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value problem (NLTPBVP). Under suitable assumptions and with given classical 
continuous boundary triple control vector (CCBTCV), the existence theorem for a unique 
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 لخلاصـةا

في هذا البحث هدفنا هو دراسة مسالة متجه السيطرة الثلاثية الحدودية الأمثلية التقليدية المستمرة لمسائل القيم الحدودية  
الخطية المكافئة، بوجود شروط ال تم ذكر نص وبرهان مبرهنة وجود ووحدانية الحل لمتجه الحالة  .  مناسبةثلاثية غير 

الثلاثي المستمر للصيغة الضعيفة لمسائل القيم الحدودية الثلاثية الغير خطية المكافئة عندما يكون متجه السيطرة الحدودية  
تم برهان عامل الاستمرارية   .الاولى واسطة طريقة كاليركن والمبرهنة المرصوصةالثلاثية التقليدية المستمرة معلوماً، ب

للصيغة الضعيفة لمسالة القيم الحدودية الثلاثية المكافئة ومتجه السيطرة الثلاثية الحدودية    الثلاثي المستمرالحالة    بين متجه
للصيغة الضعيفة لمسالة القيم الحدودية    الثلاثي المستمرالحالة    بين متجهتم برهان عامل الاستمرارية   المستمرة.التقليدية  

الحدودية السيطرة الثلاثية  المكافئة وبين متجه  أيضاً تم برهان مبرهنة وجود متجه ثلاثي  المستمرة.التقليدية  الثلاثية 

 .لسيطرة أمثلية حدودية تقليدية مستمرة لهذه المسألة بوجود شروط مناسبة

INTRODUCTION 
Optimal control problems (OCPs) play an 

important role in many practical applications, such 

as in medicine [1], aircraft [2], economics [3], 

robotics [4], weather conditions [5] and many other 

scientific fields. They are two types of OCPs; the 

classical and the relax type, each one of these two 

types is dominated either by nonlinear ODEs [6] or 

by nonlinear PDEs (NLPDEs) [7]. The classical 

continuous optimal boundary control problem  )

CCOBCP) dominated by nonlinear parabolic or 

elliptic or hyperbolic PDEs is studied in [8-10] 

respectively (resp.). Later, the study of the 

CCOBCPs dominated by the three types of PDEs 

is generalized in [11-13] to deal with CCOBCPs 

dominating by couple nonlinear PDEs 

(CNLPDES) of these types resp., and then the 

studies of the second and the third types are 

generalized also to deal with continuous classical 

optimal control problems (CCOCPs) dominated by 

triple and NLPDEs of the elliptic and the 

hyperbolic types [14, 15].  

All of the above-mentioned studies encouraged us 

to think about generalizing the study of the CCOCP 

dominated by CNLPDEs of parabolic type to a 

CCOCP dominated by TNLPBVP. According to 

this idea for the generalization, the mathematical 

model for the dominating equation is needed to be 

found, as well as the cost function, the spaces of 

definition for the control and the state vectors, 
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which all of them are needed to be generalized. The 

study of the CCBOTCVP dominated by the 

NLTPBVP which is proposed in this paper starts 

with the state and proof of the existence theorem of 

the STVS of the W.F for the NLTPBVP  using the 

MGa with the first compactness theorem, under 

suitable conditions and when the CCBTCV is 

known. The continuity of the Lip. operator between 

the STVS of the W.F for the QNLPBVP and the 

corresponding CCBTCV is proved. The existence 

theorem of a CCBOCV is stated and demonstrated 

under suitable conditions.  

PROBLEM DESCRIPTION: 
Let Ω ⊂ ℝ2 be an open and bounded region with 

Lipschitz (Lip)boundary Γ = 𝜕Ω, x = (𝑥1,𝑥2,) , 

𝑄 = Ω × 𝐼 , 𝐼 = [0, 𝑇]], Σ = Γ × 𝐼 .  
The CCOCP consists of the TSEs which are given 

by the following TNLPPDEs: 

𝑦1𝑡 − ∑
𝜕

𝜕𝑥𝑖
(𝑎1𝑖𝑗(𝑥, 𝑡)

𝜕𝑦1

𝜕𝑥𝑗

𝑛
𝑖,𝑗=1 ) + 𝑏1𝑦1 − 𝑏4𝑦2 −

𝑏5𝑦3 = 𝑓1(𝑥, 𝑡, 𝑦1), in Q                     (1) 

𝑦2𝑡 − ∑
𝜕

𝜕𝑥𝑖
(𝑎2𝑖𝑗(𝑥, 𝑡)

𝜕𝑦2

𝜕𝑥𝑗

𝑛
𝑖,𝑗=1 ) + 𝑏2𝑦2 + 𝑏6𝑦3 +

𝑏4𝑦1 = 𝑓2(𝑥, 𝑡, 𝑦2), in Q                     (2) 

𝑦3𝑡 −  ∑
𝜕

𝜕𝑥𝑖
(𝑎3𝑖𝑗(𝑥, 𝑡)

𝜕𝑦3

𝜕𝑥𝑗

𝑛
𝑖,𝑗=1 ) + 𝑏3𝑦3 + 𝑏5𝑦1 −

𝑏6𝑦2 = 𝑓3 (𝑥, 𝑡, 𝑦2), in Q                    (3) 

With the following BCs and ICs 
𝜕𝑦1

𝜕𝑛1
= ∑ 𝑎1𝑖𝑗(𝑥, 𝑡)

𝜕𝑦1

𝜕𝑥𝑗
cos(𝑛1, 𝑥𝑗) = 

2
𝑖,𝑗=1         

𝑢1(𝑥, 𝑡)     on Σ,                                                    (4) 
𝜕𝑦2

𝜕𝑛2
= ∑ 𝑎2𝑖𝑗(𝑥, 𝑡)

𝜕𝑦2

𝜕𝑥𝑗
cos(𝑛2, 𝑥𝑗) = 

2
𝑖,𝑗=1         

𝑢2(𝑥, 𝑡)     on Σ                                                     (5) 
𝜕𝑦3

𝜕𝑛3
= ∑ 𝑎3𝑖𝑗(𝑥, 𝑡)

𝜕𝑦2

𝜕𝑥𝑗
cos(𝑛3, 𝑥𝑗) = 

2
𝑖,𝑗=1           

𝑢3(𝑥, 𝑡),    on  Σ                                                    (6)  

𝑦1(𝑥, 0) = 𝑦1
0(𝑥) ,            in  Ω                            (7) 

𝑦2(𝑥, 0) = 𝑦2
0(𝑥) ,            in  Ω                            (8) 

𝑦3(𝑥, 0) = 𝑦3
0(𝑥) ,            in                                (9)   

Where (𝑓1, 𝑓2, 𝑓3) ∈ (𝐿2(Q))
3
 is a vector of a given 

function (𝑥1,𝑥2) ∈ Ω,  𝑎𝑙𝑖𝑗 (𝑥, 𝑡),   𝑏𝑙(𝑥, 𝑡) ∈

𝐶∞(𝑄), 𝑛ℓ, (for ℓ = 1,2,3) is a unit vector normal 

outer on the boundary  Σ  , (𝑛ℓ, 𝑥𝑗) is the angle 

between 𝑛ℓ and the 𝑥𝑗 − 𝑎𝑥𝑖𝑠, 𝑢⃗ = (𝑢1, 𝑢2, 𝑢3) ∈

(𝐿2(Σ))
3
 is a CCBCV and  𝑦 = 𝑦 𝑢⃗⃗ =

(𝑦1𝑢1
, 𝑦2𝑢2

, 𝑦3𝑢2
) ∈ (𝐻2(Ω))

3
 is the TSVS 

corresponding to  the CCBCV.  

The admissible set of the CCBCV is defined by 

𝑊⃗⃗⃗ 𝐴= {𝑢⃗ ∈ (𝐿2(Σ))
3
| 𝑢⃗  ∈ 𝑈⃗⃗    a. e. in Σ }, 

 𝑢⃗ = (𝑢1, 𝑢3 , 𝑢3), 𝑈⃗⃗ = 𝑈1 × 𝑈2 × 𝑈3  ⊂ ℝ3 

The cost function (CF.)  is  

𝐺0(𝑢⃗ ) = ∑ [∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙)𝑑𝑥𝑑𝑡 +
 

𝑄
3
𝑙=1

∫ ℎ0𝑙(𝑥, 𝑡, 𝑢𝑙)𝑑𝜎
 

Σ
]                                                (10) 

Let 𝑉⃗ = 𝑉1 × 𝑉2 × 𝑉3 = V × V × V = {𝑣 : 𝑣 =

(𝑣1(𝑥), 𝑣2(𝑥), 𝑣3(𝑥)) ∈ (𝐻1(Ω))3} .  

The W.F of the TSEs (1-9) when 𝑦 ∈ (𝐻0
1(𝛺))3  is 

given (∀𝑣1,𝑣2, 𝑣3 ∈ 𝑉)by 

  〈𝑦1𝑡 , 𝑣1〉 + 𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω −
(𝑏4(𝑡)𝑦2 , 𝑣1)Ω 

− (𝑏5(𝑡)𝑦3, 𝑣1)Ω =      

  (𝑓1(𝑦1), 𝑣1)Ω + (𝑢1, 𝑣1)Γ ,                         (11a) 

(𝑦1
0, 𝑣1)Ω = (𝑦1(0), 𝑣1)Ω                                (11b)  

〈𝑦2𝑡 , 𝑣2〉 + 𝑎2(𝑡, 𝑦2, 𝑣2) + (𝑏2(𝑡)𝑦2 , 𝑣2)Ω +
(𝑏6(𝑡)𝑦3 , 𝑣2)Ω + (𝑏4(𝑡)𝑦1, 𝑣2)Ω =    
(𝑓2(𝑦2), 𝑣2)Ω + (𝑢2, 𝑣2)Γ ,                               (12a) 

(𝑦2
0, 𝑣2)Ω = (𝑦2(0), 𝑣2)Ω                                 (12b) 

〈𝑦3𝑡 , 𝑣3〉 + 𝑎3(𝑡, 𝑦3, 𝑣3) + (𝑏3(𝑡)𝑦3 , 𝑣3)Ω +
(𝑏5(𝑡)𝑦1 , 𝑣3)Ω−(𝑏6(𝑡)𝑦2 , 𝑣3)Ω =   

(𝑓3(𝑦3), 𝑣3)Ω + (𝑢3, 𝑣3)Γ ,                                   (13a) 

(𝑦3
0, 𝑣2)Ω = (𝑦3(0), 𝑣3)Ω                                 (13b) 

Where 𝑎𝑙(𝑡, 𝑦𝑙 , 𝑣𝑙) = ∫ ∑ 𝑎𝑙𝑖𝑗
𝜕𝑦𝑙

𝜕𝑥𝑖

𝑛
𝑖,𝑗=1

𝜕𝑣𝑙

𝜕𝑥𝑗
𝑑𝑥 

 

