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Article Info ABSTRACT
In this paper, our purpose is to study the quaternary continuous classical boundary optimal

Received control vector problem (QCCBOCVP) dominated by the quaternary nonlinear parabolic
boundary value problem (QNLPBVP). Under suitable assumptions and with given
20/01/2023 quaternary continuous classical boundary control vector (QCCBCV), the existence theorem
for a unique quaternary state vector solution (QSVS) of the weak form (WF) for the
Revised QNLPBVP is stated and demonstrated via the Method of Galerkin and the first compactness
25/03/2023 theorem. Furthermore, the continuity of the Lipchitz operator between the QSVS of the WF
for the QLPBVP and the corresponding QCCBCV is proved. The existence of a quaternary
continuous classical boundary optimal control vector (QCCBOVC) is stated and
Accepted demonstrated under suitable assumptions.
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1.INTRODUCTION deal with CCBOCP dominated by triple

Optimal control problems (OCPs) play an  nonlinear PDEgs (TNLPDEQs) so as [11-13].

important role in many practical applications,
such as in medicine [1], aircraft [2], economics
[3], robotics [4], weather conditions [5] and
many other scientific fields. There are two types
of OCPs; the classical and the relax type, each
one of these two types is dominated either by
ODEgs [6] or by PDEQgs [7]. The Continuous
Classical boundary optimal control problem
(CCBOCP) is dominated by a couple of
nonlinear parabolic, elliptic or hyperbolic
PDEQs that were studied in [8-10]. Later, these
studies for these three types were generalized to

All of the above- mentioned studies and many
others encouraged us to think about generalizing
the study of the CCBOCP dominated by
TNLPDEQgs of parabolic type to a CCBOQCP
dominated by QNLPBVP. According to this
generalization, the mathematical model for the
dominating equation is needed to be
reformulated, as well as the objective function
(OBF). The study of the QCCBOCVP
dominated by QNLPBVP which is proposed in
this paper and it starts with the statement and
proof of the existence theorem of the QSVS for
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the WF of the QNLPBVP using the Method of
Galerkin (GAM) and the first compactness
theorem (FCT), under suitable assumptions
when the QCCBCYV is known. The continuity of
the Lipchitz operator (LIO) between the QSVS
of the WF for the QNLPBVP and the
corresponding QCCBCV is proved. The
existence theorem of a QCCBOCYV is stated and
demonstrated under suitable assumption.

MATERIALS AND METHODS

Problem Description

Let 0 c R?be a bounded open region with
boundary I, Q =1xQ ,X=TXxI ,and x =
(x1,x,). The QCCBOCVP consists of the state
quaternary equations (SQEQs), which are
considered as (in Q):

2
a dy,
Vit — Z E(alii 6_x]> + by,

ij=1 ¢ (1)
— bsy, + bgys + bz,
) = fi_(x' t;}’1)
d ay.
Yar — z a(azij ﬁ) + by,
ij=1 ¢ J (2
+ bsy; — boys — by1Ys
, = Lt )
d dy;
Y3t — Z E(a” E) + b3ys
ij=1 ¢ J 3
+ bgy, — beyy + bysys
2 = f3(x; t:)’3)
d dy
Vat — Z E(a‘“j a_xl) + b,y
ij=1 ! J (4)

— b;y1 + b11Y, — bisys
= ﬁl.(x: tl }’4)

With the following boundary conditions (BCs)
on X and initial conditions (ICs):
2

Oy 0y
. arijacos(nrrxi)
r Lj=1 7 (5)
= u,(x,t)
¥, (x,0) = y2(x), on Q (6)

where 7 = (fi. fo f £2) € (I2(Q))" = L2(Q),

is a vector of function for each x = (x,,x,) €
~ 4 ,
QU = (ug, up, us, uy) € (P(®) =L2(2) is

87

aQCCBCV and 7 € (H2(12))" = H2(®)is the
QSVS corresponding to the
QCCBCVii,a;; (x,t) bij(x,t), cij(x,t)
1dij (6 1), brys(x,t), bapys(x,t), byrys(x, £),
byris(x,t) € C*(Q), n, (forr = 1,2,3,4) isan
outer normal vector on the boundary X, and
(n,, x;) is the angle between n,. and x; — axis.

The Set of Admissible QCCBCYV is defined by:
W, ={i€L?(X)|ielcR*)
The OBF is defined by:

Go () = 1[901(% t,y1) + Go2 (x,t,¥,)

Q
+ go3(x, t,¥3)
+ 9o (x, t, y,)]dxdt

[ho1 (o, t,uy) + hoy (x, t,uy)

(7)
g
T

+ hos(x,t,u3)
+ hos(x, t, uy)]do

LetV =V, XV, X Vo XV, = {#: ¥ =
4
(Ul,UZ,U3,U4_) € (Hl(-Q)) = Hl(-a) }

The WF:
The WF of the QNLPBVP, when y € H?(£2) is
given by:
e, v1) + aq (8 y1,v1)

+ (b (O y1,v1)q

= (bs()y2,v1)q

+ (bs () y3,v1)q

+ (b; (D) y4,v1)q

= (fi,v1)a + (W, v1)r

(82)

1 (0),v1)g = (3’10"71)0 (9b)
VatrV2) + ay(t,y2,v5) +

(b ()2, v2)a + (bs(Dy1,v2)q —
(by(t)y3,v2)a — (b11(O) Y4, v2)q =
(f2)v2)a + (Ug, V2)r

(2 (0),v)q = ()’g: v2)a

(92)

(9b)

(3¢, v3) + a3 (t,y3,v3) +

(b3 ()y3,v3)q + (be ()Y, v3)q —

(b (t)y1,v3)a + (b15s(O) Y4, v3)q =
(f5,v3)q + (U3, v3)r

(r3(0),v3)q = (yg; V3)q

(10a)

(10b)
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aerva) + ag(t, 4, v4) +
(by (D y4,v4)q — (b7 (O)yy,v4)q +

(b11(®y2,v)a—  (bis(Oys5,v4)0 = (11a)
(farva)a + (Us, Va)r
(74(0),v4)q = (yf,m)n (11b)

Where, Vr = 1,2,3,4:

0y, Ov
ar(t' Vr vr) = J:Q szzl Qrij (.’X, t)a_xja_x:ﬂdx’

Assumptions (A):
(i) fr (vr = 1,2,3,4) satisfies:
| 00 | < e (x0) + clyrd

where ,y, €R, ¢, > 0and 7, € L?(Q,R)

(i) fris LI w.r.t. y,., i.e.
|fr(xr L, yr) - fr(x, t'yr)l < Lrl Yr _yrl

where 3., 3. € Rand L, > 0, Vr = 1,2,3,4,
(i) ar @& v vl < @l yell1 1l vrll4,
|(b1"(t) yrr vr)ﬂl < ﬁr” yr”o” vr”O,
a.(t, v, ) 2 @l v 13, (0r (O ¥rs Yr)a 2
ﬁr” y‘r‘”(z)lvr = 1;2'3:4;
|(br+3(t) Yrs vl)ﬂl < Er” yr”O” 171||0,VT =
2,3,4,
| (b2r+3(0) ¥rs V2)a | < &l v lloll vallo, V7 =
1l314’
| (B3r43(0) ¥, v3)a | < &Ml yrlloll vallo, V7 =
1,2,4,
| (Bar+3 () ¥rs vada | < &l yrlloll vallo, V7 =
1,2,3,
c(t,y,¥) = a1t y1, y1) + (b1(Y) y1, y1)a +
a(t, ¥z, ¥2) + (b2(t) ¥2, ¥2)a
+as(t, y3, ¥3) + (b3(V) 3, y3)a +

as(t, Vi, ya) + (ba(t) Ya, Ya)a s
and (¢t,5,5) = allyllz, Y12 = Zi_ |l 13
with a,, B,, €, (r =1,2,3,4)and a are real
positive constants.

