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We introduce and study a subclass of meromorphic univalent functions with positive coefficients 

defined by a novel operator 𝐼𝜌,𝑚
𝜍
𝑓(𝑤) and obtain coefficient estimates, closure theorems, 
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𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). 
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 الخلاصة

𝐼𝜌,𝑚 قدمنا وندرسنا فئة فرعية من الدوال أحادية الشكل ذات المعاملات الموجبة التي يحددها مؤثر جديد
𝜍
𝑓(𝑧)  والحصول

 على تقديرات المعامل، ونظريات الإغلاق، وخصائص الالتفاف، والمجموعات الجزئية، والمجاورة للفصل

. 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑)  

 

 

INTRODUCTION 
Let ∑ denote by class of meromorphic functions of 

analytic in unit disk𝑈∗ = {𝑤:𝑤 ∈ 𝐶, 0 < |𝑤| <
1} = 𝑈\{0} of the form 

𝑓(𝑤) = 𝑤−1 +∑𝑎𝜅𝑤
𝜅 ,

∞

𝜅=1

𝑎𝜅 ≥ 0 (1) 

 

We denote by ∑ (𝜎)𝑆 , ∑ (𝜎)𝐾  , 0 ≤ 𝜎 < 1,the 

subclass of ∑ that are meromorphic univalent 

meromorphically, meromorphically starlike 

functions of order𝜎and meromorphically convex 

functions of order𝜎, respectively. 

A function  𝑓 ∈ ∑ (𝜎)𝐾  if and only if  

 

ℜ{−(1 +
𝑤𝑓′′(𝑤)

𝑓′(𝑤)
)} > 𝜎, 𝑤 ∈ 𝑈∗ (2) 

Similarly, a function 𝑓 ∈ ∑ (𝜎)𝑆  if and only if 

 

ℜ{
−𝑤𝑓′(𝑤)

𝑓(𝑤)
} > 휀, ∈ 𝑈∗, (0 ≤ 𝜎 < 1) (3) 

There are many other classes of meromorphically 

univalent functions that has been extensively 

studied (see [1, 2, 3, 4, 5, 6, 7]). 

For functions 𝑓(𝑤) = 𝑤−1 + ∑ 𝑎𝜅𝑤
𝜅∞

𝜅=1  and 

𝑔(𝑤) = 𝑤−1 + ∑ 𝑏𝜅𝑤
𝜅∞

𝜅=1 , we define the 

Hadamard product of 𝑓 and 𝑔 is given by 

(𝑓 ∗ 𝑔)(𝑤) = 𝑤−1 +∑𝑎𝜅𝑏𝜅𝑤
𝜅

∞

𝜅=1

, 𝑎𝜅𝑏𝜅

≥ 0 

(4) 

Let 𝜍, 𝜌 be positive real numbers. Motivated by the 

Salagean operator [8]. We consider the linear 

operator 𝐻𝜌
𝜍(𝑤):∑ → ∑ defined by [9] 

𝐻𝜌
𝜍(𝑤) = 𝑤−1 +∑(

𝜅 + 𝜌 + 1

𝜌
)
𝜍∞

𝜅=1

𝑤𝜅 (5) 

We think that a linear operator 𝑄𝑚𝑓(𝑤):∑ →
∑which defined by the following Hadamard 

product (or convolution):  

𝑄𝑚𝑓(𝑤) = 𝜙𝑚(𝑤) ∗ 𝑓(𝑤) 

where 𝜙𝑚(𝑤) = 𝑤
−2𝐿𝑖𝑚(𝑤)[10] and  
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𝐿𝑖𝑚(𝑤) = ∑
𝑤𝑘

𝑘𝑚
, 𝑚 ≥ 2.∞

𝑘=1   

𝑄𝑚𝑓(𝑤) = 𝑤
−1 +∑

1

(𝜅 + 2)𝑚

∞

𝜅=0

𝑎𝜅𝑤
𝜅 . 

Next, we define the linear operator 

𝑇𝑚𝑓(𝑤):∑ → ∑  as follows [10]: 

𝑇𝑚𝑓(𝑤) = {𝑄𝑚𝑓(𝑤) −
1

2𝑚
𝑎0} 

𝑤−1 +∑
1

(𝜅 + 2)𝑚
𝑎𝜅

∞

𝜅=1

𝑤𝜅 , (𝑚 ∈ 𝑁). (6) 

We consider operator 𝐼𝜌,𝑚
𝜍
𝑓(𝑤):∑ → ∑ which 

defined by the following Hadamard product of 

operator 𝐻𝜌
𝜍(𝑤) and the operator 𝑇𝑚𝑓(𝑤)  