Ω
  for   

𝑙 = 1,2,3 

Assumptions (A): for 𝑖 = 1,2,3    

(i) 𝑓𝑖 is of a Carathéodory type (C-T) on 𝑄 × ℝ, 

satisfies:   |𝑓𝑖(𝑥, 𝑡, 𝑦𝑖)| ≤ 𝜂𝑖(𝑥, 𝑡) + 𝑐𝑖 |𝑦𝑖 | 
where 𝑦𝑖 , 𝑢𝑖 ∈ ℝ, 𝑐𝑖 > 0 and 𝜂𝑖 ∈ 𝐿2(𝑄,ℝ). 
(ii) 𝑓𝑖 is LIP. w.r.t. 𝑦𝑖 , i.e.: 

  |𝑓𝑖(𝑥, 𝑡, 𝑦𝑖) − 𝑓𝑖(𝑥, 𝑡, 𝑦̂𝑖)| ≤ 𝐿𝑖 |𝑦𝑖 − 𝑦̂𝑖 | 
 where 𝑦𝑖 , 𝑦̂𝑖 ∈ ℝ     and 𝐿𝑖 > 0   
(iii) |𝑎𝑖(𝑡, 𝑦𝑖 , 𝑣𝑖) | ≤ 𝛼𝑖‖𝑦𝑖‖1‖𝑣𝑖‖1, 

  |(𝑏𝑖(𝑡)𝑦𝑖 , 𝑣𝑖)Ω| ≤ 𝛽𝑖‖𝑦𝑖‖0‖𝑣𝑖‖0, 𝑎𝑖(𝑡, 𝑦𝑖 , 𝑦𝑖) ≥
𝛼̅𝑖  ‖𝑦𝑖‖1

2 ,  

    (𝑏𝑖(𝑡)𝑦𝑖 , 𝑦𝑖)Ω ≥ 𝛽̅𝑖‖𝑦𝑖‖0
2, |(𝑏4(𝑡)𝑦2, 𝑣1)Ω| ≤

∈1 ‖𝑦2‖0‖𝑣1‖0, 

 |(𝑏4(𝑡)𝑦1, 𝑣2)Ω| ≤∈2 ‖𝑦1‖0‖𝑣2‖0 , 

|(𝑏5(𝑡)𝑦3, 𝑣1)Ω| ≤∈3 ‖𝑦3‖0‖𝑣1‖0, 
|(𝑏5(𝑡)𝑦1, 𝑣3)Ω| ≤∈4 ‖𝑦1‖0‖𝑣5‖0,   

|(𝑏6(𝑡)𝑦3, 𝑣2)Ω| ≤∈5 ‖𝑦3‖0‖𝑣2‖0, 
|(𝑏6(𝑡)𝑦2, 𝑣3)Ω| ≤∈6 ‖𝑦2‖0‖𝑣3‖0,  

𝑐(𝑡, 𝑦 , 𝑦 ) = ∑ [𝑎𝑖(𝑡, 𝑦𝑖 , 𝑦𝑖) + (𝑏𝑖(𝑡)𝑦𝑖 , 𝑦𝑖)Ω]3
𝑖=1  

 , 

with   𝑐(𝑡, 𝑦 , 𝑦 ) ≥ 𝛼̅ ‖𝑦 ‖1
2 . 

Where ‖𝜐‖0,and  ‖𝜐‖1 are denote to the norms in 

the spaces L2(Ω), 𝐻1(Ω) resp.  and ‖𝜐 ‖1
2 =

∑ ‖𝜐𝑖‖1
23

𝑖=1 ,  𝛼𝑖, 𝛼̅𝑖, 𝛽𝑖, 𝛽̅𝑖 ( ∀ 𝑖 = 1,2,3), ∈𝑖 (∀ 𝑖 =
1,2,3,4,5,6) and 𝛼̅  are real positive constants. 

Assumptions (B):  

Consider 𝑔𝑘𝑙  and ℎ𝑘𝑙   (for each 𝑘 = 0,1,2,3 and 𝑙 =
1,2,3 ) is of C-T on (𝑄 × ℝ) and on(Σ × ℝ) resp. 
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and satisfy the following (with 𝛾𝑘𝑙 ∈ 𝐿1(𝑄), 𝛿𝑘𝑙 ∈
𝐿1(Σ)): 

|𝑔𝑘𝑙 (𝑥, 𝑡, 𝑦𝑙)| ≤ 𝛾𝑘𝑙(𝑥, 𝑡) + 𝑐𝑘𝑙(𝑦𝑙)
2 , 

|ℎ𝑘𝑙(𝑥, 𝑡, 𝑢𝑙)| ≤ 𝛿𝑘𝑙(𝑥, 𝑡) + 𝑑𝑘𝑙(𝑢𝑙)
2.  

MAIN RESULTS 

Solvability of the TSEs 
Theorem 1: With   Assumptions (A), for fixed 

CCBCV 𝑢⃗ ∈ (𝐿2(Σ))
3
, the WFO of the ((11)-(13) 

has a unique solution  𝑦 = (𝑦1, 𝑦2 , 𝑦3) s.t. 𝑦 ∈, 

𝑦 𝑡 = (𝑦1𝑡 , 𝑦2𝑡,𝑦3𝑡,) ∈ (𝐿2(I, V))
3
. 

Proof: 

Let 𝑉⃗ 𝑛 ⊂ 𝑉⃗   be the set of continuous and piecewise 

affine functions in Ω, and {𝑣 1, 𝑣 2, 𝑣 3, … ,𝑣 𝑛}  be 

basis of 𝑉⃗ 𝑛, where  𝑛 = 3𝑁 (𝑁 is the dimension of 

each 𝑉), then the TSVS 𝑦  of ((2.10)-(2.12)) is 

approximated for each  𝑛 by  𝑦 𝑛 = (𝑦1𝑛 , 𝑦2𝑛,𝑦2𝑛,), 
s.t. 
𝑦𝑙𝑛 = ∑ 𝑐𝑖𝑗(𝑡)𝑣𝑖𝑗(𝑥)𝑛

𝑗=1        ∀𝑙 = 1, 2, 3      (14) 

where 𝑐𝑖𝑗(𝑡) is an unknown function of 𝑡 ∀𝑙 =

1, 2, 3, and  𝑗 = 1,2, …… , 𝑛.  
The MGa is used to approximate the WFO ((2.11) 

- (2.13)) w.r.t the space variable, and to get  
〈𝑦1𝑛𝑡 , 𝑣1〉+ 𝑎1(𝑡, 𝑦1𝑛, 𝑣1) + (𝑏1(𝑡)𝑦1𝑛 , 𝑣1)Ω
− (𝑏4(𝑡)𝑦2𝑛 , 𝑣1)Ω−   (𝑏5(𝑡)𝑦3𝑛 , 𝑣1)Ω  
= (𝑓1(𝑦1𝑛), 𝑣1)Ω +(𝑢1, 𝑣1)Γ                               (15a) 

 (𝑦1𝑛
0 , 𝑣1)Ω = (𝑦1

0, 𝑣1)Ω ,                                  (15b) 
〈𝑦2𝑛𝑡 , 𝑣2〉 + 𝑎2(𝑡, 𝑦2𝑛 , 𝑣2) + (𝑏2(𝑡)𝑦2𝑛 , 𝑣2)Ω +
(𝑏6(𝑡)𝑦3𝑛 , 𝑣2)Ω + (𝑏4(𝑡)𝑦1𝑛, 𝑣2)Ω      
= (𝑓2(𝑦2𝑛), 𝑣2)Ω + (𝑢2, 𝑣2)Γ                             (16a) 

(𝑦2𝑛
0 , 𝑣2)Ω = (𝑦2

0, 𝑣2)Ω ,                                  (16b) 
〈𝑦3𝑛𝑡 , 𝑣3〉 + 𝑎3(𝑡, 𝑦3𝑛 , 𝑣3) + (𝑏3(𝑡)𝑦3𝑛 , 𝑣3)Ω +
(𝑏5(𝑡)𝑦1𝑛 , 𝑣3)Ω + (𝑏6(𝑡)𝑦2𝑛 , 𝑣3)Ω    
= (𝑓3(𝑦3𝑛), 𝑣3)Ω + (𝑢3, 𝑣3)Γ                            (17a) 

(𝑦3𝑛
0 , 𝑣3)Ω = (𝑦3

0, 𝑣3)Ω ,                                  (17b) 

where 𝑦𝑖𝑛
0 = 𝑦𝑖𝑛(𝑥, 0) ∈ 𝑉𝑛 ⊂ 𝑉 ⊂ 𝐿2(Ω)  is the 

projection (pro.) of 𝑦𝑖
0 for the norm ‖. ‖0  i.e., 

(𝑦𝑙𝑛
0 , 𝑣𝑙)Ω = (𝑦𝑙

0, 𝑣𝑙)Ω  ⇔  ‖𝑦𝑙𝑛
0 − 𝑦𝑙

0‖
0

≤ ‖𝑦𝑙
0 −

𝑙‖
0
 , ∀𝑣𝑙 ∈ 𝑉𝑛 ,∀𝑙 = 1,2,3 

Utilizing (14) in ((15) -(17)), setting 𝑣𝑙 = 𝑣𝑙𝑗 ,∀𝑙 =

1,2,3, the following system, which has a unique 

solution 𝑦 𝑛 is obtained: 

𝐴1𝐶1
´ (𝑡) + 𝐷1𝐶1(𝑡) − 𝐸1𝐶2(𝑡) − 𝐹1𝐶1(𝑡) =

𝑏1 (𝑉̅1
𝑇(𝑥)𝐶1(𝑡))                                          (18a)  

𝐴1𝐶1(0) = 𝑏1
0                                                  (18b)   

𝐴2𝐶2
´ (𝑡) + 𝐷2𝐶2(𝑡) + 𝐸2𝐶3(𝑡) + 𝐹2𝐶1(𝑡)  =

𝑏2 (𝑉̅2
𝑇(𝑥)𝐶2(𝑡))                                                (19a)     

𝐴2𝐶2(0) = 𝑏2
0                                                   (19b)  

𝐴3𝐶3
´ (𝑡) + 𝐷3𝐶3(𝑡) + 𝐸3𝐶1(𝑡) − 𝐹3𝐶2(𝑡)  =

𝑏3 (𝑉̅3
𝑇(𝑥)𝐶3(𝑡))                                               (20a)  

𝐴3𝐶3(0) = 𝑏3
0                                                   (20b)  

where 𝐴𝑙 = (𝑎𝑙𝑖𝑗)𝑛×𝑛
, 𝑎𝑙𝑖𝑗 = (𝑣𝑙𝑗 ,𝑣𝑙𝑖)Ω , 𝐷𝑙 =

(𝑑𝑙𝑖𝑗)𝑛×𝑛
 , 𝑑𝑙𝑖𝑗 = [𝑎𝑙(𝑡, 𝑣𝑙𝑗 , 𝑣𝑙𝑖) +

(𝑏𝑙(𝑡)𝑣𝑙𝑗 , 𝑣𝑙𝑖)Ω], 𝐸1 = (𝑒𝑖𝑗)𝑛×𝑛
, 𝑒𝑖𝑗 =

(𝑏4(𝑡)𝑣2𝑗 , 𝑣1𝑖)Ω , 𝐹1 = (𝑓𝑖𝑗)𝑛×𝑛
 , 𝑓𝑖𝑗 =

(𝑏5(𝑡)𝑣3𝑗 , 𝑣1𝑖)Ω ,  𝐶𝑙(𝑡) = (𝑐𝑙𝑗(𝑡))𝑛×1 , 𝐶𝑙
´(𝑡) =

(𝑐𝑙𝑗
´ (𝑡))𝑛×1, 𝐶𝑙(0) = (𝑐𝑙𝑗(0))𝑛×1 , 𝑏𝑙 = (𝑏𝑙𝑖)𝑛×1, 

𝑏𝑙𝑖 = (𝑓𝑙(𝑉̅𝑙
𝑇𝐶𝑙(𝑡)), 𝑣𝑙𝑖)Ω + (𝑢𝑙 , 𝑣𝑙𝑖)Γ  ,𝑉𝑙̅ =

 (𝑣𝑙)𝑛×1 , 𝑏𝑙
0 = (𝑏𝑙𝑖

0 ) ,𝑏𝑙𝑖
0 = (𝑦𝑙

0, 𝑣𝑙𝑖)Ω ,  𝐸2 =

(ℎ𝑖𝑗)𝑛×𝑛
 , ℎ𝑖𝑗 = (𝑏4(𝑡)𝑣1𝑖 , 𝑣2𝑖)Ω , 𝐹2 = (𝑘𝑖𝑗)𝑛×𝑛

 , 

𝑘𝑖𝑗 = (𝑏6(𝑡)𝑣3𝑖 , 𝑣2𝑖)Ω , 𝐸3 = (𝑛𝑖𝑗)𝑛×𝑛
 , 𝑛𝑖𝑗 =

(𝑏5(𝑡)𝑣1𝑖 , 𝑣3𝑖)Ω , 𝐹3 = (𝑧𝑖𝑗)𝑛×𝑛
 , 𝑧𝑖𝑗 =

(𝑏6((𝑡)𝑣2𝑖 ,𝑣3𝑖)Ω  ,for 𝑙 = 1,2,3, and  𝑖, 𝑗 =
1,2, … , 𝑛.    