Lemma(2.1) [14]: LetV,H ,V'be three Hilbert
spaces, each space is included in the following
one as in [|ull oy = ess.suplu(x)|

1

orllull gy = (J,lu()[Pdx)?

V' being the dual of V. If a function u belongs
to L2(0,T; V), and its derivative u'belongs to
L?(0,T; V"), then u is almost every equal to a
function continuous from [0, T] into H and one
have the following equality, which holds in the

scalar distribution sense on (0, T)%Iul2 =
2{(u’, u).

Proposition (2.1)[9]: Let f:D x R™ - R™is
Caratheodory type(Ca-T), let F be a functional,
satisfy that F(y) = fQ f(x,y(x)) dx, where D

is measurable subset of R™, and suppose that

If eI < ¢ + n)lIyll*, v(x,y) € D X

R", y € LP(D x R") where { € L}(D x R),
D

n € Lr-«(D X R),anda € N.Ifp € [1, ), and

n=20,ifp=oco.

Then F is continuous on LP (D x R™)

RESULTS AND DISCUSSION

In the following section, the existence of a
unique QSVS for the WF for the QNLPBVP
under suitable assumptions and with given
QCCBCV is stated and proved using the method
of Galerkin with utilizing the first compactness
theorem.

The Existence of a unique QSVS for the WF
Theorem (3.1): with assumptions (A), for each
fixed QCCBCV % € L%(Q), the WF ((8) - (11))
has a unique QSVS y € (L2(], V))4 = L*(L,V),
Ve € (12(L,V9) = L2, v).

Proof: Let V, c V be the set of piecewise affine
in 2, let {#;,7,, ..., U,} be the basis of ¥, where
n = 4N , then the approximate QSVS y of
((3.16) - (3.19)) is expressed by:

}_}n(X, t) = (Y1n' yZnn' YV3an, y4n)
j=1

Where,
V= (2" 'mod2)vy, (Z(r‘z)zmodZ)vZk,
(20-3*mod2)vsy, (24" mod2)va),
Cj = Cypj, fork=(1,..,N), Vvr=1,234,j=
k+N(r—1)and c,.;(t) is unknown functions
of t.
The WF of the SQEgs ((8) - (11)) can be

approximated with respect to the space variable,
using the GAM, to get:
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Wine>v1)a+ a1 (6 yin, v1) + A3C3;(t) + D3C5 (1) + E5 (D)
(b1 (OY1n,v1)a = bs () Von, V1)a + — F3C(t) + H3Cu () (192)
(b6 (©)Y3n, V1) + (b7 (£)Yan, V1)a = (13a) = by (VW (x)C5(D))
(i(1n), v1)a + (g, vo)r
A3C5(0) = b3 (19Db)

(yloru vln)ﬂ = (ylo'vl)ﬂlvvl € Vn (13b)

A,C, . (t) + D, C,(t) — E, C,(2)
Ozne, v2)a + @2 (6, Yon,v2) + " RGO — Gy
(b (D) Y2n, v2)q + (bs (D Y1, V2)0 — = b, (VT (%) C, (D) (20a)
(bo(D)Y3n,V2)a — (b11 (D) Yan, V2)o = (14a)
(a(¥2n),v2)a + (U2, v2)r A4C,(0) = b2 (20b)

o Van)a = (8, Vv, €V, 14b
(VanrVanda = (02,V2)a, Vv, (14b) where vr = 1,2,3,4
VsnerV3)a + as(t, y3p, v3) + Ap = ( lT]) :airj = (Urj:vri)Q Dy =
(b3 (t)}’3n;773)_(1 + (b9(t)3’2n'v3)ﬂ - ( lT]) lT] - ar (t vr]: UTL)

be (£) + (by5(t) o

(be }’1n;173)n_ (b15()Yan, V3)a (15a) +(b, (t)v”,vn 1,E, = (e ”) §
- (f3(y3n)' U3)n (b ) E ( nxn’
+ (u3, v3)r 5 (002, V1 0’72 T \Si)

. . Sij = (b5(t)v1j,v2i)Q,E3 = (pij)an'pij =
(Bn,Vanda = (V3,V3)a,Vv3 € Vy (15b) (bg(t)vzj,vm) JEy = ( U)nxn Wij =
VantrVada + g (t,Yan,va) + (b7(t)v1],v4l) = (f”)nxn fij =
(b4(t)y4_n, V4)Q - (b7 (t)yln' V4_)Q + (b4(t)v3]’ vll)n F2 - ( L])an

(b11(DY2n, Va) o — (b15 (O30, V4) (16a) m;j = (b9(t)v3j: vzt)n, Fy = (gij)nxn 1 Gij =

= (faVan), Vada

+ (s, V)
Vs Van)a = (Vs V4)q. Vv € Vyy (16Db)

Where 5, = 5 () = y(x,0) EV, cV c
L?(Q) is the Pro of y2 with respect to the norm
Il 1lo,i.e.,vVr =1,2,3,4,
(y;)nfvr) n= (yrorvr) g ”}’7971 - y19||0 <
”y19 - vr”Ovvvr € .
Substituted (12) in ((13) - (16)) with setting
v, =v,,Vr =123,4 So, the WF can be
written as the following nonlinear system
(NLAGS) of ODEgs with its ICs which has a
unique QSVS y,,:

A1C1;(0) + D1 €1 (1) — Ey C(D)

+ F1C5(t) — H1C, (1)

b, (T @G T
A;C1(0) = b? (17b)
A, C5;() + D Gy () + E, C1(0)
i (Fwew) 0
A,C,(0) = b (18b)

89

(b6(t)v1jlv3i)ﬂ! F, = (kij)nxnv
kl] = (bll(t)vzj:uti)ﬂ JHy = ( U)
= (b7(t)774]'171z) JHy = (li])
(bll(t)v4]'v21) yHy = (q”)an
yqij = (bls(t)v4]vv3z)ﬂ H, = ( ”)nxn
(b15(t)v3j'v4i)ﬂa C(t) = (er(t))nxl

nxn

TLXTl

cr(® = (e1,®) (0 = (ery(®)
by = (br)usa, bri = U (B € (0), vy +

0 _ 0
(ur' vri)r‘ »bri - (Yr 'Vn‘)n

lij_

)

