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The primary aim of this paper is to define new concepts of systems of difference equations. For
A homogenous system x(n+ 1) = Ax(n) of difference equations we define P-semi
homogenous of order m, and adjoint. This definition is generalized to (2 x 2)-semi-
homogeneous system of difference equations of order m, where m is a positive integer number.
We study all special cases of this definition and give some examples. Also, we give some
characterizations of those definitions, the necessary and sufficient conditions for a homogenous
system of difference Equations to be P-semi homogenous of order one or greater than one is
given in theorems, as well as some examples and theorems.
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INTRODUCTION

Difference equations have been in existence since
ancient times. Two types of functions are basic.
First, the functions where the variable x can take
every possible value in a given interval. The
general form of the difference equation is given by
[1-4].

a(n+1t) = f(a(n)) @

where n, t are integer numbers.

In 2016, Al-Asadi [5] studied the properties of
difference systems in his paper “properties of
difference equations).” in Russian language. In
2021, Abed and Al-Asadi [6] introduced the
concept of a self-semi homogenous system of
difference equations, which they defined as
follows: A homogenous system of the difference
equations is called self-semi homogenous if there
exists a non-zero, nonidentity real matrix M such
that the following equation is held

f(Ma(n)) = M™f(a(n)) )
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where n, m are integer numbers.

This paper introduces new the definitions of a
homogeneous system that are generalized semi-
homogenous systems which is defined as in
follows: A homogenous system of difference
equations is called generalized semi homogenous if
there exists a non-zero, real matrix M such that the
following equation is hold

F(Mx(n)) = P*M™F(x(n)),

where P, k, and m are integer numbers.

There are some special cases discussed in this work

as well as the general case, and is given some

examples and characteristics for definitions and is

proved some theorems, which can be summarized

as follows:

1- If P =1, then this system is called semi-
homogenous of order m [5].

2- If P#1, k=1, then this system is called
P-semi-homogenous of order m.

3)
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3- If P+#1, k+#1, then this system is called
Pk-semi-homogenous of order m.
- If k =m, then equation (2) now becomes as
follows:
F(MX(n)) = (PM)*F(X(n))
and it is called P*-semi-homogenous of order k.

P-semi-homogenous of order m

This section consists of studying P-semi-
homogenous of order m, once m = 1 and another
onem > 1.

Consider the system
F(X(n)) = BX(n) 4)

Where

v=()

n € Z (integer numbers),F = (g)

0=()0)=(5)-

x(n+ 1)) (b11 b12> .
and B = . that is
(y(n + 12 b , blz)l b,,
_(x(n+ _ (D11 12) x
F(X)—(y(n + 1)> = (b21 b,, (y) then we
define P-semi homogenous as follows:
Definition 2.1.

System (4) is called P-semi homogenous of order
m if there exists a non-zero matrix A and integer
number m such that the following equation on
stopping sign.

F (A(0)x(n)) = P(A()™F(x(m)) ()

where p is an integer number and c is a real
number.

Example 2.2. Consider the system F(x) = Bx

where B = B ;L , then there is a matrix A =
3 1
7. 7| with P = 3. Therefore, this system is p-
6 3

semi-homogenous of order one.

The following theorem shows a matrix A exists in
definition 2.1 and gives the general formula for
such matrix.

biayy = Paybiy + Paghy;  that is 16) =
(91 +3(3)2=2 |
bi1a13 + by; = Pag1by; + Pagyby, that is

1(Z )+4—3()4+3( )3 =2

3(3) =3(3)1+3()2=3
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by2a5, = Pay by; + Pay, by, that is 3 G) -
TETREI

Theorem 2.3.

The necessary and sufficient condition for a
homogenous system of difference Equations (4) to
be P-semi homogenous of order one is that A

equal to An ] where
q PAmb Az
A12071
A11 =37 57
by, — Pbyy
_ Pb12b11 - b12b11
A12 -

bi, — Pb{; — P?by1 b1y — Pbyybyy + P2byy by,
Pby1by; — by1by,y

Ay =

b222 - szzz - P2b21b12 - anbzz + P2b11b22
_ Pay1byy
Ayy =7———
bzz - szz
Proof:

Necessary condition:
Since F is homogenous of degree one, then there
exists a non-zero matrix (say A) such that Equation

(5) is hold with m = 1. that is,
a12) <f(x)>
22/ \g(y)