The norm ‖𝒚𝒏
𝟎⃗⃗ ⃗⃗  ‖

𝟎
 is bounded: since for 𝑙 = 1, 2, 3,  

 𝑦𝑙
0 = 𝑦𝑙

0(𝑥) ∈ 𝐿2(Ω), then there exists {𝑣𝑙𝑛
0 }, with 

𝑣𝑙𝑛
0 ∈ 𝑉𝑛, such that 𝑣𝑙𝑛

0 → 𝑦𝑙
0  strongly (ST) in  

 𝐿2(Ω) , and since  

‖𝑦𝑙𝑛
0 − 𝑦𝑙

0‖
0

≤ ‖𝑦𝑙
0 − 𝑣𝑙‖0

 , ∀𝑣𝑙 ∈ 𝑉 then ∀𝑛   

‖𝑦𝑙𝑛
0 − 𝑦𝑙

0‖
0

≤ ‖𝑦𝑙
0 − 𝑣𝑙𝑛

0 ‖
0
, ∀𝑣𝑙𝑛

0 ∈ 𝑉𝑛 ⊂ 𝑉,  

thus  𝑦𝑙𝑛
0 ⟶ 𝑦𝑙

0 is St in 𝐿2(Ω) and ‖𝑦𝑙𝑛
0 ‖

0
≤  𝑏𝑙   

The norm ‖𝒚⃗⃗ 𝒏(𝒕)‖𝑳∞(𝑰,𝑳𝟐(Ω))
 and ‖𝒚⃗⃗ 𝒏(𝒕)‖𝑸 are 

bounded: 

Setting 𝑣𝑙 = 𝑦𝑙𝑛  in ((15a) - (17a)), I.B.S of each 

obtaining equation on   [0, 𝑇], adding the resulting 

equations, finally with Assumption (A-iii), one has 

∫ 〈𝑦 𝑛𝑡, 𝑦 𝑛〉𝑑𝑡
𝑇

0
+ ∫ 𝑐(𝑡, 𝑦 𝑛, 𝑦 𝑛

𝑇

0
)𝑑𝑡 =

∫ (𝑓1(𝑦1𝑛), 𝑦1𝑛)Ω𝑑𝑡
𝑇

0
+ ∫ (𝑓2(𝑦2𝑛), 𝑦2𝑛)Ω

𝑇

0
𝑑𝑡 + 

∫ (𝑓3(𝑦3𝑛), 𝑦3𝑛)Ω
𝑇

0
𝑑𝑡 + ∫ (𝑢1, 𝑦1𝑛)Γ𝑑𝑡 +

𝑇

0

∫ (𝑢2 , 𝑦2𝑛)Γ𝑑𝑡
𝑇

0
+∫ (𝑢3 , 𝑦3𝑛)Γ𝑑𝑡

𝑇

0
                         (21) 

Since 𝑦 𝑛𝑡 ∈ (𝐿2(𝐼, 𝑉∗))3 = (𝐿2(𝐼, 𝑉))3 and 𝑦 𝑛 ∈
(𝐿2(𝐼, 𝑉))3 in the  1𝑠𝑡  term of the L.H.S. of (21), 

hence for this term we can use Lemma 1.2 in [16] 

and since the   2𝑛𝑑   term is positive, taking 𝑇 = 𝑡 ∈
[0, 𝑇], finally using Assum. (A-i) for the 1𝑠𝑡  three 

terms in the R.H.S. and the Cauchy-Schwarz 
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inequality (C-S-I) for the three reminder terms, we 

get  

∫ 𝑑
𝑑𝑡

‖𝑦⃗ 𝑛(𝑡)‖0
2

𝑡

0
𝑑𝑡 ≤ ∫ ∫ (𝜂1

2 + |𝑦1𝑛 |2)
 

Ω

𝑡

0
𝑑𝑥𝑑𝑡+

2∫ ∫ 𝑐1|𝑦1𝑛|
2 

Ω

𝑡

0
𝑑𝑥𝑑𝑡+  

  ∫ ∫ (|𝑢1|
2 + |𝑦1𝑛 |2

 

Γ

𝑡

0
)𝑑𝛾𝑑𝑡 + ∫ ∫ (|𝑢1|

2 +
 

Γ

𝑡

0

|𝑦1𝑛 |2)𝑑𝛾𝑑𝑡 + ∫ ∫ (𝜂2
2 + |𝑦2𝑛 |2)

 

Ω

𝑡

0
𝑑𝑥𝑑𝑡  

 +2∫ ∫ 𝑐2|𝑦2𝑛 |2
 

Ω

𝑡

0
𝑑𝑥𝑑𝑡 + ∫ ∫ (|𝑢2|

2 +
 

Γ

𝑡

0

|𝑦2𝑛 |2)𝑑𝛾𝑑𝑡 + ∫ ∫ (𝜂3
2 + |𝑦3𝑛 |2)

 

Ω

𝑡

0
𝑑𝑥𝑑𝑡   

+2∫ ∫ 𝑐3|𝑦3𝑛 |2
 

Ω

𝑡

0
𝑑𝑥𝑑𝑡 + ∫ ∫ (|𝑢3|

2 +
 

Γ

𝑡

0

|𝑦3𝑛 |2)𝑑𝛾𝑑𝑡   
Let  𝑐4 = max

 
( (2𝑐1 + 1), (2𝑐2 + 1), (2𝑐3 + 1)), 

then the above inequality becomes 

‖𝑦 𝑛(𝑡)‖0
2 − ‖𝑦 𝑛(0)‖0

2 ≤  

‖𝜂1‖𝑄
2 + ‖𝜂2‖𝑄 

2 + ‖𝜂3‖𝑄 
2 + ‖𝑢1‖Σ

2 + ‖𝑢2‖Σ
2 +

‖𝑢3‖Σ
2 + 𝑐4 ∫ ‖𝑦 𝑛‖0

2𝑑𝑡
𝑡

0
+ 𝑐5 ∫ ‖𝑦 𝑛‖0

2𝑑𝑡
𝑡

0
. 

Since ‖𝑦 𝑛(0)‖0
2 ≤ 𝑏 , ‖𝜂𝑙‖𝑄

 ≤ 𝑚𝑙 , ‖𝑢𝑙‖Σ
 ≤ 𝑐𝑙   , 

∀𝑙 = 1,2,3, putting 𝑐6 = 𝑐4 + 𝑐5, 𝑚∗ = 𝑏+𝑚1
2
 
+

𝑚2
2 + 𝑚3

2
 
+ 𝑐1

2
 
+ 𝑐2

2 + 𝑐3
2,  

the above inequality yields to   

‖𝑦 𝑛(𝑡)‖0
2 ≤ 𝑚∗ + 𝑐6 ∫ ‖𝑦 𝑛‖0

2𝑡

0
𝑑𝑡 .  

By employing the Gronwall-Bellman Lemma 

(GBL), we obtain 

‖𝑦 𝑛(𝑡)‖0
2 ≤ 𝑚∗𝑒𝑐6𝑇 = 𝑐7 , ∀ 𝑡 ∈ [0, 𝑇],  

which implies to   ‖𝑦 𝑛(𝑡)‖
𝑳∞(𝑰,𝑳𝟐(Ω))

≤ 𝑐7. 

But  

‖𝑦 𝑛(𝑡)‖𝑸
2 = ∫ ‖𝑦 𝑛‖0

2𝑑𝑡 ≤
𝑇

0
𝑇 max

𝑡∈[0,𝑇]
‖𝑦 𝑛(𝑡)‖0

2 ≤

𝑇𝑐6 = 𝑐8
2 ⇒    ‖𝑦 𝑛(𝑡)‖𝑸 ≤ 𝑐8 . 

The norm ‖𝒚⃗⃗ 𝒏(𝒕)‖𝑳𝟐(𝑰,𝑽) is bounded: once again, 

by employing Lemma 1.2 in [16] for the 1𝑠𝑡  term 

in the L.H.S. of (21), then by benefitting from the 

above result which is obtained from its R.H.S., and 

‖𝑦 𝑛(𝑇)‖0
2 ≥ 0, inequality (21) with 𝑡 = 𝑇 , turn 

into 

 ‖𝑦 𝑛(𝑇)‖0
2 + 2𝛼̅ ∫ ‖𝑦 𝑛‖1

2𝑑𝑡 ≤ 𝑚∗ + 𝑐6‖𝑦 𝑛‖𝑄
2𝑇

0
⇒

∫ ‖𝑦 𝑛‖1
2𝑇

0
𝑑𝑡 ≤

(𝑚∗+𝑐6𝑐7)

2𝛼̅
= 𝑐8

2 

⇒ ‖𝑦 𝑛‖𝑳𝟐(𝑰,𝑽) ≤ 𝑝11   

The convergence of the solution: 

Consider 𝑉⃗  has a sequence (seq.) of subspaces 

{𝑉⃗ 𝑛}𝑛=1

∞
, for which ∀ 𝑣 = (𝑣1, 𝑣2,𝑣3) ∈  𝑉⃗  , there is 

a seq. {𝑣 𝑛 = (𝑣1𝑛, 𝑣2𝑛,   𝑣3𝑛)} ∈ 𝑉⃗ 𝑛 , ∀𝑛 , and  

𝑣 𝑛 ⟶ 𝑣  ST in 𝑉⃗  ⇒  𝑣 𝑛  ⟶ 𝑣  ST in (𝐿2(Ω))
3
 .   

Since for each  𝑛 , with  𝑉⃗ 𝑛 ⊂ 𝑉⃗ , problem ((15) – 

(17)) has a unique TSVS 𝑦 𝑛 , hence corresponding 

to the seq. {𝑉⃗ 𝑛}𝑛=1

∞
, the seq. of approximation 

problems(app. Prs.) like ((15) – (17)) are obtained,  

and by letting 𝑣 = 𝑣 𝑛 = (𝑣1𝑛, 𝑣2𝑛, 𝑣3𝑛) for 𝑛 =
1,2,3, … , in these app. Prs. , they yield to   
〈𝑦1𝑛𝑡 , 𝑣1𝑛〉 + 𝑎1(𝑡, 𝑦1𝑛 , 𝑣1𝑛) + (𝑏1(𝑡)𝑦1𝑛 , 𝑣1𝑛)Ω −
((𝑏4(𝑡)𝑦2𝑛 , 𝑣1𝑛)Ω − ((𝑏5(𝑡)𝑦3𝑛 , 𝑣1𝑛)Ω =  
(𝑓1(𝑦1𝑛), 𝑣1𝑛)Ω + (𝑢1, 𝑣1𝑛)Γ                              (22a) 

(𝑦1𝑛
0 , 𝑣1𝑛)Ω = (𝑦1

0, 𝑣1𝑛)Ω                                 (22b)   
〈𝑦2𝑛𝑡 , 𝑣2𝑛〉 + 𝑎2(𝑡, 𝑦2𝑛 , 𝑣2𝑛) +
(𝑏2(𝑡)𝑦2𝑛 , 𝑣2𝑛)Ω + ((𝑏6(𝑡)𝑦3𝑛 , 𝑣2𝑛)Ω 

−

((𝑏4(𝑡)𝑦1𝑛 , 𝑣2𝑛)
Ω

=    

(𝑓2(𝑦2𝑛 ), 𝑣2𝑛)Ω + (𝑢2 , 𝑣2𝑛)Γ                            (23a)  

(𝑦2𝑛
0 , 𝑣2𝑛)Ω = (𝑦2

0, 𝑣2𝑛)Ω                                 (23b)    
〈𝑦3𝑛𝑡 , 𝑣3𝑛〉 + 𝑎3(𝑡, 𝑦3𝑛 , 𝑣3𝑛) +
(𝑏3(𝑡)𝑦3𝑛 , 𝑣3𝑛)Ω + ((𝑏5(𝑡)𝑦1𝑛 , 𝑣3𝑛)Ω 

−

((𝑏6(𝑡)𝑦2𝑛 , 𝑣3𝑛)Ω
 = (𝑓3(𝑦3𝑛), 𝑣3𝑛)Ω +

(𝑢3 , 𝑣3𝑛)Γ                                                     (24a) 

(𝑦3𝑛
0 , 𝑣3𝑛)Ω = (𝑦3

0, 𝑣3𝑛)Ω                                  (24b)     

which has a sequence of solutions  {𝑦 𝑛}𝑛=1
∞  . From 

the previous steeps, we got that ‖𝑦 𝑛‖𝑳𝟐(𝑸) and 

‖𝑦 𝑛‖𝑳𝟐(𝑰,𝑽) are bounded, then by Alaoglu’s 

theorem (Alth.), there is a subsequence of {𝑦 𝑛}𝑛∈𝑁 

, say again {𝑦 𝑛}𝑛∈𝑁 such that 𝑦 𝑛 ⟶ 𝑦    

weakly(WK) in (𝐿2(𝑄))
3
  and   in (𝐿2(𝐼, 𝑉))

3
. 