The norm ”ﬁ”ois bounded: Since y; =

y2(x) € L*(Q), then there exists

{vm}

withvl, €V, c V c I2(Q), vr = 1,2,3,4,
N
s.t. v3, = ¥ in L2(Q), and from the projection

theorem Vv, € V,, c V c L2 (Q):
ly = ¥Pllo < ly? —vhllo  Thus

||Y7pn -

¥ollo = 0,50 3% = ¥ in L (Q) with [|y% ], <

b,.
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The normllﬁ(t)llm(

bounded:

Setting v, = y,,, where vr=1,2,3,4. In EQs.
((13a) - (16a)) and integrating both sides with
respect to t from 0 to T, and adding the above
four equations, finally using assumption (A-ii):

Jy Gt ) dt +

a foTllﬁlli dt = foT(f1 (Vin)» Y1n)odt +
foT(ul'Jﬁn)rdt +

Iy (F2 2n), YanDa dt +

(21)
Jy (g, Yo )r dt +
Jy (fs 03n), YanDadt +
T
Jo (U3, y3p)rdt +
Jy (foan) Yan)adt + fy (g, yan)r dt
Since y,, € LE(LV*) =L*(IL,Vv) and y,€

L%(1,V) inthe firstterm of L.H.S. of (21), hence
can be using Lemma (2.1), on the other hand
since the second term is positive, takingT =t €
[0, T], using assumption (A-i) for the terms £, in
the R.H.S,, to get:
d j—
fy 5 T @13 de <
Iy 03 + lyrn|?) dx dt +
2 fot [, c1lyinl? dx dt + fot Jo(ug P +
|y1n|2) d)/ dt + f()t f_()(n22 + |y2n|2)dxdt +
2 fy Jpcalyanl? dx dt +
t t
fo fr(|u2|2 + |y2n|2)dydt + fo fg(ng +
|y3n|2)dth + 2 fotf_q C3|y3n |2 dX dt +
t t
Jo J-Cusl® + lysp [2) dydt + [ [, (nF +
1anl?) dx dt +2 [ [, calyanl? dxdt +
Iy Jual? + 1yan ) dydt.
d —_—
= [FLIF 12 de < lng 12 + Il 112 +
0 dt Q
I 115 + llup |3 + llns 5 + luzll3 + llng I3 +
lugll + cs [, 1713 dt + [ 117,117 dt

Where cs = max ((2¢; + 1), (2¢c, + 1),(2¢3 +
1), (2¢c, + 1)).

Since |75 < ky(kr > 0, llullf < py, VI =

1,2,3,4., [ly,(0)]|12 < ¢, using trace theorem for
the last terms of the above inequality, to get:

—_ t - t -

I7n(ON§ < s+ cs [ IFallG dt + c6 [ 17,115 dt <
t >

s+ [y ll5de

where, s = c+ Xt (k, + ), c; = cs + ¢
By using the Belman Grownwall Inequality, to
obtain:

7 (ON5 < z1,vt € [0,T] = I75 Ol oy 20 <
z,, where z, = Vz;, and

513 = [I77I3 de < Tz, = 23 =

(Ol < 23

The norm ||y_n’(t)||Lz(LV) is bounded:

Using Lemma (2.1) for the 1% of L.H.S. in Eq.
(21), then using the same results which were
obtained from the R.H.S., setting t =T and
using ||y, (&) 113 is positive so Eq. (21) becomes:
17O + 2@ [ 157117 dt < s + ¢, 1T (D13

T\ —s s+cy z2 —
= fO ”ynlli dt < % = ZZ = ||Yn(t)||L2(],v) <

Zy.

The Convergence of the Solution:
Let {V,}%_, be a sequence of subspace of V s.t.
V¥ € V , there exists a sequence {v,,} with 7, €
V, cV cL2(Q),and 7, > BinV st 7, > 7in
L?(Q), Utilizing ¥ = v,in ((13) - (16)), to
obtain:

Yines Vinda + a1 (& Y1, V1) +

(bl (t)yln:vln)ﬂ - (bs (t)yan vln)ﬂ +
(b () Y3, Vinda + (b7 () Yan, Vin)a

= EOw vl )
+ (uy, vi)r
(ylon'vln)ﬂ. = (ylor 17171)9. (22b)
VantrVanda + 2 (6, Yon, Vo) +
(b2 (O)YV2n, V2n)a + (bs (D) Vin,V2n)a —
(bg () Y31, V2n) o — (b11 () Yan, V2o
= (L0 v 23
+ (uZ'UZn)I'
(ygnf UZn)Q = (yé)' v2n)ﬂ (23b)
FznerV3nda + az(t, Y30, V30) + (24a)

(b3 ()Y3n, V3n)a + (bs (D) Von,V3n)a —
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(b6 (ODY1n, V3n)a + (b1s (D)Yan V3n) r
X Ponla © s Vm Jonla || O vanap O
+ (U3, Vap)r T
+ [ G varon (0t
(yé)n'v3n)ﬂ = (yé)' v3n)9. (24b) 0
Oane> Vanda + @4 (6 Yan, Van) + T(y ne>» Van) @3 (t) dt +
(bs (D) Yan,Van)a — (b7 (D) Y1n, Vando + fo s anTE
(b11(OY2n, Van)a — (b15(O)Yan, Vanda (25a) fOT[ as(t, Yzn,V3n) +
= (ﬁ}(yéln)'vt}n)ﬂ
+ (Ug, Van)r (b3 () Y3, V3n)a +
by (t) Vs, v — (bg(D) Yy, v +
@fn,v4n)g _ (}’4{).17411)9 (25b) ( 9 2n Sn)ﬂ. ( 6 in 3n)Q (28)
(b15(©)Yan, V3n)alps (O)dt =
The WF ((8)-(11))has a sequence of QSVS T
Odn=a » With [[75 Ol z2¢q) 17l 2, are fo (fs Vsn) Van) @@ (t)dt
bounded, then by Alauglu’s theorem, there T
exists a sub sequence of (Y, nen . SAY +f0 (us, v3n)res (t)dt
aga‘iNn idney St ¥, 5 y in L*(Q)and
Voo Fin LEAV), then by the first [ Ganes van)@a(t)dt +
compactness theorem, assumption (A-i), and the -
above indicate norms were bounded, we get Jo La4(t, Yan, Van) + (b4 (D)Yan, Vanda =
S
Yo = yin L2(Q). (b7 (Dy10, Vanda + (b11 (O Y2n, Vanda —
Now, multiplying both sides of Egs. ((22)-(25)) (b1 (Vs Van) o0a () dE = (29)

by @, (t) € C[0,T], vr =1,2,3,4.
Sit. @, (T) =0 ,9,(0) # 0 and Integrating by
parts with respect to on [0, T], to obtain:

T
fo Winer V1) @q () dt +

T a3 (6 Y1im v10) + by (© Y1, Vinda =
(bs () Yo, Vi) a + (b () Y3, V1) +
(b7 () Yam,v1n)ales (t)dt =

(26)
T
f (i 1n), V1n)a s (B)dt
’ T
+f (ug, V1p)re (t)dt
0
foT(yZnt' v2n) @, (t)dt +
foT[ az (t, Yan, Van) +
(b3 ()¥2n, Van)a + (27)