𝐼𝜌,𝑚
𝜍
𝑓(𝑤) = 𝐻𝜌

𝜍(𝑤) ∗ 𝑇𝑚𝑓(𝑤) 

𝐼𝜌,𝑚
𝜍
𝑓(𝑤) = 𝑤−1 +∑

(𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚

∞

𝜅=1

𝑎𝑘𝑤
𝑘, (7) 

For 𝜍, 𝜌 be positive real numbers and (𝑚 ∈ 𝑁). 
Definition 1.1. [11]. Let 𝐻𝜌,𝑚

𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑) 

denote a Subclass of ∑ consisting functions of the 

form (1) that satisfy the requirement 

1 −
1

𝑑
{
𝑤 (𝐼𝜌,𝑚

𝜍
𝑓(𝑤))

′

𝐼𝜌,𝑚
𝜍
𝑓(𝑤)

+ 1} ≺
1 + 𝐶𝑤

1 + 𝑉𝑤
, 

or, equivalently, to: 

|

|

𝑤 (𝐼𝜌,𝑚
𝜍
𝑓(𝑤))

′

𝐼𝜌,𝑚
𝜍
𝑓(𝑤)

+ 1

𝑉
𝑤 (𝐼𝜌,𝑚

𝜍
𝑓(𝑤))

′

𝐼𝜌,𝑚
𝜍
𝑓(𝑤)

+ [(𝐶 − 𝑉)𝑑 + 𝑉]
|

|
< 1, (8) 

For−1 ≤ 𝑉 < 𝐶 ≤ 1,𝑑 ∈ 𝐶 {0}⁄ ,𝑚 ∈ 𝑁 and 𝜍, 𝜌 

be positive real numbers. 

 

Coefficient Estimates 

We obtain necessary and sufficient condition for a 

function𝑓(𝑤) for the class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). 

Theorem 2.1. Let 𝑓 ∈ ∑ by given by (1). Then 𝑓 ∈
𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑)if  

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚
|𝑎𝜅|

∞

𝜅=1

≤ (𝐶 − 𝑉)|𝑑|(9) 

Proof. If𝑓  ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑), then by (8) we 

get 

|

|

𝑤 (𝐼𝜌,𝑚
𝜍
𝑓(𝑤))

′

𝐼𝜌,𝑚
𝜍
𝑓(𝑤)

+ 1

𝑉
𝑤 (𝐼𝜌,𝑚

𝜍
𝑓(𝑤))

′

𝐼𝜌,𝑚
𝜍
𝑓(𝑤)

+ [(𝐶 − 𝑉)𝑑 + 𝑉]
|

|
< 1 

|
𝑤 (𝐼𝜌,𝑚

𝜍
𝑓(𝑤))

′

+ 𝐼𝜌,𝑚
𝜍
𝑓(𝑤)

𝑉𝑤 (𝐼𝜌,𝑚
𝜍
𝑓(𝑤))

′

+ [(𝐶 − 𝑉)𝑑 + 𝑉] (𝐼𝜌,𝑚
𝜍
𝑓(𝑤))

|

< 1 

|
𝑤(𝑤−1+∑

(𝜅+𝜌+1)𝜍

𝜌𝜍(𝜅+2)𝑚
∞
𝜅=1 𝑎𝑘𝑤

𝑘)
′

+𝑤−1+∑
(𝜅+𝜌+1)𝜍

𝜌𝜍(𝜅+2)𝑚
∞
𝜅=1 𝑎𝑘𝑤

𝑘

𝑉𝑤(𝑤−1+∑
(𝜅+𝜌+1)𝜍

𝜌𝜍(𝜅+2)𝑚
∞
𝜅=1 𝑎𝑘𝑤

𝑘)
′

+[(𝐶−𝑉)𝑑+𝑉](𝑤−1+∑
(𝜅+𝜌+1)𝜍

𝜌𝜍(𝜅+2)𝑚
∞
𝑘=1 𝑎𝑘𝑤

𝑘)

| <

1  

|
∑

(𝑘+𝜌+1)𝜍

𝜌𝜍(𝜅+2)𝑚
∞
𝜅=1 (𝜅+1)𝑎𝜅𝑤

𝜅

(𝐶−𝑉)𝑑𝑤−1+[(𝐶−𝑉)𝑑+𝑉+𝑘]∑
(𝜅+𝜌+1)𝜍

𝜌𝜍(𝜅+2)𝑚
∞
𝜅=1 𝑎𝜅𝑤𝜅

| < 1  

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚

∞

𝑘=1

|𝑎𝜅||𝑤
𝜅|

≤ (𝐶 − 𝑉)𝑑|𝑤|−1, 

when w⟶ 1, we obtain 

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚
|𝑎𝜅|

∞

𝜅=1

≤ (𝐶 − 𝑉)|𝑑|, 

then 

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚
|𝑎𝜅|

∞

𝜅=1

≤ (𝐶 − 𝑉)|𝑑|. 