Then through Assumption (A-i), and the bounded 

norms results from the above steps, once get that 

𝑦 𝑛 ⟶ 𝑦   ST in (𝐿2(𝑄))
3
  .                                                  

Now, consider the WFO ((22) -(24)), take any 

arbitrary 𝑣 ∈ 𝑉⃗ , then there is a sequence  {𝑣 𝑛} ,𝑣 𝑛 ∈

𝑉⃗ 𝑛,  ∀𝑛 , s.t.  𝑣 𝑛 ⟶ 𝑣  ST in 𝑉⃗   (which gives  𝑣 𝑛 ⟶
𝑣  ST in (𝐿2(Ω))3). M.B.S of ((22a)- (24a)), by 

𝜑𝑙(𝑡) ∈ 𝐶1[0, 𝑇] resp., with 𝜑𝑙(𝑇) = 0 , 𝜑𝑙(0) ≠
0  ∀𝑙 = 1,2,3 , I.B.S. w.r.t. 𝑡 from 0 to 𝑇, and then 

integration by parts (IBP) the 1𝑠𝑡  term in the L.H.S. 

of each equation, to obtain   

−∫ (𝑦1𝑛 , 𝑣1𝑛)𝜑1
´ (𝑡)𝑑𝑡 + ∫ [𝑎1(𝑡, 𝑦1𝑛 , 𝑣1𝑛) +

𝑇

0

𝑇

0

(𝑏1(𝑡)𝑦1𝑛 − 𝑏4(𝑡)𝑦2𝑛 − 𝑏5(𝑡)𝑦3𝑛 , 𝑣1𝑛)Ω]𝜑1𝑑𝑡  

= ∫ (𝑓1
𝑇

0
(𝑦1𝑛), 𝑣1𝑛)Ω𝜑1(𝑡)𝑑𝑡 +  

∫ (𝑢1, 𝑣1
𝑇

0
)Γ𝜑1(𝑡)𝑑𝑡 + (𝑦1𝑛

0 , 𝑣1𝑛)Ω𝜑1(0)      (25)        

−∫ (𝑦2𝑛 , 𝑣2𝑛)𝜑2
´ (𝑡)𝑑𝑡 + ∫ [𝑎2

𝑇

0
(𝑡, 𝑦2𝑛 , 𝑣2𝑛) +

𝑇

0

(𝑏2(𝑡)𝑦2𝑛 + 𝑏6(𝑡)𝑦3𝑛 − 𝑏4(𝑡)𝑦1𝑛, 𝑣2𝑛)Ω]𝜑2𝑑𝑡 =  

∫ (𝑓2
𝑇

0
(𝑦2𝑛), 𝑣2𝑛)Ω𝜑2(𝑡)𝑑𝑡 +

∫ (𝑢2 , 𝑣2
𝑇

0
)Γ𝜑2(𝑡)𝑑𝑡 + (𝑦2𝑛

0 , 𝑣2𝑛)Ω𝜑2(0)      (26) 

−∫ (𝑦3𝑛 , 𝑣3𝑛)𝜑3
´ (𝑡)𝑑𝑡 + ∫ [𝑎3

𝑇

0
(𝑡, 𝑦3𝑛 , 𝑣3𝑛) +

𝑇

0

(𝑏3(𝑡)𝑦3𝑛 + 𝑏5(𝑡)𝑦1𝑛 − 𝑏6(𝑡)𝑦2𝑛 , 𝑣3𝑛)Ω]𝜑3𝑑𝑡 =  
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∫ (𝑓3
𝑇

0
(𝑦3𝑛), 𝑣3𝑛)Ω𝜑3(𝑡)𝑑𝑡 +

∫ (𝑢3 , 𝑣3
𝑇

0
)Γ𝜑3(𝑡)𝑑𝑡 + (𝑦3𝑛

0 , 𝑣3𝑛)Ω𝜑3(0)       (27)    

 since for 𝑙 = 1,2,3 𝑦𝑙𝑛 ⟶ 𝑦𝑙 WK in 𝐿2(𝑄), 𝑦𝑙𝑛
0 ⟶

𝑦𝑙
0 ST in 𝐿2(Ω), and since  

𝑣𝑙𝑛 ⟶ 𝑣𝑙  ST in 𝐿2(Ω)

𝑣𝑙𝑛 ⟶ 𝑣𝑙  ST in 𝑉         
} ⇒

{
𝑣𝑙𝑛𝜑𝑙

´ ⟶ 𝑣𝑙𝜑𝑙
´   ST in 𝐿2(𝑄)

𝑣𝑙𝑛𝜑𝑙 ⟶ 𝑣𝑙𝜑𝑙 ST in 𝐿2(𝐼, 𝑉)
   

  Then the following converges are concluded 

∫ (𝑦1𝑛 , 𝑣1𝑛)𝜑1
´ (𝑡)𝑑𝑡 + ∫ [𝑎1(𝑡, 𝑦1𝑛, 𝑣1𝑛) +

𝑇

0

𝑇

0

(𝑏1(𝑡)𝑦1𝑛 − 𝑏4(𝑡)𝑦2𝑛 −
𝑏5(𝑡)𝑦3𝑛 , 𝑣1𝑛)Ω]𝜑1(𝑡)𝑑𝑡 ⟶  

∫ (𝑦1 , 𝑣1)𝜑1
´ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [𝑎1(𝑡, 𝑦1 , 𝑣1) + (𝑏1(𝑡)𝑦1 −

𝑇

0

𝑏4(𝑡)𝑦2 − 𝑏5(𝑡)𝑦3 , 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡   
                   (28a)     

(𝑦1𝑛
0 , 𝑣1𝑛)Ω𝜑1(0) ⟶ (𝑦1

0, 𝑣1)Ω𝜑1(0)           (28b) 

∫ (𝑦2𝑛 , 𝑣2𝑛)𝜑2
´ (𝑡)𝑑𝑡 + ∫  

𝑇

0
[𝑎2(𝑡, 𝑦2𝑛 , 𝑣2𝑛) +

𝑇

0

(𝑏2(𝑡)𝑦2𝑛 + 𝑏6(𝑡)𝑦3𝑛 +
𝑏4(𝑡)𝑦1𝑛 , 𝑣2𝑛)Ω]𝜑2(𝑡)𝑑𝑡 ⟶  

∫ (𝑦2 , 𝑣2)𝜑2
´ (𝑡)𝑑𝑡 + ∫ [𝑎2(𝑡, 𝑦2 , 𝑣2) + (𝑏2(𝑡)𝑦2 +

𝑇

0

𝑇

0

𝑏6(𝑡)𝑦3 + 𝑏4(𝑡)𝑦1 , 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡                     (29a) 

(𝑦2𝑛
0 , 𝑣2𝑛)Ω𝜑2(0) ⟶ (𝑦2

0, 𝑣2)Ω𝜑2(0)          (29b)    

∫ (𝑦3𝑛 , 𝑣3𝑛)𝜑3
´ (𝑡)𝑑𝑡 + ∫  

𝑇

0
[𝑎3(𝑡, 𝑦3𝑛 , 𝑣3𝑛) +

𝑇

0

(𝑏3(𝑡)𝑦3𝑛 + 𝑏5(𝑡)𝑦1𝑛 +
𝑏6(𝑡)𝑦2𝑛 , 𝑣3𝑛)Ω]𝜑3(𝑡)𝑑𝑡 ⟶          

∫ (𝑦3 , 𝑣3)𝜑3
´ (𝑡)𝑑𝑡 + ∫ [𝑎3(𝑡, 𝑦3 , 𝑣3) + (𝑏3(𝑡)𝑦3 +

𝑇

0

𝑇

0

𝑏5(𝑡)𝑦1 + 𝑏6 (𝑡)𝑦2 , 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡                    (30a)      

(𝑦3𝑛
0 , 𝑣𝑛)Ω𝜑3(0) ⟶ (𝑦3

0, 𝑣3)Ω𝜑3(0)             (30b)    

On the other hand, let (∀𝑙 = 1,2 ,3 ,) 𝑤𝑙𝑛 = 𝑣𝑙𝑛𝜑𝑙  

and  𝑤𝑙 = 𝑣𝑙𝜑𝑙 then  𝑤𝑙𝑛 ⟶ 𝑤𝑙 ST in 𝐿2(𝑄), from 

employing the Assumption (A-i), and proposition  

3.1 in [17], the int. ∫ (𝑓𝑙(𝑦𝑙𝑛), 𝑤𝑙𝑛)Ω𝑑𝑡
𝑇

0
 is 

continuous w.r.t. (𝑦𝑙𝑛 , 𝑤𝑙𝑛) , since 𝑦 𝑛 ⟶𝑦    ST in 

(𝐿2(𝑄))3 a, then    

∫ (𝑓𝑙(𝑦𝑙𝑛), 𝑣𝑙𝑛)Ω𝜑𝑙(𝑡)𝑑𝑡
𝑇

0
⟶

∫ (𝑓𝑙(𝑦𝑙), 𝑣𝑙)Ω𝜑𝑙(𝑡)𝑑𝑡
𝑇

0
,  ∀𝑙 = 1,2 ,3        

From this result and from ((28)- (30)), ((25) - (27)) 

become 

−∫ (𝑦1 , 𝑣1)𝜑1
´ (𝑡)𝑑𝑡 + ∫ [𝑎1(𝑡, 𝑦1, 𝑣1)

𝑇

0
+

𝑇

0

(𝑏1(𝑡)𝑦1 − 𝑏4(𝑡)𝑦2 − 𝑏5(𝑡)𝑦3, 𝑣1)Ω  ]𝜑1(𝑡)𝑑𝑡 =   

∫ (𝑓1(𝑦1), 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ

𝑇

0
𝜑1(𝑡)𝑑𝑡 +

(𝑦1
0, 𝑣1)Ω𝜑1(0)           (31)        

    −∫ (𝑦2 , 𝑣2)𝜑2
´ (𝑡)𝑑𝑡 + ∫ [𝑎2(𝑡, 𝑦2 , 𝑣2)Ω

𝑇

0
+

𝑇

0

(𝑏2(𝑡)𝑦2 + 𝑏6(𝑡)𝑦3 + 𝑏4(𝑡)𝑦1, 𝑣2)Ω  ]𝜑2(𝑡)𝑑𝑡 =    

  ∫ (𝑓2(𝑦2), 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+

∫ (𝑢2 , 𝑣2)Γ
𝑇

0
𝜑2(𝑡)𝑑𝑡 + (𝑦2

0, 𝑣2)Ω𝜑2(0)          (32)     

−∫ (𝑦3 , 𝑣3)𝜑3
´ (𝑡)𝑑𝑡 + ∫ [𝑎3(𝑡, 𝑦3 , 𝑣3)Ω

𝑇

0
+

𝑇

0

(𝑏3(𝑡)𝑦3 + 𝑏5(𝑡)𝑦1 − 𝑏6(𝑡)𝑦2 , 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡 =   

  ∫ (𝑓3(𝑦3), 𝑣3)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+

∫ (𝑢3 , 𝑣3)Γ
𝑇

0
𝜑3(𝑡)𝑑𝑡 + (𝑦3

0, 𝑣3)Ω𝜑3(0)          (33) 

Now, the following two cases will be considered:  