(bs (OY1n, V2n) @ — (bo(DY3n, Vor)a —
(b11 () Yan, Van) alez (O)dt =

91

fo (o O van D0 (D)t

+ fT(u4,v4n)r(p4(t)dt
Integrating by partsothe first terms in the L.H.S.
ie.,
— Jy O 1) 05 (8) dt +
Iy Las (Y1, V1n) + (b (OYin, vind —

(b5 (t)YZn: vln).(). + (be(t)}/3n,l71n)ﬂ +
(b7 (D) Y4, v1n)ales (t)dt =

(30)
T
| thow) vias e
0 T
+f (uy, vin)ro, (H)dt
0
+ (:V10n'vln)ﬂ @1 (0)
- fOT(yan UZn) (pé (t)dt +
Sy 1z (b, Yan, v20) + (31)

(b2 (D) YV2n, V2n)o +
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(bS (t)ylnr vZn)Q - (b9(t)y3nr 17271)0 -
(b11 () Yan,s Van)alez (H)dt =

(bs () y,,v1)q + (b () y3,v1)q +
(b; (D)ys,v1)ales (B)dt

T 0 = (y0
f (fZ (yZn)l UZn)QQOZ (t)dt (ylnl vln)Q(pl (0) (3’1 lvl).()(pl (0) (34b)
0
T _ T ’
+f (U2, Vo) rp, (D) dt fT{o (3;2:"7211) ‘PZ)(_T_)dt +
0 az\4, Yon,Van
+ (yZOnJ UZn)Q ) (0) ((1)92 (t)yZn' UZn)Q +
T , (bs (t)yln: vZn)Q - (b9(t)y3nr 172n)9. -
= Jo Oans van) 3 (1) dt + (b11T(t)3’4nJ Vo)l (t)dt — (35a)
T — [, O, v2) @ (D)dt + 353
[as(t, ¥3n,V3n) + 0
fo i e foT[ a,(t,y,,v,) + (b (D)y,,v2)q +
(bs (t)an' v3n)ﬂ + (bS (t))ﬁ: VZ)Q —
(b (t)y nV n) - (b (t)y Y4 TL) + (b9(t)y3'v2)ﬂ
e e s — (11 (D31, V2Dl (O)de
(b15 (O Yan, Van)ales (B)dt = (32)
T (V2ns V2n)a P2 (0) = (¥2,2)002(0)  (35b)
fo (f3(03n) V3n) a3 (£)dt
T
+ jo (u3,v3n)rs (D) dt - fOT(y3n, v3,) @5 () dt +
+ (yB?nJ v3n)ﬂ(p3 (0) foT[ as (t' YBn'VSn) +
(b3 (D) Y30, V3n)a +
- fOT(y4n, U4n)(p:1_(t)dt + (b9(t)y2n1 Vzn)a — (b6(t)y1ni 173n)9. +
. (b15T(t)3’4n: VSnI)Q]‘Ps ®)dt - (363
fo [ as(t, Yan, Van) + (ba () Yan, Van)q — - fo (y3,v3) @3 (t) dt +
(b; () Y1 Var)a + (b11 () Vory Vard o — foT[ az(t,y3,v3) + (b3 (t)yz,v3)q +
(b15 (O Y30, Van)oles (D) dt = (bs(8)72 v3)a =
e (33) (bs (D)y1,v3)0
T b , d
| i v 01t (s mdales (O
° fT( Vo (® (V3n» Van)a®3(0) = (¥3,v3)n93(0)  (36h)
+ Uy, Va1 P4 (D) dt
T !
+ O van)a0s(0) ~Jo Ot van) 9 (D +
Since v, Swv.in V, and in 12(@2),  Jol3a(tYanvan) + (b (OYan Van)a ~
then v, (t) = v, @(t)  InI2(I,V), and EZL(%/;;‘ U;Z)SIQ-I__
%ngor(t) - v @ (t) in L? (Q), and since y., (blsT(t)Y3n:v4n)Q](p4(t)dt -
Sy in [2(Q), ¥, i yin L2(Q), Vr= —Tfo (V4 va) @i (D) dt + (372)
1,2,3T,4. Then the following converges are held: Jo Las(t,ya,v4) + (by (D)4, v4)q —
- fo V1ns V1)1 () dt + (b; (D)y1,v4)q +
fT[al(t,yln,vln) + (b11 (O)¥2,v4)0
(%1 OV V1) g — — (b15(Dys, v4) ol (t)dt
(stiam vinfa b (e(pmvinla+ (342) Vs Van)aPa(0) = (0, v)a@a(0)  (37D)

(b7 (O)Y4n, V1) ales (H)dt —
- foT(ylr vy) ey (t) dt +

. On the other hand, since f,. forr = 1,2,3,4 is of
Jo Lar @y, v1) + (b (O)y1,v1)q —

Ca-T and from assumption (A-i) and
92
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Proposition 2.1, (Y )V dxdt is cont., T
P Jo /rOm)vr | o0 vam e
0

S
and with v,., @, = v,.in L2 (Q) and since y, -y T
in L2(Q), we get that +f (Uy, v4) r s (B)dt
0

1) O, Ve )@ (£)dE = + (90, v4)004 (0)

T
fo (ﬁ"(%’)rvr)ﬂ(pr(t)dt- ) .
From Egs. ((34) - (37) a and b) and from the Case 1: Choose ¢, € D[0,T], i.e., ¢ (T) =
above converge, so Egs. ((30)-(33)) will be in ~ ¢-(0) =0 ,vr=1234. So, then (38)-(41))

the form: beca;ne:
— J, G v) 1 () dt +

— Jy G, v1) 4 (8) dt + ST ay 6y, v0) + (b (Dy1,01)0 —
[T a6y, v1) + (by (31, 01)0 — (b ()y,v1)q +
(bs(£)y2,v1)q + (bg () y3,v1)q + (38) (b6 (£)y, V1) + _ (42)
(b7 (D3 v)algr (e = (B (s, v1)ales (e =
J (O Pags Ot + b (01 va)ai e +
ST v:)rs (Ot + (02, 91)0 91 (0) Jo Ctav)rpy (Dt
- foT(yZ, v,) gz (D)dt + _TfOT(yz’ vz2) @z (dt +
JLay(,y2,v2) + (b (D, v2)q + Jo [a2(6,32, v2) + (b (0)3z, v2)o +
(bs(D)y1,v2)a — (bo(D)y3,v2)a - Egs ((8)/1, ”2%0 -

b , dt = o\t)Y3,V2)a —
(Jg 0y, v2) o], (t)dt (39) (b1T1 (Oys, 2) oo, (B)dt = (43)

, t)dt
o (2022 || th0m) 200000
, d r
+fo (2, v2)r, (D)t +f (uz,v)re, (D)dt
0

+ (yg' v3)q ¢, (0) r ,
— Jo 3, v3) 3 () dt +

— J) s, v3) s (D) dt + ST as(t,y5,v3) + (b3 (Dys,v3)g +
T
(t,y5,v3) + (b3 (t)y3,v3)q + (bg(0)y2,v3)q —
{%[(at;y oa " (s ()31, va)a + (44)
(bZ(t)Yi: Ui)n + (215(’3)3’4: v3)ales ()dt =
(bys(O)ys, v3)qles (O)dt = (40) foT(fs (73), v3)a s (t)dt +
T
[ (o vdapae Jo (e vadrea (Dt
0
T !
+ f (u3,v3)r(p3 (t)dt _TfoT(yll-l ‘U4)§04 (t)dt +
0 JoLas(t, s, v4) + (by (D) s, v4)q —
+ (.Y??'US)Q(I)S(O) ((2)7(15)}11,174)9
r ’ (b11()y2,v4) 9 — (45)
- fo (Va» va) s () dt + (b1s5(O)y3,v4)alpa()dt =
ST st ya,va) + (b4 (Y4 v4) — Jy (), va)a@a (D)t +
(b7 (D)y1,v4)q + (41) fT(u v )@, (t)dt
(b11(O)y2,v4)0 — 0 M Par
(b5 ()33, vadales(B)dt = Using IBP the first terms in the L.H.S. of the

above Eqgs.:

93
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foT(J’u' V) (t) dt +

[ Tay (631, v) + (by (D31, 01)q -
(bs()y2,v1)q +

(bs (D)3, v1)q +

(b; (D) y4,v1)qles (H)dt = (46)

T
fo (O, v)agn (Dt

T
+ f (uq,v1)req (t)dt
0

fOT(th,UZ) @, (t)dt +
foT[ ay (t,y2,v2) + (b ()2, v2)q +

(bs()y1,v3)q —
(bs()y3,v2)a —
(b11 ()Y, v2) ol (H)dt =

Jy (s 072), v2)a @ (£)de +
foT(uz' vy ), (t)dt

(47)

foT(Y3t' v3)@3(t) dt +
foT[ as;(t,y5,v3) + (b3 (Dys,v3)q +

(by(t)y2,v3)q —
(bs (D)y1,v3)q +
(b15 ()Y, v3) ol (H)dt = (48)

fo (s ), v3)as (1)

+ f (13, Vs (D)t

fOT(}’4t'U4)<P4 (t)dt + fOT[ ay(t,ys,v4) +

(bs (D) ys,v4)q — (b7 (D)1, V4) o +
(b11(®)y2,v4)0 —

(215 ©Oys, v4)alpa(O)dt = (49)
Jo fa(¥a), va)a@a ()dt +

Jy (ua, va)ra (6)dt

i.e., vy is App of WF Egs. ((8)-(11)).

Case 2: Choose ¢, € C1[0,T], i.e., p(T) =0
and ¢,.(0) = 0,vr =1,2,34,

Using integrating by parts IBP for the first term
in the L.H.S. of (46), to get:

- foT(yl, vy) 1 (t) dt +

foT[ a; (t,y1,v1)+ (b (O)y1,v1)q — (50)
(bs ()2, v1)q + (bs(D)y3,v1)q +
(b7 (D) y4,v1)qles (H)dt =

Sy (i) vi)aes (£)dt +
o Gy, v (OdE + (31.(0),v1)091 (0)

By subtracting Eq. (38) from Eq. (50), we get:

2, v1)a9:1(0) = (1,(0),v1)q91(0), ¢, (0) #
0,Ve,(0) € [0,T]

()’1():771)9 = (11(0),v1)q
i.e., the first ICs holds. Same manner can be
utilized to get that the ICs are held.

The Strong Convergence for  the
Approximation Solution

utilizing v, = y,, and v, = y,.,vr = 1,2,3,4,In
((8a) - (11a)) and ((13a) - (16a)) resp. and
integrating by parts these equations. On [0, T],
then adding all the equations together, finally,
using assumption (A-iii), to get:

Iy Gt F)dt + [ c(t, 7, 7 dt =
foT(f1 (Y1), Yin)odt + fOT(u1:}’1n)rdt
+ [ (o (2n), Yan Do dt +

Jy Quz yon)r dt +

Sy (Fs W), YanDadt +

T T
| Gayanede + | G yimdade
0 OT

(51a)

+| e de
0

[ Gt + [, c(t,5,7) dt =

foT(f1 (1) y)pdt + fOT(u1'3’1)rdt +

Sy (5 O2), ¥2)a dt + f (uz, y,)r dt +
Sy (s 073), ¥3)adt + [, (uz,ys)rdt

+fy (fa ) y)adt + [ (ug, y)rdt

(51b)

Using Lemma (2.1) for the first terms in the
L.H.S. of Eq. ((51) aand b) it becomes:

RG] TAOTHE
foTC(t' Y V) dt =

Jo (i im), ¥in)adt +
foT(u1'y1n)rdt +

Sy (F Oan)s Yan)g dt +
fOT(uZ'yZn)F dt +

(52a)
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Jy (fs O3n), YanDadt +
foT(us'%n)th +
[y (fGan) Yandadt + [ (g, yan)r dt

1. 1,
5 Iy(TII% — 3 IyC0)I3 +
T L T
fo c(t,y,y)dt = fo (f1(01), Y1) odt +
T
fO (ul:}ﬁ)l‘dt +

T T
f (2(2),¥2)a dt"‘f (uz, y2)rdt
0 0

T
+ [ (0w adt
0

(52b)
T
+ [ G yyrat
0T
+ [ (oDt
0
T
S RCEA
0
Now, consider the following equality:
1 S 2
EHYn(T) = y(MDIIG
1
— v - 2

T
+ f (&Y =¥ I
0
—Y)dt =P —P, — P
Where
Py =S IFa(DIE =S I3 N3 + Jy et 5,3 dt
Py = =G (D),F(1)) o = > G (0),5(0)) o +
Jy c(t,35@®), 5(1)) dt
Py = 2 G(D),7a(T) = F(1)) o — 5 (5(0),7,(0) -
7(0), + [ ¢t (0,77 (0 — F(©)dt

Since,

W =H© >y =50) i @, (g5
V(1) = §(T) in L2(2)

Then,
(5(0),y,(0) —¥(0))o » 0and
(1), ¥ (T) =y(T))q = O (55)

172(0) —y(0)I§ > 0 and
172 (T) = ¥(DII§ - 0 (56)
w w
and since ¥y, >y inL2(LLV) =7y, >y in
L?(X), then

T

[etsw.3mw -5 ~0  (67)

0
From proposition (2.1), fOT(fr(ym),ym)ndt is
continuous with respect to y,., hence:

foT(f1 (V1n)» Y1n)odt +

Sy (F O2n)s Yan)g dt +

S (s Osn)s YanDadt +

Iy (Fa G, Yam Do dt = =)
I 1)y adt +

Sy (s 2), ¥2)q dt +

fo (5 (), y)adt + f (fy (), y)adt

Now, when n — oo inboth sides of Eq. (53), the

following results are considered:

1. The firsttwo terms in L.H.S. of Eq. (53) are
tending to zero from Eq. (56).

2. The L.H.S. of Eq. (P;) »L.H.S. of Eq.
(52D).

3. Eq. (P,) » L.H.S. (52b)

4. The three terms in P; are tending to zero
from Egs. (55) and (57), from the above
convergences. The above sides of Eq. (53)
give (asn — ):

T — - — -
fo C(ti)’n —Vn _y) dt -0, Eq. (57)
By assumption (A-iii):

—_ T — - T s o -
afyllyy —=yllidet < [ c(t,y, — 9.9 — ) dt -
0,S0, 3 > §in LE(I, V).