F (A(c)x(n)) = PA(c)F(x(n))
a1 A1z (X\) _ , (%11
F <(a21 azz) (y)) =P (a21
<f(a11x + a12}’)> _ (Pan Palz) <f(x)>
g(azix + azy))  \Pay Pay)\g»)

<b11 (a;1x +ay) + b123’>
by1x + byy (ay1x + ayyy)

_ <Pa11f(x) + Payg(y) )
Pay, f (x) + Pay,g (y)
(b11a11x + byiaq.,y + b123’)
by1x + byyaz1x + byyaz,y
_ <Pa11(b11x + b12y) + Paya(byyx + bzz)’))
Pay,(by1x + bypy) + Payy(byyx + byyy)
bi1a11 = Payy1byy + Payybyy
bi1a13 + by; = Payybyy + Pagy by,
by1 + bypay1 = Payibiy + Pazybyy
by2055 = Payibyy + Payyby,.

Aqq
It is easy to show the matrix A equal to

AlZ]
A21

A22
Sufficient condition:

Suppose that there is a matrix A equal to
All Alz]
A21 A22
To show that the system (4)
homogeneous that is

is P-semi-
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A1 Q2\ (X)) _ (%1 Gaz f(x)

F <(a21 azz) (y)) =P (a21 azz) (g(y)) ©)
By substituting the value of the matrix A in (6), we
have

A1q A12
F
<L421 Azz]
Therefore,
Pay; by, _
by (1-P)
Pa;;b,,(1 - P)
by (1—P)
Pa,,b,, (1 —P
— Pb,, 12b21( )
b1 (1—P)
P?a,3by1 + Payzbyy (1 —P)
P?a,,by1 + Pagzbyy — P?agybyy

Pay; by,
Pay; by,
Pay;byq
Also,
Ai2b11 + by =
Therefore,
by bz PPhuby

aiz byy — Pbyy
b1,

+

P2a43b12b21

+ Pa,,b,,.
by1—Pbyq 12Y22

by,

—b15(b1y — Pbyy)

b7, — Pbi; — P2?by1by5 — Pby1byy + P2by1byy
_ P?by;byy

bi1 — Pbyy
That is,
b?, — Pb?,

— b2, + Pb%, + P?by by, + Pby1 by,
— P%by1by,
= P2b21b12 + Pby1by;
- P2b11b22
P2b21b12 + PblleZ - P2b11b22 = P2b21b12 +
Pb11b22 - P2b11b22'
The third item is

2
aZleZ + b21 = PaZ];—bJ.ZbZJ. + Pa21b11, henCe
X bz2—Pby;
byq P?by,by
by + 2= A p
22 azy by, — Pb,, H
by,
+ b21
—by1(byy — Pbyy)
b3, — Pb3, — P2by1by5 — Pby1byy + P2by1by,
P?by;by,
= —+Pb
by, — Pb,, "
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bzzz - Pb%z - b%z + Pb%z + P%by1by; + Pby1by;
— P%by; by,
= P2b21b12 + Pby1by;
— P%by; by,

P?by1 b1y + Pbyybyy — P?byyby,
= P?by by + Pbyi by,
— P%by; by,

The fourth item is

Payiby, Pay by,
o= P) | Rl p) b

Pay by; = P?ay1by; + Payby,(1—P)
Pa,iby, P?ay1b15 + Pay byy — P?ay, by
Pay1bi; = Pajyby,

That is, the left hand is equal to the right hand, and
the system (4) is P-semi-homogeneous of order
one.

Corollary 2.4. A homogenous system of difference
Equations (4) is P-semi homogenous of order one
if the following hold:

bi1ay1 = Pay1byy + Pagybyy

bi1a13 + biy = Pay1by; + Pagy by,

by1 + bypa31 = Payibiy + Pagsbyy

by202; = Pazibiy + Pay, by,

Proof: Direct from Theorem 2.3.

Example 2.5.

Consider the system F(x) =Bx where B =

1 1

[1 El , then there is a matrix A = [_ 2 lwith
1 1 3 -1
P =2 We want to show this system is P-semi
homogenous of order one by applying Corollary
2.4.
b11a11 = Pallbll + Pa12b21, that IS 1(_1) =
2(-D1+2(3)1=-1
bi1a15 + b1y = Pay1by; + Pagz by

1 1 1 1 2
1P +5=2DQ+2(5)1=3
13) =2Q)(M) +2(-D(1) =
b22a22 == Pa21b12 + Pazzbzz that |S 1(_1) =

23)3) +2(-1)(1) = -1.