Case1: choose 𝜑𝑙 ∈ 𝐷[0, 𝑇], i.e., 𝜑𝑙(0) =
𝜑𝑙(𝑇) = 0, ∀𝑙 = 1,2,3 , utilizing in ((30) - (32)), 

then employing I.B.P for the 1𝑠𝑡  terms in the L.H.S. 

of the obtained equations, yield   

∫ (𝑦1𝑡 , 𝑣1)𝜑1
 (𝑡)𝑑𝑡 + ∫ [𝑎1(𝑡, 𝑦1 , 𝑣1)

𝑇

0
+ (𝑏1(𝑡)𝑦1 , 𝑣1)Ω −

𝑇

0

(𝑏4(𝑡)𝑦2 , 𝑣1)Ω − (𝑏5 (𝑡)𝑦3 , 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 =  

∫ (𝑓1(𝑦1 ), 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ

𝑇

0
𝜑1(𝑡)𝑑𝑡      (34) 

∫ (𝑦2𝑡 , 𝑣2)𝜑2
 (𝑡)𝑑𝑡 + ∫ [𝑎2(𝑡, 𝑦2 , 𝑣2)

𝑇

0
+

𝑇

0

(𝑏2(𝑡)𝑦2 , 𝑣2)Ω  + (𝑏6(𝑡)𝑦3, 𝑣2)Ω +
(𝑏4(𝑡)𝑦1 , 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 = 

∫ (𝑓2(𝑦2), 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢2 , 𝑣2)Γ

𝑇

0
𝜑2(𝑡)𝑑𝑡   (35) 

∫ (𝑦3𝑡 , 𝑣3)𝜑3
 (𝑡)𝑑𝑡 + ∫ [𝑎3(𝑡, 𝑦3 , 𝑣3)

𝑇

0
+

𝑇

0

(𝑏3(𝑡)𝑦3 , 𝑣3)Ω + (𝑏5(𝑡)𝑦1 , 𝑣3)Ω −
(𝑏6(𝑡)𝑦2 , 𝑣3)Ω  ]𝜑2(𝑡)𝑑𝑡 =  

∫ (𝑓3(𝑦3 ), 𝑣3)Ω𝜑3 (𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢3, 𝑣3)Γ

𝑇

0
𝜑3(𝑡)𝑑𝑡    (36)  

i.e., 𝑦   is the TSVS of the W.F. ((11a) – (13a)). 

Case 2: choose 𝜑𝑙 ∈ 𝐶1[0, 𝑇] , ∀𝑙 = 1,2,3 such 

that  𝜑𝑙(𝑇) = 0  &  𝜑𝑙(0) ≠ 0, Using I.B.P for 1𝑠𝑡  

term in the L.H.S. of ((34) - (36)), one gets  

−∫ (𝑦1 , 𝑣1)𝜑1
´ (𝑡)𝑑𝑡 + ∫ [𝑎1(𝑡, 𝑦1, 𝑣1)

𝑇

0
+

𝑇

0

(𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏4(𝑡)𝑦2 , 𝑣1)Ω −
(𝑏5(𝑡)𝑦3 , 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 =    

∫ (𝑓1(𝑦1 ), 𝑣1)Ω𝜑1(𝑡)𝑑𝑡 +
𝑇

0

∫ (𝑢1, 𝑣1)Γ
𝑇

0
𝜑1(𝑡)𝑑𝑡 + (𝑦1(0), 𝑣1)Ω𝜑1(0)        (37) 

−∫ (𝑦2 , 𝑣2)𝜑2
´ (𝑡)𝑑𝑡 + ∫ [𝑎2

𝑇

0
(𝑡, 𝑦2 , 𝑣2) +

𝑇

0

(𝑏2(𝑡)𝑦2 , 𝑣2)Ω + (𝑏6(𝑡)𝑦3 , 𝑣2)Ω +
(𝑏4(𝑡)𝑦1 , 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 =       

∫ (𝑓2(𝑦2), 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢2 , 𝑣2)Γ

𝑇

0
𝜑2(𝑡)𝑑𝑡 +

(𝑦2(0), 𝑣2)Ω𝜑2(0)                                              (38) 

− ∫ (𝑦3 , 𝑣3)𝜑3
´ + ∫ [𝑎3

𝑇

0
(𝑡 , 𝑦3 , 𝑣3) + (𝑏3 (𝑡)𝑦3 , 𝑣3)Ω +

𝑇

0

(𝑏5(𝑡)𝑦1 , 𝑣3)Ω 
− (𝑏6(𝑡)𝑦2 , 𝑣3)Ω]𝜑2(𝑡)𝑑𝑡 =     

∫ (𝑓3(𝑦3), 𝑣3)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+  
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∫ (𝑢3 , 𝑣3)Γ
𝑇

0
𝜑3(𝑡)𝑑𝑡 + (𝑦3(0), 𝑣3)Ω𝜑3(0)           (39)      

The following results are obtained from subtracting 

((31)-(33)) from ((37)- (29))  

(𝑦𝑙
0, 𝑣𝑙)Ω𝜑𝑙(0) = (𝑦𝑙(0), 𝑣𝑙)Ω𝜑𝑙(0) ⇒

 (𝑦𝑙
0, 𝑣𝑙)Ω = (𝑦𝑙(0), 𝑣𝑙)Ω     

 i.e. the initial condition (11b)-(13b) are conclude. 

The strong convergence for 𝒚⃗⃗ 𝒏 in 𝑳𝟐(𝑰, 𝑽):  
by substituting 𝑣𝑙 = 𝑦𝑙  and 𝑣𝑙 = 𝑦𝑙𝑛  ∀𝑙 = 1,2,3. 

in ((11a) and(15a))-((13a) and (17a)) resp, 

integrating the resulting equations from 𝑡 = 0 

to 𝑡 = 𝑇, finally collecting together the equations 

which are obtained from ((11a)-(13a)), and those  

obtained from ((16a) -(18a)), with utilizing  

Assumption (A-iii), we get  

∫ 〈𝑦 𝑡 , 𝑦 〉
𝑇

0
 𝑑𝑡 + ∫ 𝑐(𝑡, 𝑦 , 𝑦 )𝑑𝑡 = ∫ [(𝑓1(𝑦1 ), 𝑦1)Ω +

𝑇

0

𝑇

0

(𝑓2(𝑦2 ), 𝑦2)Ω  + (𝑓3(𝑦3 ), 𝑦3 )Ω ]𝑑𝑡 +  

∫ (𝑢1, 𝑦1)Γ𝑑𝑡 + ∫ (𝑢2, 𝑦2 )Γ𝑑𝑡 +
𝑇

0

𝑇

0 ∫ (𝑢3 , 𝑦3 )Γ𝑑𝑡
𝑇

0
  (40a)         

∫ 〈𝑦 𝑛𝑡, 𝑦 𝑛〉
𝑇

0
 𝑑𝑡 + ∫ 𝑐(𝑡, 𝑦 𝑛, 𝑦 𝑛)𝑑𝑡 =

𝑇

0

∫ [(𝑓1(𝑦1𝑛), 𝑦1𝑛) + (𝑓2(𝑦2𝑛 ), 𝑦2𝑛) +
𝑇

0

(𝑓3(𝑦3𝑛 ), 𝑦3𝑛)]𝑑𝑡 +∫ (𝑢1 , 𝑦1𝑛)Γ𝑑𝑡 +
𝑇

0

∫ (𝑢2 , 𝑦2𝑛)Γ𝑑𝑡 +
𝑇

0 ∫ (𝑢3 , 𝑦3𝑛)Γ𝑑𝑡
𝑇

0
                    (40b) 

Employing Lemma 1.2 in [16] for the 1st term in 

the L.H.S. of (40a), to conclude that  
1

2
‖𝑦 (𝑇)‖0

2 − 1

2
‖𝑦 (0)‖0

2 + ∫ 𝑐(𝑡, 𝑦 , 𝑦 )𝑑𝑡 =
𝑇

0

∫ [(𝑓1(𝑦1), 𝑦1)Ω + (𝑓2(𝑦2), 𝑦2)Ω +
𝑇

0

(𝑓3(𝑦3), 𝑦3)Ω] 𝑑𝑡 + ∫ (𝑢1, 𝑦1)Γ𝑑𝑡 +
𝑇

0

∫ (𝑢2, 𝑦2)Γ𝑑𝑡
𝑇

0
+ ∫ (𝑢3, 𝑦3 )Γ𝑑𝑡

𝑇

0
                             (41a) 

 1
2
‖𝑦 𝑛(𝑇)‖0

2 − 1

2
‖𝑦 𝑛(0)‖0

2 + ∫ 𝑐(𝑡, 𝑦 𝑛, 𝑦 𝑛)𝑑𝑡 =
𝑇

0

∫ [(𝑓1(𝑦1𝑛), 𝑦1𝑛)Ω  
𝑇

0
+  

(𝑓2(𝑦2𝑛 ), 𝑦2𝑛 )Ω + (𝑓3(𝑦3𝑛 ), 𝑦3𝑛 )Ω]𝑑𝑡 +

∫ (𝑢1, 𝑦1𝑛 )Γ𝑑𝑡
𝑇

0
+ ∫ (𝑢2, 𝑦2𝑛 )Γ𝑑𝑡

𝑇

0
∫ (𝑢3 , 𝑦3𝑛 )Γ𝑑𝑡

𝑇

0
 (41b) 

 Since: 

 1
2
‖𝑦 𝑛(𝑇) − 𝑦 (𝑇)‖0

2 − 1

2
‖𝑦 𝑛(0) − 𝑦 (0)‖0

2 +

∫ 𝑐(𝑡, 𝑦 𝑛 − 𝑦 , 𝑦 𝑛 − 𝑦 )
𝑇

0
𝑑𝑡 = 𝐴 − 𝐵 − 𝐶         (42)      

where  

𝐴 =  1
2
‖𝑦 𝑛(𝑇)‖0

2 − 1

2
‖𝑦 𝑛(0)‖0

2  

+∫ 𝑐(𝑡, 𝑦 𝑛(𝑇), 𝑦 𝑛(𝑇))𝑑𝑡
𝑇

0
,  

 𝐵 = 1

2
(𝑦 𝑛(𝑇), 𝑦 (𝑇))Ω − 1

2
(𝑦 𝑛(0), 𝑦 (0))Ω +

∫ 𝑐(𝑡, 𝑦 𝑛(𝑇), 𝑦 (𝑇))
𝑇

0
𝑑𝑡, 

𝐶 = 1

2
(𝑦 (𝑇), 𝑦 𝑛(𝑇) − 𝑦 (𝑇))Ω  

−1

2
(𝑦 (0), 𝑦 𝑛(0) − 𝑦(0))Ω + ∫ 𝑐(𝑡, 𝑦 (𝑇), 𝑦 𝑛(𝑇) −

𝑇

0

𝑦 (𝑇))𝑑𝑡 . 
Since  

𝑦 𝑛
0 = 𝑦 𝑛(0) ⟶ 𝑦 0 ST in (𝐿2(Ω))

2
                (43a) 

𝑦 𝑛(𝑇) ⟶ 𝑦 (𝑇) ST in(𝐿2(Ω))
2
                       (43b)  

then  

(𝑦 (0), 𝑦 𝑛(0) − 𝑦 (0))Ω ⟶ 0 &(𝑦 (𝑇), 𝑦 𝑛(𝑇) −
𝑦 (𝑇))Ω ⟶ 0                                                (43c)  

 ‖𝑦 𝑛(0) − 𝑦 (0)‖0
2 ⟶ 0  & ‖𝑦 𝑛(𝑇) − 𝑦 (𝑇)‖0

2 ⟶
0                                                (43d)  

and since 𝑦 𝑛 ⟶ 𝑦  WK in (𝐿2(𝐼, 𝑉))
2
 , then  

∫ 𝑐(𝑡, 𝑦 (𝑇), 𝑦 𝑛(𝑇) − 𝑦 (𝑇))𝑑𝑡
𝑇

0
⟶ 0              (43e)      

From proposition (3.1) in [17], the int. 