Uniqueness of the Solution

Let ¥ and § be two QSVs for the WF,
substituting these QSVs in the WF, subtracting
each equation (for y) from its Corresponding
equation (for 33 ), then setting v, =y, — 9, to
obtain:

(O =9y — %) ta (ty —

Vi, — Y1) + (b1 (Oyy — 91, ¥1 — P1)a

—(bs(O)y, = V2,01 —P1)a + (59)

(bs (D)y; — P3,¥1 — $1)a + (b (D)ys —

YoV =)o = (i) —P)a —
(G —F1)a

(A(J/Z - yz)p)’z — ) ta, (At» Y2 = (60)
V2, Y2 = 92) + (b, (D — 92,72 — F2)a
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+bs@y1 — 1, Y2 — F2)a —

(by()y3 — 93,¥2 — ¥2)0 — (b11 (D) ys —
VY2 —V)a= (L2, Y, —P)a—
(2(02), 5, — %)a

(3 = 93)6,¥3 — P3) +az(t,y; —
V3, Y3 — ¥3) + (b3 (D)y3 — J3,¥3 — P3)q
+(bo ()Y, — 32, Y3 — P3)a —

(bs (Dy1 — D1,¥3 —V3)a + (b1s(O)ys —
VY3 —V3)a = ((V3),y3 — V3)a —
(5(F3), ¥ — $3)a

(61)

(s =F)eye —9a) tas(t,y, —
Voo Yo —Va) + (b3 (O)ys — Var Vs —

I )a—(b; (O =91, Y4 — Vo +

(b11 Oy — o, ¥s — ada —

(bis®ys = P53, Vs —Va)o =
(fa0u)ys =V )a— (fa(Da) Ya — V4o

(62)

Adding Egs. ((59) - (62)) and using Lemma
(2.1), finally using assumptions (A-ii and iii) to
obtain:

Sy - 3l +aly - 51
S 17— Il +aly - sl
< f[L1|Y1_91|2
J (63)
+L2|YZ_92|2
+ Lalys — 95/

+ Lyly, — 374|2]dx

Since the second term of L.H.S. of Eq. (63) is
positive, and by IBS from 0 to t, to get:

> 2 2 5 2112
I3 - Holl, < 2Ll - 3 dt,
max {Lq,L,,L3, L.}

Using the BGI, to get:

L =

N 2

G- F)®||; < veloztt = o,ve e 1
Now, integrating both sides BS of (63) on [0, T],
using the IC and the above result:

- 4 2 — > 2 2
Iy =15 = Fll e +2a fj ||y - 5, de <

5 212
Lf, Iy - Il dt <0

5 22 L2
= Iy -5l de =0 =5=5.

Existence of a QCCBOCV

In this section, the continuity of the LIO
between the QSVS of the WF for the QNLPBVP
and the corresponding QCCBCYV is proved. The

96

existence theorem of a QCCBOCYV is stated and
demonstrated under suitable assumptions.

Theorem (4.1):

a. Consider assumptions (A) are hold, y and
y + Ay are the QSVS corresponding to the
QCCBCV 1u and u + Au resp., with % and
At are bounded in L2(X), then:

”Ay”lloo(I,LZ(ﬂ)) < k”Aﬁ”Zy
1AVl 2 ) < kllATlly AV 2y < KllATllg

with assumptions (A), the LIO @ — y; from
L?>(X) into L® (I, Lz(ﬂ))or into L2(Q), or

into L% (1, V) is cont.

Proof:

a. Let#, 7 € L2(X) and let A% = & — U, hence
by theorem (3.1), there exists a unique
QSVS 7 and § of Egs. ((8) - (11)), satisfies
the following equations:

(Pre,v1) + a; (6,91, v41)
+ (b1 (O)F1,v1)a
— (bs(t)¥2,v1)q
+ (bs (D) P5,v1) 0
+ (b; ()P4, v1) g
= (i(xt,91),v1)q
+ (4, v)r

(64a)

(31(0), v1)o = F7,v1)a (64b)
(o, v2) + a3 (4, 9,,v,) +

(b ()92, v2)q +

(bs ()91, v2)q —

(by(t)P3,v2) 0 —

(b11 ()P4, v2)q =

(00 t,3),v2)q + (U2, v2)r

(65a)

(72(0),v2)0 = (F7,v2)a (65b)
(y\3t'v3) + a3(t,5/\3,173) +
(b3(t)95,v3)a +

(by ()2, v3)0 —

(bs ()91, V3)0

+ (b15 ()P, v3)q

= (fz(x,t,93),v3)q + (U3, v3)r

(66a)

(#:(0),v3)q = (5’\3?:‘73)9 (66b)
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(Fatrva) + ag(t, 9y, v4) +

(by (D) Py, v4)q —

(b7 (O)P1,v4)q +

(b11 (D)2, v4) 0

— (b1s(DP3,v4) 0

= (fa(x, 6, 94),v4)q + (Us,va)r

(67a)

(32 (0), v)o = (B2, va)a (67D)
Subtracting the WF from Eqs. ((64-67) aand
b), then settingAy, =9,—y , Vr=
1,2,3,4, to get:
(Ay1e,v1) + ay (8 Ay, v1) +
(b ®)Ay1,v1)q —
(bs(t)Ayz, v1)q +
(bg(D)Ays, v1) o+
(b; (£)Ayy,v1)q = (fi(On +
Ay1),v1)o— (fi(n), v1)g
+(Auy, v)r

(68a)

Ay, (0),v1)q=0 (68b)
(Ay,e,v,) + ay(t,Ay,, v,) +
(b (D) Ay,,v3)q +
(bs () Ayy,v3)q —
(bo(t)Ays,v3) o —
(b11(O)Ayy,v3)q = (f (2 +
Ay,),v3)0 —

(2(32),v2) 0 + (Buy, vp)r

(69a)

(Ay,(0),v3)q =0 (69b)
(Ayst,v3) +az(t,Ays, v3) +
(b3()Ay;,v3)q +
(by()Ay,, v3)q —
(bs (D) Ay, v3) o +
(b15s(®) Ay, v3)q = (f3 (35 +
Ays3),v3)q —

(5(73),v3) 0 + (Aus,v3)r

(70a)

(Ay3(0),v3)q =0 (70b)
(Byye, v4) + ay(t, Ayy, vy) +
(by () Ayy,v4)q —
(b; () Ayy,v4)q +
(b11(OAY,,v4) g —
(bys(®Ay3,v4)q = (fu (ys +
Ay,),ve) g —

(fa(¥a), va) g + (Duy, vy)r

(71a)

(8y4(0),v4)q =0 (71b)

97

By utilizing v, = Ay,, Vr =1, 2,3, 4, into
Eqgs. ((68a) - (71a)) respectively. Adding the
obtained four equations together, then using
Lemma (2.1) for the firsttermin L.H.S., and
finally using assumption (A-iii), to get:
S lagIIE + alagii; <
(L On + Ay) — (), Ay +
|(2(y2 + A8y,) = f2(32),8y,)| +
(305 + Ays) — f3(33),Ay3)| +
|(fa(va + Ays) — fa(ya), Aya)| +
[(Auq, Ay)r| + [(Auy, Ay, )r| +
[(Aug, Ays)r| + [(Auy, Ay, )rl