Corollary 2.6. The special case 3

“P = 1, k # 1, then this system is called P*-semi-
homogenous of order m” is held immediately from
case 2 because P and k are integers so P¥is an
integer, as an example, we provide the following.

that is

[©NoIel

Noncommercial 4.0 International License.

Copyright © 2023 Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons Attribution

MiS


http://creativecommons.org/licenses/by-nc/4.0/

Hussein et al.

Characterization of P-Semi Homogenous System of Difference Equations

2023

Example 2.7 Considers the system F(x) = Bx

where
-1

12
-1

3

B = , then by Theorem 2.3, there is a

= Wk

1
4 lwith pk =22
3 -1
It is clear that this system is 22-semi-homogenous
or 4-semi-homogenous of order one.

matrix A = l

P-semi-homogenous of order greater than one.
This section studied P-semi-homogenous of order
greater than one first we need to state the general
formula for the power of a matrix and give an
example showing this case existed
Qi
azz)'

a,

Theorem 3.1 [5]. If a matrix A = (a21

then

A" =
n , (@-aP)(ay-aq) (af-a)(aqz)
ar + (a1-az) (a1—az)
(af—a})(az1) n , (@-aP)(az-ay)
(a1—az) ar + (a1—az)

where a;and a, are eigenvalues of the matrix A,
with a; # a,.
Example 3.2. Considers the system F(x) = Bx
where

1 —

- 1 . .
B = [ 1 1 ] then there exists a matrix

A= [;} Z and  f(4x(n)) = PA™f(x(n)),

suchthat P = 4, L = 3, and m = 3; that is,
f([;‘ ; x(n)) =43 3] Fxm).

Therefore,
4 3 _[688 684

f<[3 4]x(n)>_[684 gl /().

and it is clear to show this system is 4-semi-

homogenous of order 3.

Theorem 3.3. The necessary and sufficient
conditions for a homogenous system of difference
Equations (4) to be P-semi-homogenous of order
greater than one is the matrix A equal to

B B
A= [ H 12], where:
By1 By
_ PAy by
Bll - — PA
a1 11

74

Bi,
_ A120; — PAyaq

B Ay — PAy; — PAjja;; + P2A1 Ay — P2AA
B34
—ay1011 + PAj a5

ay; — PAy; — PAyya4, + P?2A1A5; — P2A15A5,

_ PAabip k_ [411 A '
Bzz—azz_PAzz, and A* = A, Azz] as in
Theorem 3.1

Proof:

The same proof of theorem 2. 3.

Example 3.3.
Consider the system F(x) =Bx where B =

[_11 _11],then by Theorem (3.2), there is a

matrix A = E ;] with P = 2.

by;a,; = Pay1b;; + Pa,,b,, thatis
—-2)=2Q)(-D)+2=-2

by;a,, + by, = Pa,,by, + Pay,b,, that is
“1+(D=2Q)(-1)+2=-2

b,; + b,,a,; = Pa, b,y + Pa,,b,, thatis
1+1=2(-1)+2@2)=2

b,,a,, = Pay by, + Pa,,b,, thatis
2=2(-1)+22)=2

Note: From the definition of P*¥-semi-homogenous
of order m, we define a new concept as follows
stopping sign.

Definition 3.4. System (4) is called adjoint if there
exist two non-zero matrices A and C such that the
following equation holds

F (A(c)x(n)) = CF(x(n)).
Theorem 3.5:

The necessary and sufficient condition for a
homogenous system of difference Equations (4) to

be adjoint is the matrix B equal to Bii By ]
21 D22
where:
B Ci2b24
1=~
a1 — Ciy
B.. = A1205; — G204
12 =
Ay — Cyp — €103, + C11C3p — 1305
B.. = —0z1011 + (110
21 =
ag1 — Cyp — Cyaqq1 + €11 Gy — €105,
B.. = C21b1,
22 =~
azp — Cyy
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Proof:

Necessary condition:

Since F is homogenous of degree one, then there
exists a non-zero matrix (sayB) such that equation
(3) is hold. That is,