∫ (𝑓𝑙(𝑦𝑙𝑛), 𝑦𝑙𝑛)Ω
𝑇

0
𝑑𝑡  is con. w.r.t. 𝑦𝑙  , then    

∫ [(𝑓1(𝑦1𝑛), 𝑦1𝑛)Ω + (𝑓2(𝑦2𝑛), 𝑦2𝑛)Ω +
𝑇

0

(𝑓3(𝑦3𝑛 ), 𝑦3𝑛)Ω] 𝑑𝑡 ⟶  

∫ [(𝑓1(𝑦1), 𝑦1)Ω + (𝑓2(𝑦2), 𝑦2)Ω +
𝑇

0

(𝑓3(𝑦3), 𝑦3)Ω]𝑑𝑡 .                                              (43f) 

From  𝑦𝑙𝑛 ⟶ 𝑦𝑙  ST in 𝐿2(𝑄), ∀𝑙 = 1,2,3. 

Now, when 𝑛 → ∞ in both sides of (42), one has 

the following results: 

1. The first two terms in the L.H.S. of (42) are 

vanished (from (43d))  

2. From Eq.(43f)  

Eq. ( 𝐴)  =

  ∑ ∫ [(𝑓𝑙(𝑦𝑙𝑛), 𝑦𝑙𝑛)Ω+(𝑢𝑙 , 𝑦𝑙𝑛)Γ]
𝑇

0
𝑑𝑡3

𝑙=1   

⟶ ∑ ∫ [(𝑓𝑙(𝑦𝑙), 𝑦𝑙)Ω+(𝑢𝑙 , 𝑦𝑙)Γ]
𝑇

0
𝑑𝑡3

𝑙=1   

3. Eq.(B) →L.H.S.of (41a) 

 = ∑ ∫ [(𝑓𝑙(𝑦𝑙), 𝑦𝑙)Ω+(𝑢𝑙 , 𝑦𝑙)Γ]
𝑇

0
𝑑𝑡3

𝑙=1   

4. From (43c) and (43e) the three terms in (C) are 

vanished.  

From the above steps, (42) gives that   ∫ 𝑐(𝑡, 𝑦 𝑛 −
𝑇

0

𝑦 , 𝑦 𝑛 − 𝑦 )𝑑𝑡 ⟶ 0,  

which means that, 

 𝛼̅ ∫ ‖𝑦 𝑛 − 𝑦 ‖1
2𝑇

0
𝑑𝑡 ⟶ 0 ⇒ 𝑦 𝑛 ⟶ 𝑦  St in 

(𝐿2(𝐼, 𝑉))
3
  

Uniqueness of the solution:  

Let 𝑦 , 𝑦̂  be two TSVSs of the WFO((11a)–(13a)), 

substituting each equation from the other and then 

setting 𝑦 = 𝑦 − 𝑦̂ ,  one obtains,  
〈(𝑦1 − 𝑦̂1)𝑡, 𝑦1 − 𝑦̂1〉 + 𝑎1(𝑡, 𝑦1 − 𝑦̂1, 𝑦1 − 𝑦̂1) +
(𝑏1(𝑡)(𝑦1 − 𝑦̂1) − 𝑏4(𝑡)(𝑦2 − 𝑦̂2), 𝑦1 − 𝑦̂1)Ω     
−(𝑏5(𝑡)(𝑦3 − 𝑦̂3), 𝑦1 − 𝑦̂1)Ω = (𝑓1(𝑦1) −
𝑓1(𝑦̂1), 𝑦1 − 𝑦̂1)Ω                                                (44)  

〈(𝑦2 − 𝑦̂2)𝑡, 𝑦2 − 𝑦̂2〉 + 𝑎2(𝑡, 𝑦2 − 𝑦̂2, 𝑦2 − 𝑦̂2) +
(𝑏2(𝑡)(𝑦2 − 𝑦̂2) + 𝑏6(𝑡)(𝑦3 − 𝑦̂3), 𝑦2 − 𝑦̂2)Ω  

+(𝑏4(𝑡)(𝑦1 − 𝑦̂1), 𝑦2 − 𝑦̂2)Ω = (𝑓2(𝑦2) −
𝑓2(𝑦̂2), 𝑦2 − 𝑦̂2)Ω                            (45) 
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 〈(𝑦3 − 𝑦̂3)𝑡, 𝑦3 − 𝑦̂3〉 + 𝑎3(𝑡, 𝑦3 − 𝑦̂3, 𝑦3 − 𝑦̂3) +
(𝑏3(𝑡)(𝑦3 − 𝑦̂3) + 𝑏5(𝑦1 − 𝑦̂1), 𝑦3 −
𝑦̂3)Ω−(𝑏6(𝑡)(𝑦2 − 𝑦̂2), 𝑦3 − 𝑦̂3)Ω = (𝑓3(𝑦3) −
𝑓3(𝑦̂3), 𝑦3 − 𝑦̂3)Ω                                          (46) 

Collecting ((44)-(46)) together, utilizing 

Lemma1.2 in [16],  

1

2
 𝑑
𝑑𝑡
‖𝑦 − 𝑦̂ ‖

0

2
+ 𝛼̅‖𝑦 − 𝑦̂ ‖

1

2
≤ ∑ (𝑓𝑙(𝑦𝑙  

)−3
𝑙=1

𝑓𝑙(𝑦̂𝑙), 𝑦𝑙 − 𝑦̂𝑙)Ω
                                     (47)               

Since the 2𝑛𝑑  term of the L.H.S. is positive, I.B.S 

w.r.t. 𝑡 from 0 to 𝑡, and then utilizing Assumption 

(A-ii) on the R.H.S., it becomes  

‖(𝑦 − 𝑦̂ )(𝑡)‖
0

2
≤ 2 ∑ ∫ ∫ 𝐿𝑙 |𝑦𝑙 −

 

Ω

𝑡

0
3
𝑙=1

𝑦̂𝑙 |
2𝑑𝑥𝑑𝑡 ≤ ∫ 3𝐿‖𝑦 − 𝑦̂ ‖

0

2𝑡

0
𝑑𝑡, 

 𝐿 = max{𝐿1, 𝐿2, 𝐿3} 
Utilizing the GBL ∀𝑡 ∈ 𝐼, it yields   

‖(𝑦 − 𝑦̂ )(𝑡)‖
0

2
≤ 0exp (∫ 2𝐿𝑑𝑡

𝑇

0
)  = 0   ,  

Again, I.B.S. of (46) w.r.t. 𝑡 from 0 to 𝑇, utilizing 

using the given initial condition and the above 

result for the R.H.S., one has  

∫ 𝑑
𝑑𝑡 ‖𝑦⃗ −𝑦⃗̂ ‖

0

2𝑇

0
𝑑𝑡 +  2𝛼̅ ∫ ‖𝑦 − 𝑦̂ ‖

1

2𝑇

0
𝑑𝑡  

≤ 𝐿∫  ‖𝑦 − 𝑦̂ ‖
0

2𝑇

0
𝑑𝑡  

⇒ 2𝛼̅ ∫  ‖𝑦 − 𝑦̂ ‖
1

2𝑇

0
𝑑𝑡 ≤ 𝐿∫  ‖𝑦 − 𝑦̂ ‖

0

2𝑇

0
𝑑𝑡  

                            ≤ 0 ⇒ ‖𝑦 − 𝑦̂ ‖
𝑳𝟐(𝑰,𝑽)

= 0  

Existence of A CCBOCV: 

To study the existence of a CCBOCV, the 

following theorem and lemma are important: 

Theoem 2: 

(a) In addition to Assumptions (A), if 𝑦  , 𝑦 + ∆𝑦⃗⃗⃗⃗  ⃗  
are the TSVS corresponding to the CCBCVs  𝑢⃗  , 

𝑢⃗ + ∆𝑢⃗⃗⃗⃗  ⃗ in  (𝐿2(Σ))3, then  

‖∆𝑦⃗⃗⃗⃗  ⃗‖
𝑳∞(𝑰,𝑳𝟐(Ω))

≤ 𝐾‖∆𝑢⃗⃗⃗⃗  ⃗‖
𝚺
, ‖∆𝑦⃗⃗⃗⃗  ⃗‖

𝑳𝟐(𝑸)
≤

𝐾‖∆𝑢⃗⃗⃗⃗  ⃗‖
𝚺
 , and ‖∆𝑦⃗⃗⃗⃗  ⃗‖

𝑳𝟐(𝑰,𝑽)
≤ 𝐾‖∆𝑢⃗⃗⃗⃗  ⃗‖

𝚺
 . 

(b)With Assumptions (A), the operator 𝑢⃗ ⟼ 𝑦 𝑢⃗⃗  

from( 𝐿2(Σ))3 into (𝐿∞(𝐼, 𝐿2(Ω)))3 , or in to 

(𝐿2(𝐼, 𝑉))3 , or in to (𝐿2(𝑄))3 is cont.         

Proof: 

(a) Let 𝑢⃗  , 𝑢⃗̂  ∈ (𝐿2(Σ))3  , and let   ∆𝑢⃗⃗⃗⃗  ⃗ = 𝑢⃗̂  − 𝑢⃗  , 
hence by Theorem (1), there are STVSs 𝑦 =

(𝑦1 = 𝑦𝑢1
, 𝑦2 = 𝑦𝑢2

, 𝑦3 = 𝑦𝑢3
) and 𝑦̂ 

⃗⃗ = (𝑦̂1 =

𝑦̂𝑢̂1
, 𝑦̂2 = 𝑦̂𝑢̂2

, 𝑦̂3 = 𝑦̂𝑢̂3
) of ((11)-(13)), i.e. 

 〈𝑦̂1𝑡, 𝑣1〉 + 𝑎1(𝑡, 𝑦̂1, 𝑣1) + (𝑏1(𝑡)𝑦̂1, 𝑣1)Ω −
(𝑏4(𝑡)𝑦̂2, 𝑣1)Ω − (𝑏6(𝑡)𝑦̂3 , 𝑣1)Ω =  
(𝑓1(𝑥, 𝑡, 𝑦̂1), 𝑣1)Ω + (𝑢̂1, 𝑣1)Γ                             (48a) 

 (𝑦̂1(0), 𝑣1)Ω = (𝑦1
0, 𝑣1)Ω                                (48b) 

 〈𝑦̂2𝑡, 𝑣2〉 + 𝑎2(𝑡, 𝑦̂2, 𝑣2) + (𝑏2(𝑡)𝑦̂2, 𝑣2)Ω +
(𝑏6(𝑡)𝑦̂3, 𝑣2)Ω+(𝑏4(𝑡)𝑦̂1, 𝑣1)Ω =  

 

(𝑓2(𝑥, 𝑡, 𝑦̂2), 𝑣2)Ω + (𝑢̂2 , 𝑣2)Γ                          (49a) 

 (𝑦̂2(0), 𝑣2)Ω = (𝑦2
0, 𝑣2)Ω                               (49b)  

〈𝑦̂3𝑡, 𝑣3〉 + 𝑎3(𝑡, 𝑦̂3, 𝑣3) + (𝑏3(𝑡)𝑦̂3, 𝑣3)Ω +
(𝑏5(𝑡)𝑦̂1, 𝑣3)Ω−(𝑏6(𝑡)𝑦̂2, 𝑣3)Ω =  

   

(𝑓3(𝑥, 𝑡, 𝑦̂3), 𝑣3)Ω + (𝑢̂3 , 𝑣3)Γ                     (50 a) 

 (𝑦̂3(0), 𝑣3)Ω = (𝑦3
0, 𝑣3)Ω                                  (50b)  

 Subtracting ((11)-(12)) from ((48)-(50)) resp., 

letting Δ𝑦𝑙 = 𝑦̂𝑙 − 𝑦𝑙 , Δ𝑢𝑙 = 𝑢̂𝑙 − 𝑢𝑙 , for 𝑙 =
1,2,3.  to get 

〈∆𝑦1𝑡 , 𝑣1〉 + 𝑎1(𝑡, ∆𝑦1 , 𝑣1) + (𝑏1(𝑡)∆𝑦1, 𝑣1)Ω −
(𝑏4(𝑡)∆𝑦2 , 𝑣1)Ω − (𝑏5(𝑡)∆𝑦3, 𝑣1)Ω =   