(72)

Since the second term in the L.H.S. of (72)
IS positive, then integrating both sies for t
from O to t, using assumption (A-ii) for the
first two terms in the R.H.S. of the above
equation, to obtain:

td - t
Jo e 1AIIG de < follAu, liFde +
2Ly [ llAy; G de + fylIay 12 de +
t
Sy 1A, IIZ dt +
t t
2L, [y lIAy,ligdt + filIAy, lIF dt +
t t
JolAusg |IE dt + 2L [ 1lAys 115 dt +
+ [ Ays 12 dt + [l A lIZ dt +
2L [ 1Ays 13 dt + [ Ay, lI7 de
= 147115 < llAug 13 + 1 Au 15 + NlAus I5 +
t - t -
lAug I3 + s, [y I1AYIIG dt + [J1IAYIIF dt
Where S1 :.maX(ZleLz, 2L3, 2L4)
Now, by using the Trace Theorem, to get:
- — t -
14y 115 < 1443 + s3 [, 14¥113 dt,
Where, S3 = 854 + So
Using the Bellman Gromwell inequality:

t
147113 < llAt||3elo s < K2||Azll3 , K >
0 foreacht € [0,T]
= ”Ay”Loo(LLZ(Q)) S K”Aullx
Since,

- t - -
1451132y = JollAVIIZ2 o, dt < TK2||AI3
= [|AYll2¢p) < KI|Atlly , where TK? =
KZ
Using, the same way which was used in the
above steps for R.H.S. of (72), then the

integrating both sides for t from 0 to T, to
get:
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T d > _ (T N
Jo 714915 dt + 2@ [ 1Ayl de <
— t -
Aull5 + 55 [ 1AV G dt
T >
Then Jo IAF12 dt < (1 + s3K2)/
2a||ATZ = K2IATNZ = 187l 200 <
K| ATl

b. Let Au=4—1u and Ay =F —5 where
f/and y are the corresponding QSVS to the

QCCBCV @ and i, then using part (a) of this
theorem, to get:

”;_ }_])||L°°(]'L2(_(2)> = K”{i_ ﬁ”x )

This means the LIO @ — y is continuous
from L?(X)into L* (I,LZ(.Q)) the other
results are obtained similarly.

Assumption (B)

Consider go,, hor, v =1,2,3,4 is of Ca-T on
(Q x R) and on (¥ x R) respe and satisfy the
following condition with respect toy,, u,
I gOr(x: t'yr) | < VOr(x' t) + Cor(yr)zl

| hor (x,t, 1) | < 8or (x, 1) + dor (ur)?,
where y,, u, € R, Yo, € L1(Q), 8y € L1(2)

Lemma (3.3.1): With assumptions (B), the
functional G, (%) is cont on L?(X),

Proof: From assumptions (B), we get that

” gOr (x' t'yr)” < VOT(x; t) + COr“yrHZ ’
” hOT‘(xl t' yr)” < 60r (x' t) + dOr”ur”2
(where]|. || is the usual Euclidean norm). Using
Proposition (2.1), we have

fQ Jor (X, t,y)dxdt, [ ho.(x,t,u.)do are
cont on IL2(Q),L*(X) respeVr = 1,2,3,4.50,
Go () iscont on L2(X).

Theorem (4.2):

In addition to Assumptions (A) and (B). If U in
W ; is convex and compact , W # @. If vr =
1,2,3,4, G,(u)is convex with respect to u for
fixed (x,t, y). Then there exists a QCCBOVC.
Proof: Since U is convex and compact then W,
is weakly com. Since W ; # @. Then there exists

a minimizing sequence {u,} €W, VK

98

s.t.lim Go (W) = inf gy, Go@). Then by

Alauglu’s theorem there exists a subsequence of
{u,} say again {u,} s.. ﬁ’kzﬁ in L%(X)
and |1 |ls < ¢, Vk . Then by theorem (3.1),
there exists a eqgauence of QSVS{y},
corresponding to the Seq of the CCBOQCV
{th} and  that 1Yl 20y 1Vklliz
and|| v |l 2y are bounded. Then by Alauglu’s
theorem there exists a subsequence of {y,} say
again {y,} s.t.

w
Ve =Ya, =¥ =Yz in L, L*(Q)), L*(Q),
and L2(1,V)
And again from theorem (3.1) we got
Vi ll ;21 p+y is bounded and since L2(I,V) c
L?(Q) = (L*>(Q))* < L?>(1,V*). Hence by the
FCTH there exists a subsequence of {y,} say

again {7} st i - 7 in L2(Q).
Now, since y, is the QSVS corresponding to the
U, then:
W1ker v1) + a1 (6, Y15,v1)
+ (by Y1k, v1)0
— (bs(Dy2k,v1)q
+ (b (D) Y31, V1) 0
+ (b7 (D) Yak,v1)q
= (A 6 Y1) V1o
+ (Ui, Vr

(73)

(Vo v2) +

ay (t, Y21, v2) + (b2 (D) Y2, V2)a +
(bs () Y11, v2) 0 —

(bg() Y31, V2) o= (D11 (Vs v2) o =
(f2(x,t,¥21), V2)a + (Uak, V2)r

(74)

(V3ke: V3) + a3 (t, Y3k, v3) +

(b3 (D y3k,v3)0 + (bg (D) Y2k, V3) 0 —
(b () Y11, v3) 0 + (b15s(D)Yak,v3) o =
(f3(x,t,y3x), v3)a + (Usk, V3)r

(75)

Vaker Va) + ag (t, Yak, Va)
+ (by (D Vak,va)a
= (b;(D)y1k,v4)q
+ (b11 (D) Y21,v4) 0
— (b15()Y31,v4)
= (a( 6 Yar ), Va)a
+ (Uak, Vadr
(75)
Then let ¢, € c'[0,T], st. @, (T) =0,Vr =
1,2,3,4, multiplying both sides of Egs. ((73)-

(76)) by @1 (t), @2 (T), @3(T) and @,(T) resp,,

(76)
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then integrating both sides of each obtained
equation with respect to t from 0 to T. Finally,
integrating by parts for the firstterms in L.H.S.,

to get:

T

- | Guevoi@ a
0
T

+ [ 1aa(ty1ov) + 01 (Oya0v)a

0
— (bs (D) Y21, v1) 0 + (b (D Y31, V10
+ (b; (D) yar,v1) oler (D)dt

T
= [ (et vam e
0

T

+f (U1, v1)re (B)dt
0

+ 1k (0), v1)q 91 (0)

T

- | Gav) g0
0
T

+f [ay(t, Yap,v2) + (b (D) Y2k, V2)0

0
+ (bs (OY1k,v2)0 — (be(D)Y3k,V2)q
— (b11 (O Yar,v2)ale, (B)dt

T
_ fo (fy (6 £, Y1), 02 )0 (Dt
T

+f (uzk, v2)r e, (t)dt
0
+ (721 (0), v2)q 92 (0)

T
- jo (s v)05 () dt
T

+f [as(t, ¥3p,v3) + (b3 (D) y3k,V3)0
0

+ (bo () Y2k, v3) g — (bs (D Y1x,V3) 0
+ (b15 () yax, v3)ales (t)dt

T
= [ @t ym0 vaaps @t
0

T

+f (uzk, v3)ros (t)dt
0

+ (73 (0), v3)q93(0)

- fOT(y4k,v4)(p"L (t)dt +

foT[ Ay (t, YarrVa) + (b4 (O)Var,Va)o —
(b; (D) y1k:va) g + (b11 O Y2k, Va) g —
(l;ls(t)}’3k'774)n]<l’4 (t)dt =
fo (fa (6, Yak )» Va) oa (B)dt +
foT(u4k'v4)1“‘P4(t)dt +

(4 (0), v4) 004 (0)

(77)

(78)

(79)

(80)

99

Since 7, — 7 in L2(Q) and LZ(L,V), 7,(0)

S

- y(0) in L2(Q). Then using similar steps to
those which were used in the proof of theorem
(3.1), we can prove that the L.H.S. of Egs. ((77)-

(80)) convergence. For the R.H.S. since i i
in L2(X), then:
J e, v) dydt — [ (ur,v,) dyde.