F(A(c)X(n)) = CF(X(n))

a1 Qg2 x C11 C12 f(X)
d ((a21 azz) (y)) - (Cz1 sz) (g(y))
(f(anx + a123’)> _ (611 C12) <f(x)>
g(azx + azy) Co1 C2/ \g()
b1 (a11x + a2y ) + by
<b21x + by, (azx + azz)’))

_ < Ciaf () + Cr29(y) >
Corf () + Cro9 (¥)

(bnanx + b11a42y + b12y>

by1x + bypGz1x + byyayyy
_ (Cn(bnx + b1zy) + Ciz(byix + bzzY))

Ca1(b11x + by3y) + Caa(bax + byyy)

bi1ay1 = Ci1by1 + Ciabyy
by1a13 + b1y = Ciyby; + Ci2byy
ba1 + bypaz1 = Ca1b11 + Cybyy
by2Q32 = Ca1b1z + Cazby,
It is easy to show that the matrix B equal to
By By '
,321_ 1_322 -
Sufficient condition:
Suppose that there is a matrix B equal to

11 Bz o show that the difference system is
B21 B22 .
adjoint that is
F(A(c)X(n)) = CF(X(n))
That is to show
biyai1 = Ci1byg + Ciobyy
biyaiz + byy = Ciybyy + Ci2byy
by1 + byaa31 = Ca1by1 + Cyabyy
by2az; = Cy1b1 + Cozbyy
By substituting the value of the matrix B in above
equations we have
ay1b11 = Ci1b1y + Ciobyy

Ci2by
a;; = Ci1 + b
11
Ci2by1
a;; = Ci1 + —C12b21
a1 — Ciq

a;; = €1 + a3 — €y

That is left hand equal to right

Also,

aq,b11 + biy = Ci1by; + Ci3by,. Therefore,

C12Co1 b1,
A12b11 + byy = Cibyp + e —Co
22 22
aizb C12C
1211+12611+ 12421
b1z az2—Cz2

a12b14
A1207; — (a4,
Ay — Cyp — Cyq03, + C11C3p — €130
Gl
Az, — Gy
bi;(az; — Cop — Ci1ay, + C11Cop — C1C1) +
Azp — Cyp = C11055 — C11C55 + (1505
b11 = —1
C11Q22 — C11Cop + €130
= (€110 — €105 + €150
The third item is
Az1b23 + byy = Cyb,q + C31bq4 , hence

+1

= Cll+

11 — C11
az1 by, C12C2
+1=0C,, +
b4 2 a;; — Cpy

+1

—031011 + 110y
ayp — €11 = Cpaq1 + C11 Gy — G130y
G2l
ay; —Ciq
—byy(ay1 — Cip — Cppaqq + C11Cap — C12Cop) +
ay1 — €11 = Cpaq1 — C11Cp + G150y
b, =1
Cr2a11 — C11Cop + €101 = Cypaq1 — (10 +
C12Cy; -
The fourth item is

= (3 +

azzbzz = C22b22 + C21b12 that |S a22 -
C21b12 _ C21b12
C22 + bay and azz - CZZ + Cz1b12
az2—Cz2

,therefore

Az, = Cyp + Ay —Cyy
Ay = Ay

Example 3.6. Considers the system F(x) = Bx

where B = [_11 _11] then there are two matrices
2 1 -2 —4

A:[l 5 and C=[_4 _y

F (A(c)x(n)) = CF(x(n))

byiay; = C11by1 + C12by; that is

2)ED+ (D) = -2

biiay, + by, = Ci1by, + Ciyby, thatis (1)1 +

ED=CF2)ED+(EDHA) = -2

by; + byya,; = Cy1by; + Cyybyy that is 1+

1) =D+ (=2)1=2

such that

(-1)2=
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bzzazz = CZlbIZ + szbzz that |S
D+ (-2)1=2

Remark 3.7.

1- Every P*-semi homogeneous system is an
adjoint system, but in general, the converse is not
true, Example 3.5 explains that.

2- In Definition 3.4, if the matrix C can be written
as PA, then the converse of 1 will be true.

CONCLUSIONS

In this paper, we present new concepts which are
generalized to the (2 X 2)-semi-homogeneous
system of difference equations of order m, where
m is positive integer numbers. We research some
of their unique cases. For the future work, we
intend to generalize our work to the (3 x 3)-semi-
homogeneous system of difference equations of
order m.
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