(𝑓1(𝑦1 + ∆𝑦1 ), 𝑣1)Ω − (𝑓1(𝑦1), 𝑣1)Ω + (∆𝑢1 , 𝑣1)Γ   (51a) 
(∆𝑦1(0), 𝑣1)Ω = 0                                         (51b)  

〈∆𝑦2𝑡 , 𝑣2〉 + 𝑎2(𝑡, ∆𝑦2, 𝑣2) + (𝑏2(𝑡)∆𝑦2 , 𝑣2)Ω +
(𝑏6(𝑡)∆𝑦3 , 𝑣2)Ω + (𝑏4(𝑡)∆𝑦1, 𝑣2)Ω =   

(𝑓2(𝑦2 + ∆𝑦2), 𝑣2)Ω − (𝑓2 (𝑦2 ), 𝑣2 )Ω + (∆𝑢2 , 𝑣2 )Γ   (52a) 

 (∆𝑦2(0), 𝑣2)Ω = 0                          (52b) 
〈∆𝑦3𝑡 , 𝑣3〉 + 𝑎3(𝑡, ∆𝑦3, 𝑣3) + (𝑏3(𝑡)∆𝑦3 , 𝑣3)Ω +
(𝑏5(𝑡)∆𝑦1 , 𝑣3)Ω − (𝑏6(𝑡)∆𝑦2, 𝑣3)Ω =   
(𝑓3(𝑦3 + ∆𝑦3), 𝑣3)Ω − (𝑓3(𝑦3), 𝑣3)Ω + (∆𝑢3 , 𝑣3)Γ  (53a) 

 (∆𝑦3(0), 𝑣3)Ω = 0                                      (53b) 

By using 𝑣𝑙 = ∆𝑦𝑙    , ∀𝑙 = 1,2,3, in ((51a)-(53a)) 

resp., collecting the resulting equations, utilizing 

Lemma 2.1 in [16] for the 1𝑠𝑡 term and Assumption 

(A-iii) for the second term in the L.H.S. of the 

equation, it yields to 
1 

2

𝑑

𝑑𝑡
‖∆𝑦⃗⃗⃗⃗  ⃗‖

0

2
+ 𝛼̅‖∆𝑦⃗⃗⃗⃗  ⃗‖

1

2
≤ |(𝑓1(𝑦1 + ∆𝑦1) −

𝑓1(𝑦1), ∆𝑦1)| + |(𝑓2(𝑦2 + ∆𝑦2) −(𝑓2(𝑦2), ∆𝑦2)| +  
|(𝑓3(𝑦3 + ∆𝑦3) −  𝑓3(𝑦3), ∆𝑦3)| + |(∆𝑢1, ∆𝑦1)Γ| +
|(∆𝑢2, ∆𝑦2)Γ | +  |(∆𝑢3, ∆𝑦3 )Γ|                               (54) 

Since the 2𝑛𝑑  term in L.H.S. of (54) is positive, 

I.B.S w.r.t. 𝑡  from 0 to 𝑡, using Assumption (A-ii) 

for the first three terms in its R.H.S. and then the 

CSIN for the last three terms in the same side, to 

get ∀𝑡 ∈ [0, 𝑇] : 

 ‖∆𝑦⃗⃗⃗⃗  ⃗(𝑡)‖
0

2
≤ 2𝐿1∫ ‖Δ𝑦1‖0

2𝑡

0
𝑑𝑡 + ∫ ‖Δ𝑢1‖Γ

2𝑇

0
𝑑𝑡 +

∫ ‖Δ𝑦1‖Γ
2𝑡

0
𝑑𝑡 + 2𝐿2 ∫ ‖Δ𝑦2‖0

2𝑡

0
𝑑𝑡 + 

∫ ‖Δ𝑢2‖Γ
2𝑇

0
𝑑𝑡 + ∫ ‖Δ𝑦2‖Γ

2𝑡

0
𝑑𝑡 +

2𝐿3 ∫ ‖Δ𝑦3‖0
2𝑡

0
𝑑𝑡 + ∫ ‖Δ𝑢3‖Γ

2𝑇

0
𝑑𝑡 + ∫ ‖Δ𝑦3‖Γ

2𝑡

0
𝑑𝑡  
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Using the trace theorem for the last term in R.H.S., 

setting 𝑐2 = max
 

( 2𝐿1, 2𝐿2,2𝐿3), to get   

‖Δ𝑦⃗⃗ ⃗⃗  (𝑡)‖
0

2
≤ ‖Δ𝑢⃗⃗ ⃗⃗  ‖

𝚺

2
+ 𝑐2 ∫ ‖Δ𝑦⃗⃗ ⃗⃗  ‖

0

2𝑡

0
𝑑𝑡 +

𝑐3 ∫ ‖Δ𝑦⃗⃗ ⃗⃗  ‖
0

2𝑡

0
𝑑𝑡 ≤ ‖Δ𝑢⃗⃗ ⃗⃗  ‖

𝚺

2
+ 𝐿3 ∫ ‖Δ𝑦⃗⃗ ⃗⃗  

 ‖0

2𝑡

0
𝑑𝑡, 

where 𝐿3 = 𝑐2 + 𝑐3 

By using GBL, to obtain   ∀𝑡 ∈ [0, 𝑇]  

‖Δ𝑦⃗⃗⃗⃗  ⃗(𝑡)‖
0

2
≤ ‖Δ𝑢⃗⃗⃗⃗  ⃗‖

𝚺

2
𝑒∫ 𝐿3𝑑𝑡

𝑇
0 = 𝑒𝐿3𝑇‖Δ𝑢⃗⃗⃗⃗  ⃗‖

𝚺

2
=

𝐾2‖Δ𝑢⃗⃗⃗⃗  ⃗‖
𝚺

2
  ⇒ ‖Δ𝑦⃗⃗⃗⃗  ⃗(𝑡)‖

0
≤ 𝐾‖Δ𝑢⃗⃗⃗⃗  ⃗‖

𝚺
,  

Thus ‖Δ𝑦⃗⃗⃗⃗  ⃗‖
𝑳∞(𝑰,𝑳𝟐(Ω))

≤ 𝐾‖Δ𝑢⃗⃗⃗⃗  ⃗‖
𝚺
     

And,‖Δ𝑦⃗⃗⃗⃗  ⃗‖
𝑳𝟐(𝑸)

2
= ∫ ‖Δ𝑦⃗⃗⃗⃗  ⃗(𝑡)‖

𝟎

2
𝑑𝑡

𝑇

0
≤

max
𝑡∈[0,𝑇]

‖Δ𝑦⃗⃗⃗⃗  ⃗(𝑡)‖
𝟎

2
∫ 𝑑𝑡

𝑇

0
≤ 𝑇𝐾2‖Δ𝑢⃗⃗⃗⃗  ⃗‖

𝚺

2
  

 Then ‖Δ𝑦⃗⃗⃗⃗  ⃗‖
𝑳𝟐(𝑸)

≤ 𝐾‖Δ𝑢⃗⃗⃗⃗  ⃗‖
𝚺
, where 𝐾2 = 𝑇𝐾2, 

and 𝐾 denotes to various constants.   

Repeating the same manner that is utilized in the 

above steps for the R.H.S. of (54), with 𝑡 = 𝑇, to 

get 

∫ 𝑑
𝑑𝑡

𝑇

0
‖Δ𝑦⃗⃗ ⃗⃗  ‖

0

2

+ 2𝛼̅ ∫ ‖Δ𝑦⃗⃗ ⃗⃗  ‖
𝑇

0 1

2

𝑑𝑡 ≤ ‖Δ𝑢⃗⃗ ⃗⃗  ‖
𝚺

2
+

𝐿3 ∫ ‖Δ𝑦⃗⃗ ⃗⃗  ‖
0

2𝑇

0
 𝑑𝑡  ⇒ ‖Δ𝑦⃗⃗ ⃗⃗  (𝑇)‖

0

2
+ 2𝛼̅ ∫ ‖Δ𝑦⃗⃗ ⃗⃗  ‖

𝑇

0 1

2

𝑑𝑡  

≤ ‖Δ𝑢⃗⃗ ⃗⃗  ‖
𝚺

2
+ 𝐿3  ‖Δ𝑦⃗⃗ ⃗⃗  ‖

𝑸

2
  ⇒ ‖Δ𝑦⃗⃗ ⃗⃗  ‖

2

𝑳𝟐 (𝑰,𝑽)
≤ 𝐾2‖Δ𝑢⃗⃗ ⃗⃗  ‖

2

𝚺
,  

where 𝐾2 =
(1+𝐿3𝐾2)

2𝛼̅
  ⇒ 

 ‖Δ𝑦⃗⃗⃗⃗  ⃗‖
𝑳𝟐(𝑰,𝑽)

≤ 𝐾‖Δ𝑢⃗⃗⃗⃗  ⃗‖
𝚺
 , where 𝐾 denote to 

various constants.    

(b) Let ∆𝑢⃗⃗⃗⃗  ⃗ = 𝑢⃗̂  − 𝑢⃗  and ∆𝑦⃗⃗⃗⃗  ⃗ = 𝑦̂  − 𝑦  where𝑦̂  ,𝑦  

are the correspond STVSs to the CCBCVs 𝑢⃗̂  ,𝑢⃗   
utilizing the first result in part (a) of this theorem, 

to conclude   

‖𝑦̂ − 𝑦 ‖
𝑳∞(𝑰,𝑳𝟐(Ω))

≤ 𝐾‖𝑢⃗̂  − 𝑢⃗ ‖
𝚺
  

Then 𝑦̂  → 𝑦    in (𝐿∞(𝐼, 𝐿2(Ω)))
3

 when 𝑢⃗̂  → 𝑢⃗   in 

(𝐿2(Σ))
3
, hence 𝑢⃗ ⟼ 𝑦  is Lip. Con. from (𝐿2(Σ))

3
 

in to(𝐿∞(𝐼, 𝐿2(Ω)))
3

 ,  

The other two results in this part are obtained using 

the same manner.  

Lemma 1:  

With Assumptions (B), the CF. 𝐺𝑙(𝑢⃗ ) is cont. 

on (𝐿2(Σ))3, for each  𝑘 = 0,1,2,3 . 

Proof: 

From Assumptions (B) 

‖𝑔𝑙𝑖(𝑥, 𝑡, 𝑦𝑖)‖ ≤ 𝛾𝑙𝑖(𝑥, 𝑡) + 𝑐𝑙𝑖‖𝑦𝑖‖
2, 

‖ℎ𝑙𝑖(𝑥, 𝑡, 𝑢𝑖)‖ ≤ 𝛿𝑙𝑖(𝑥, 𝑡) + 𝑑𝑙𝑖‖𝑢𝑖‖
2 

Using proposition  3.1in [17], the ints 

∫ 𝑔𝑙𝑖(𝑥, 𝑡, 𝑦𝑖)
 

𝑄
𝑑𝑥𝑑𝑡 and ∫ ℎ𝑙𝑖(𝑥, 𝑡, 𝑢𝑖)

 

Σ
𝑑𝜎 are conts 

on 𝐿2(𝑄) and on 𝐿2(Σ) resp. ∀𝑙 = 1,2,3, ∀𝑘 =
0,1,2,3, hence 𝐺𝑙(𝑢⃗ ) is cont. on (𝐿2(Σ))3. 

Theorem 3:          

Beside the Assumptions (A), and (B). If 𝑈⃗⃗  is 

compact, 𝑊⃗⃗⃗ 
𝐴 ≠ ∅, 𝐺0(𝑢⃗ ) is convex w.r.t. 𝑢⃗  for 

fixed (𝑥, 𝑡, 𝑦 ). Then there exists a CCBOCV. 

Proof: From the assumptions on 𝑈𝑙  (𝑙 = 1,2,3), 

then 𝑊1 × 𝑊2 × 𝑊3 is WK compact (WKC). 

