and since
~(lgllpa, +11g"115,2,) = 0, we have:

EX(Npa, = nf{Ilf —gllpa,:
g € Wpl,)»n n Wl}vln}

1

< inf {If = gllpa + 5 (Udllp, + 1715}
1 1

= inf {I1f = gllpa, + NGl + 18N, }

1 .
= K(f,g; Lp,ﬂn' W171,/1n’ Wplrln) (5 1)
Then

1 ~
Ex(Dpan < CK(F oy L W Wi 2,)
the proof is completed.

Theorem (3)
For fE€Lpp,X),X=[-mn],1<P <o,

then:
If = onPllpa, < CEL(Ppp,  (52)
Proof
Let P € T,, be the best trigonometric polynomial
for f.
If = on(Ollpa, = If =P+ P —0n(Nllpa,
<|If = Plipa,
+ 1P = an(Mllpa,
= “f - P”p,ﬁn + ”o-n(f) - O-n(P)”p,)Ln
< ES(Fpa, + lon(f = Pl 4,
< Ef(Npan t ClIlf = Pllpa, < Ex(pa, +
CER (pan < CEL(Hpa, (53)
Hence, we get:
"f - O-n(f)”p,/ln < CEZ(f)p,An

The proof is completed.

CONCLUSIONS

In this paper, we have established several
definitions and proved some useful lemmas that

g

How to Cite

we recall in our proofs. We obtainthe degree of
the best multiplier approximation of monotone
unbounded periodic functions f € Ly, ; |-, |-

space in termsof k-functional.
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