Thus,𝑓(𝑤) ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). 

 

Corollary 2.2. If 𝑓 ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑), then 

|𝑎𝑘|

≤
𝜌𝜍(𝑘 + 2)𝑚(𝐶 − 𝑉)|𝑑|

[2𝑘 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝑘 + 𝜌 + 1)𝜍
. (10) 

The result is sharp for the function 

𝑓(𝑤)
= 𝑤−1

+
𝜌𝜍(𝑘 + 2)𝑚(𝐶 − 𝑉)|𝑑|

[2𝑘 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝑘 + 𝜌 + 1)𝜍
𝑤𝑘. (11) 

Closure Theorems 



Al-Mustansiriyah Journal of Science   
ISSN: 1814-635X (print), ISSN:2521-3520 (online) Volume 33, Issue 4, 2022 DOI: http://doi.org/10.23851/mjs.v33i4.1163 

 

82 

 

Copyright © 2022 Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons Attribution 
Noncommercial 4.0 International License.  

 

The function 𝑓𝑗 be defined, for 𝑗 = 1,2,3,⋯ , 𝑛, by 

𝑓𝑗(𝑤) = 𝑤
−1 +∑|𝑎𝑘,𝑗|𝑤

𝑘,

∞

𝑘=1

𝑎𝑘,𝑗 ≥ 0. (12) 

Theorem 3.1. Let the function 𝑓𝑗(𝑤) = 𝑤−1 +

∑ |𝑎𝑘,𝑗|𝑤
𝑘,∞

𝑘=1  be in the class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). 

Then the function ℎ defined by 

ℎ(𝑤) = 𝑤−1 +∑(
1

𝑛
∑|𝑎𝑘,𝑗|

∞

𝑗=1

)𝑤𝑘,

∞

𝑘=1

(13) 

also belongs to the class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌, 𝑚, 𝑉, 𝐶, 𝑑). 

 

Proof. Since 𝑓𝑗 ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑), it follows 

from Theorem 2.1, that 

∑
[2𝑘 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝑘 + 𝜌 + 1)𝜍

𝜌𝜍(𝑘 + 2)𝑚
|𝑎𝑘|

∞

𝑘=1

≤ (𝐶 − 𝑉)|𝑑|, 

For every 𝑗 = 1,2,3,⋯ , 𝑛. Hence  

∑
[2𝑘 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝑘 + 𝜌 + 1)𝜍

𝜌𝜍(𝑘 + 2)𝑚
(
1

𝑛
∑|𝑎𝑘,𝑗|

∞

𝑗=1

)

∞

𝑘=1

 

1

𝑛
∑(∑

[2𝑘 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝑘 + 𝜌 + 1)𝜍

𝜌𝜍(𝑘 + 2)𝑚

∞

𝑘=1

|𝑎𝑘,𝑗|)

∞

𝑗=1

≤ (𝐶 − 𝑉)|𝑑|. 

By Theorem 2.1, it follows that ℎ(𝑤) ∈
𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). 

 

Theorem 3.2. The class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑) is 

closed under convex linear combinations. 

Proof. Assume  

𝑓𝑗(𝑤) = 𝑤
−1 +∑|𝑎𝑘,𝑗|𝑤

𝑘,

∞

𝑘=1

𝑗 = 1,2,3,⋯ , 𝑛, 

are in class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). Then 

demonstrating that the function exists is sufficient. 

ℎ(𝑤) = 휁𝑓1(𝑤) + (1 − 휁)𝑓2(𝑤), 0 ≤ 휁 < 1, 

is in the class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). Since for 0 ≤

휁 < 1, 

ℎ(𝑤) = 𝑤−1 +∑[휁|𝑎𝑘,1| + (1 − 휁)|𝑎𝑘,2|]

∞

𝑘=1

𝑤𝑘. 

In view of Theorem 2.1, we have: 

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚
[휁|𝑎𝜅,1|

∞

𝜅=1

+ (1 − 휁)|𝑎𝜅,2|] 

휁∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚
|𝑎𝜅,1|

∞

𝜅=1

+ (1

− 휁)∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚
|𝑎𝜅,2|

∞

𝑘=1

 

≤ 휁(𝐶 − 𝑉)|𝑑| + (1 − 휁)(𝐶 − 𝑉)|𝑑|
= (𝐶 − 𝑉)|𝑑|, 

which implies that ℎ(𝑤) ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). 