Since 𝑊⃗⃗⃗ 𝐴 ≠ ∅, then there is  𝑢⃗̅ ∈ 𝑊⃗⃗⃗ 𝐴  and a 

minimizing seq. {𝑢⃗ 𝑘 ∈ 𝑊⃗⃗⃗ } , ∀𝑘 , s.t.  

lim
𝑘→∞

𝐺0 (𝑢⃗ 𝑘) = inf
𝑢⃗⃗̅ ∈𝑊⃗⃗⃗ 𝐴  

𝐺0( 𝑢⃗̅ )    

Since 𝑢⃗ 𝑘 ∈ 𝑊⃗⃗⃗  , ∀𝑘 and 𝑊⃗⃗⃗  is WKC, then the seq. 
{𝑢⃗ 𝑘} has a seubseq. say again {𝑢⃗ 𝑘} , s.t.  

𝑢⃗ 𝑘 ⟶ 𝑢⃗ ∈ 𝑊⃗⃗⃗   WK in (𝐿2(Σ) )3, and ‖𝑢⃗ 𝑘‖Σ ≤ 𝑐, 

∀𝑘.  

From Theorem (1), for each CCBCV 𝑢⃗ 𝑘  , the WK 

of the TSEs has a unique TSVS 𝑦 𝑘 = 𝑦 𝑢⃗⃗ 𝑘 and 

‖𝑦 𝑘‖𝐿∞(𝐼,𝐿2(Ω)), ‖𝑦 𝑘‖𝐿2(𝑄) and ‖𝑦 𝑘‖𝐿2(𝐼,𝑉) are 

bounded, then by Alth. the seq.  {𝑦 𝑘} has a subseq. 

say again {𝑦 𝑘}  for which 𝑦 𝑘 ⟶ 𝑦  WK in 

(𝐿∞(𝐼, 𝐿2(Ω)) )3, (𝐿2(𝑄) )3  and (𝐿2(𝐼, 𝑉) )3 .  

Also, from the same above indicated theorem we 

got that ‖𝑦 𝑡𝑘‖𝑳𝟐(𝑰,𝑽∗) is bounded and since 

(𝐿2(𝐼, 𝑉) )3 ⊂ (𝐿2(𝑄) )3 ≅ ((𝐿2(𝑄) )∗)3 ⊂
(𝐿2(𝐼, 𝑉∗))3 . Hence by the  

by Alth.  the seq.  {𝑦 𝑘} has a subsequence say again 

{𝑦 𝑘}  for which 𝑦 𝑘 ⟶ 𝑦   ST in (𝐿2(𝑄) )3.  

Now, since for any 𝑘, 𝑦𝑙𝑘  is the TSVS 

corresponding to the CCBCV 𝑢𝑙𝑘 , ∀𝑙 = 1,2 ,3, 

therefore 
〈𝑦1𝑘𝑡 , 𝑣1〉 + 𝑎1(𝑡, 𝑦1𝑘 , 𝑣1) + (𝑏1(𝑡)𝑦1𝑘 , 𝑣1)Ω

− (𝑏4(𝑡)𝑦2𝑘 , 𝑣1)Ω
− (𝑏5(𝑡)𝑦3𝑘 , 𝑣1)Ω = 

(𝑓1(𝑥, 𝑡, 𝑦1𝑘), 𝑣1)Ω + (𝑢1𝑘 , 𝑣1)Γ,                       (55) 

〈𝑦2𝑘𝑡 , 𝑣2〉 + 𝑎2(𝑡, 𝑦2𝑘 , 𝑣2) + (𝑏2(𝑡)𝑦2𝑘 , 𝑣2)Ω 

 +(𝑏6(𝑡)𝑦3𝑘 , 𝑣2)Ω + (𝑏4(𝑡)𝑦1𝑘 , 𝑣2)Ω = 

(𝑓2(𝑥, 𝑡, 𝑦2𝑘 ), 𝑣2)Ω + (𝑢2𝑘 , 𝑣2)Γ                      (56)  
〈𝑦3𝑘𝑡 , 𝑣3〉 + 𝑎3(𝑡, 𝑦3𝑘 , 𝑣3) + (𝑏3(𝑡)𝑦3𝑘 , 𝑣3)Ω +
(𝑏5(𝑡)𝑦1𝑘 , 𝑣3) −  (𝑏6(𝑡)𝑦2𝑘 , 𝑣3)ΩΩ 

=     

(𝑓3(𝑥, 𝑡, 𝑦3𝑘 ), 𝑣3)Ω + (𝑢3𝑘 , 𝑣3)Γ                        (57)  

M.B.S of ((55)- (57)) by 𝜑𝑙(𝑡) ∈ 𝐶1[𝐼] resp, with 

𝜑𝑙(𝑇) = 0  ,  ∀𝑙 = 1,2 ,3 and then I.B.S w.r.t. 𝑡 
from 0 to 𝑇, and using I.B.P for the 1𝑠𝑡  terms in the 

L.H.S. of each equation, i.e.  



Al-Mustansiriyah Journal of Science   
ISSN: 1814-635X (print), ISSN:2521-3520 (online) Volume 34, Issue 1, 2023 DOI: http://doi.org/10.23851/mjs.v34i1.1241 

 

85 

 

Copyright © 2023 Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons Attribution 

Noncommercial 4.0 International License.  

 

−∫ (𝑦1𝑘 , 𝑣1)𝜑́1
𝑇

0
(𝑡)𝑑𝑡 + ∫ [𝑎1(𝑡, 𝑦1𝑘𝑣1) +

𝑇

0

(𝑏1(𝑡)𝑦1𝑘 − 𝑏4(𝑡)𝑦2𝑘 −
𝑏5(𝑡)𝑦3𝑘 , 𝑣1)Ω  ]𝜑1(𝑡)𝑑𝑡 =  

∫ (𝑓1(𝑥, 𝑡, 𝑦1𝑘 ), 𝑣1)Ω𝜑1(𝑡)𝑑𝑡 +
𝑇

0

∫ (𝑢1𝑘 , 𝑣1)Γ𝜑1(𝑡) 𝑑𝑡
𝑇

0
+ (𝑦1𝑘(0), 𝑣1)Ω𝜑1(0) (58) 

−∫ (𝑦2𝑘 , 𝑣2)𝜑́2
𝑇

0
(𝑡)𝑑𝑡 + ∫ [𝑎2(𝑡, 𝑦2𝑘𝑣2) +

𝑇

0

(𝑏2(𝑡)𝑦2𝑘 + 𝑏6(𝑡)𝑦3𝑘 + 𝑏4(𝑡)𝑦1𝑘 , 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡  

= ∫ (𝑓2(𝑥 , 𝑡, 𝑦2𝑘 ), 𝑣2)Ω𝜑2(𝑡)𝑑𝑡 +
𝑇

0

∫ (𝑢2𝑘 , 𝑣2)Γ𝜑2(𝑡)  𝑑𝑡
𝑇

0
 + (𝑦2𝑘 (0), 𝑣2)Ω𝜑2(0) (59) 

−∫ (𝑦3𝑘 , 𝑣3)𝜑́3
𝑇

0
(𝑡)𝑑𝑡 + ∫ [𝑎3(𝑡, 𝑦3𝑘𝑣3) +

𝑇

0

(𝑏3(𝑡)𝑦3𝑘 + 𝑏5(𝑡)𝑦1𝑘 − 𝑏6(𝑡)𝑦2𝑘 , 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡  

  = ∫ (𝑓3(𝑥 , 𝑡, 𝑦3𝑘 ), 𝑣3)Ω𝜑3(𝑡)𝑑𝑡 +
𝑇

0

∫ (𝑢3𝑘 , 𝑣3)Γ𝜑3 (𝑡) 𝑑𝑡
𝑇

0
+ (𝑦3𝑘 (0), 𝑣3)Ω𝜑3 (0)   (60) 

Now, since 𝑢𝑙𝑘 ⟶ 𝑢𝑙  WK in 𝐿2(Σ), then  

∫ (𝑢𝑙𝑘 , 𝑣𝑙)Γ𝜑𝑙(𝑡) 𝑑𝑡
𝑇

0
⟶ ∫ (𝑢𝑙𝑘 , 𝑣𝑙)Γ𝜑𝑙(𝑡) 𝑑𝑡

𝑇

0
,  

∀𝑙 = 1,2 ,3                                                   (61) 

Now, to proof the above WFO((58)-(60)) 

convergence to the WFO((11)-(13)), we note that 

except the terms that include the controls(L.H.S. of 

(61)) in ((58)-(60)), all other terms are similar to 

their corresponding term in the ((25)-(27)) in the 

proof of Theorem (1), therefore to avoid the 

reputations for the steps, the same manner which 

were used to proof the convergence ((25)-(27)), can 

be used also here to get that  𝑦  is  a SVS of the 

WFO((11)-(13)). 

From Lemma (1), the int. ∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙𝑘 )
 

𝑄
𝑑𝑥𝑑𝑡  

∫ ℎ0𝑙(𝑥, 𝑡, 𝑢𝑙𝑘)𝑑𝜎
 

Σ
 are cont. w.r.t. 𝑦𝑙  and 𝑢𝑙  resp., 

since 𝑦 𝑘 ⟶ 𝑦  ST in (𝐿2(𝑄))
3
 , hence  

∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙𝑘 )
 

𝑄
𝑑𝑥𝑑𝑡 ⟶ ∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙)

 

𝑄
𝑑𝑥𝑑𝑡, for 

each  𝑙 = 1,2,3.                                                   (62) 

From the hypotheses on ℎ0𝑙  , ℎ0𝑙(𝑥, 𝑡, 𝑢𝑙) is WK 

lower semi cont.  w.r.t. 𝑢𝑙 , for each 𝑙 = 1,2,3 then 

with using (62), to obtain   

 ∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙)
 

𝑄
𝑑𝑥𝑑𝑡 + ∫ ℎ0𝑙(𝑥, 𝑡, 𝑢𝑙)

 

Σ
𝑑𝜎 ≤ 

lim
𝑘→∞

inf ∫ ℎ0𝑙(𝑥, 𝑡, 𝑢𝑙𝑘 )𝑑𝜎
 

Σ
 

+∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙)
 

𝑄
𝑑𝑥𝑑𝑡  

 = lim
𝑘→∞

inf
 
( ∫ (ℎ0𝑙(𝑥, 𝑡, 𝑢𝑙𝑘)𝑑𝜎

 

Σ
+

∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙𝑘 )
 

𝑄
𝑑𝑥𝑑𝑡)  

+  lim
𝑘→∞

inf
 

∫ (𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙) − 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙𝑘)
 

𝑄
𝑑𝑥𝑑𝑡  

 
   

 = lim
𝑘→∞

inf (∫ ℎ0𝑙(𝑥, 𝑡, 𝑢𝑙𝑘)
 

Σ
𝑑𝜎 +

∫ 𝑔0𝑙(𝑥, 𝑡, 𝑦𝑙𝑘 )
 

𝑄
𝑑𝑥𝑑𝑡  

⇒ 𝐺𝑜(𝑢⃗ ) ≤ lim
𝑘→∞

inf 𝐺0(𝑢⃗ 𝑘), hence  

𝐺0(𝑢⃗ ) ≤ lim
𝑘→∞

inf𝐺0(𝑢⃗ 𝑘 ) = lim
𝑘→∞

𝐺0(𝑢⃗ 𝑘 ) =

inf
𝑢⃗⃗̅ ∈𝑊⃗⃗⃗ 𝐴

𝐺0(𝑢⃗̅  )  

⇒ 𝐺0(𝑢⃗ ) = min
𝑢⃗⃗̅ ∈𝑊⃗⃗⃗ 𝐴

𝐺0(𝑢⃗̅  )  

⇒ 𝑢⃗  is a CCBOCV. 

CONCLUSIONS 
In this paper, the existence theorem for a unique 

STVS of the WFO for the NLTPBVP is stated and 

demonstrated via the MGa , and the first 

compactness theorem under suitable assumptions 

and with given CCBTCV. Furthermore, the 

continuity operator between the STVS of the WFO 

for the NLTPBVP and the corresponding 

CCBTCV is stated and demonstrated. The 

continuity of the LIP. Operator between the STVS 

of the WFO for the QNLPBVP and the 

corresponding CCBTCV is proved. The existence 

of a CCBOTCV is stated and demonstrated under 

suitable conditions. 
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