On the other side since £, is of a Ca-T and so as
the proof of theorem 3.1, we can show that

Iy U Ori0), Prida @y (Dt -

Jy (- 0n), v aw, (t)de , ¥r = 1,2,3,4

Finally, by the previous convergences, gets:
- fOT(yl, v1) 1 (0) dt +

foT[ a; (t,y;,v1) + (b1 (D)yy,v1)q —

(bs ()2, v1) o + (bg()y3,v1)q + (81)
(27 (Oya,v1)ales (O)dt =

Jo i t,y1),v)q0, (B)dt +

foT(up v)rer (B)dt + (¥1(0),v1)q9(0)

- fOT(yZ ’ Vz) (Pé (t) dt +

[T ay(t vy, v2) + (b (D32, v2)q +
(bs()y1,v2)0 — (be(D)y3,v2)q —
(b11 ()Y, v2) ol (H)dt =

’ (82)
fo (s (6 £, 32), v )z (Ot

T

+ f (uz, v2)rg (D) dt
0
r + (52(0), v2)q 9, (0)
- fo (y3,v3) 3 (t) dt +
T

Jy Las(t,y5,v5) + (b3(£)ys, v3)g +

(b9(t)y2'v3).(2 - (bé(t)yl, 173)(1 +

(b15s(®)ya, v3)al@s(H)dt =

7 (83)
| ey vams@ae

T

+j (uz, v3)re;(t)dt
0

+ (¥3(0), v3)q93(0)

- fOT(yzp vy )y (t)dt +

fOT[ Ay (6,4, V4) + (b4 (Y4, V4)q — (84)
(b; (D) y1,v4) g + (b11(D) Y2, V4) g —
(b5 (D)y3,va)alps(D)dt =
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T
fo (fo G € 72), va) s (B)dt

T

+f (Ug, Vg ra () dt
0

+ (74(0), v4) 094 (0)

Now, one has the following two cases:

Casel: Choose ¢, € D[0,T], i.e., ¢.(T) =
p,(0)=0 ,vr=1234, Now, by using
integrating both sides for the first terms in the
L.H.S. of ((80) — (83)), to get:

foT(Jﬁt’ v1) @y (O)dt +

foT[ a; (t,y1,v1) + (b (Oy1,v1)q —

(b5 (0)yz, v1)q + (bs (D)5, V1) + (85)
(b; (D) ya,v1)ales (Ddt =

Jy (i (& 631), v1)ags (Dde +

foT(u1rV1)F‘P1 (D)at

fOT(th,vz) @, (t)dt +
J.OT[ az (t’ Y2, UZ) + (bz (t)yz; UZ)Q +

(bS (t)J/pUz)n - (bg (t)y3,v2)ﬂ — (86)
(b11 ()Y, v2) ol (H)dt =

fOT(fz (0,6, ¥2),v2) a2 (D dt +
Jy (g, v3)re, ()t

Jy 30, v3)es (£) dt +

Jy [as(6,33,v3) + (b3 (©ys,v3)a +
(bo(D)y2,v3)a — (be(O)y1,v3)q + (87)
(b15(®)y4, v3)qles (t)dt =

[y (s (e, t,¥3),v3)a 05 (B)dt +

fOT(u3, v3)rs (t)dt

foT(J’4t'v4)§04 (t)dt + fOT[ ay (6,4, v4) +

(by (D y4,v4)q — (b7 (D)y1,v4)q +
(b11(®)y2,v4)0 —

(17{15 ©)y3, v4)gles(t)dt = (88)
fo (fa(x, 6, ¥4), Va)o@a (D) dt +

foT(uA.: vy )r@s () dt

This givesthat the QSVS y = yy; satisfy the WF
((8a)-(11a)).

Case 2: Choose ¢, € C[0,T], i.e., p,(T) =0
and ¢, (0) # 0,vr =1,2,3,4. Using IBP the
firstterm in the L.H.S. of (84), to obtain:

— [T, )@ () dt +

fOT[ a; (t,y1,v1) + (b1 (Dy1,v1)q —

(bs () v, 1) + (bg(t)y3, V1) + (89)
([;7 (O ya,v1)ale (t)dt =

fo (i(x, t,y1), 1)o@, (B)dE +

foT(uv v)re; (Ddt + (77, v1)q 91 (0)

Subtracting Eg. (89) from Eq. (81) to get :

7, v1)a®1(0) = (¥1(0), v1)a91(0), Vo, €
[0,T] = ¥? = ,(0).

Same manner can be utilized to get that the ICs
((8b) - (11b)) are held.

Since Vr =1,2,3,4, gor (x, t,y,) is cont with
respect to y,.. Then from assumptions (B) and
Lemma (2.1), one has

IQOr(x' t, yrk)dx dt

° (90)
- ngr(x: ttyr)dx dt
Q

From the hypotheses on hg,, ho,(x,t,u,) is
WLSC with respect to u,., then with using Eq.
(90), to get:
fQ gOT(xﬁ t, Yr)dx dt +
Js hor(x, t,u)do < Ilim inf [ hor(x, t, upg)do
+ fQ gOT(xl t, Yr)dx dt

= Ilim inf [ hor(x, t,up)do +
’lim inf fQ Jor (X, t, Y )dx dt +
;Lngoinf fQ (gOr (x' L, yr) — Yor (x' t, yrk))dx dt
= Ilim inf [ hoyr(x, t, Uy )do +
’lim inf fQ gOr(x: t:}’rk)dx dt =
Go(W) < ,lim inf Gy ()

= Ill_r)rgo Go () = inf gew, Go @ =
GO (ﬁ) = minﬁEWA GO (1_7,))

Thus % isa QCCBOVC

CONCLUSIONS

In this paper, the Galerkin method, along with
the first compactness theorem, is successfully
employed to prove the existence theorem of a
unique QSVS for the WF of the QNLPBVP
under suitable assumptions when the QCCBCV
is fixed. The continuity of the Lipschitz operator
between the QSVS of the WF for the QNLPBVP
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and the QCCBOCV is also demonstrated.
Furthermore, the existence theorem of a
QCCBOCV governed by the QNLPBVP is
developed and proven under appropriate
assumptions.
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