Convolution Properties 

Theorem 4.1. If the functions 𝑓(𝑤) and 𝑔(𝑤)are 

in the class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑), then  

(𝑓 ∗ 𝑔)(𝑤) = 𝑤−1 +∑𝑎𝜅𝑏𝜅𝑤
𝜅

∞

𝜅=1

, 

is in the class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). 

Proof. Suppose 𝑓(𝑤) and 𝑔(𝑤) are in the class 

𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑). By Theorem 2.1, we have 

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚(𝐶 − 𝑉)|𝑑|
|𝑎𝜅|

∞

𝜅=1

≤ 1, 

and 

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚(𝐶 − 𝑉)|𝑑|
|𝑏𝜅|

∞

𝜅=1

≤ 1. 

So is (𝑓 ∗ 𝑔)(𝑤). Furthermore,  

∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚(𝐶 − 𝑉)|𝑑|

∞

𝜅=1

|𝑎𝜅||𝑏𝜅| 

≤∑(
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚(𝐶 − 𝑉)|𝑑|
)

2∞

𝑘=1

|𝑎𝜅||𝑏𝜅|

≤ (∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚(𝐶 − 𝑉)|𝑑|
|𝑎𝜅|

∞

𝜅=1

) 
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× (∑
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚(𝐶 − 𝑉)|𝑑|
|𝑏𝜅|

∞

𝜅=1

)

≤ 1. 

Hence by Theorem 2.1,  

(𝑓 ∗ 𝑔)(𝑤) ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌, 𝑚, 𝑉, 𝐶, 𝑑). 

Partial Sums 

In this section, we investigate the ratio of a function 

of the form (1) to its sequence of partial sums 

𝑓𝑛(𝑤) = 𝑤
−1 +∑𝑎𝑘𝑤

𝑘,

𝑛

𝑘=1

 

when the coefficients are small enough to satisfy 

condition (9). We'll establish clear lower bounds 

for 

ℜ(
𝑓(𝑤)

𝑓𝑛(𝑤)
) , ℜ(

𝑓𝑛(𝑤)

𝑓(𝑤)
). 

Unless otherwise stated, we will assume that 𝑓 is of 

the form 1 and that its sequence of partial sums is 

denoted by 

𝑓𝑛(𝑤) = 𝑤−1 +∑𝑎𝑘

𝑛

𝑘=1

𝑤𝑘. 

Theorem 5.1. If 𝑓 of the form (1) satisfies 

condition (9), then 

ℜ(
𝑓(𝑤)

𝑓𝑛(𝑤)
) ≥ 1 −

1

𝑑𝑛+1
, (14) 

and 

ℜ(
𝑓𝑛(𝑤)

𝑓(𝑤)
) ≥

𝑑𝑛+1
1 + 𝑑𝑛+1

, (15) 

where 

𝑑𝑛 =
[2𝜅 + 1 + (𝐶 − 𝑉)𝑑 + 𝑉](𝜅 + 𝜌 + 1)𝜍

𝜌𝜍(𝜅 + 2)𝑚(𝐶 − 𝑉)|𝑑|
. 

Proof. In order to demonstrate inequality 14, we 

must first establish 

𝑑𝑛+1 [
𝑓(𝑤)

𝑓𝑛(𝑤)
− (1 −

1

𝑑𝑛+1
)] 

𝑑𝑛+1 [
𝑤−1 + ∑ 𝑎𝜅

∞
𝜅=1 𝑤𝜅

𝑤−1 + ∑ 𝑎𝜅
𝑛
𝜅=1 𝑤𝜅

+
1 − 𝑑𝑛+1
𝑑𝑛+1

] 

1 + ∑ 𝑎𝜅
𝑛
𝜅=1 𝑤𝜅+1 + 𝑑𝑛+1∑ 𝑎𝜅

∞
𝜅=𝑛+1 𝑤𝜅+1

1 + ∑ 𝑎𝜅
𝑛
𝜅=1 𝑤𝜅+1

 

1 + ℎ1(𝑤)

1 + ℎ2(𝑤)
. 

If we set 

1 + ℎ1(𝑤)

1 + ℎ2(𝑤)
=
1 + 𝑧(𝑤)

1 − 𝑧(𝑤)
, 

then 

2𝑧(𝑤) + 𝑧(𝑤)ℎ1(𝑤) + 𝑧(𝑤)ℎ2(𝑤) =
ℎ1(𝑤)−ℎ2(𝑤), 

𝑧(𝑤) =
ℎ1(𝑤)−ℎ2(𝑤)

2 + ℎ1(𝑤) + ℎ2(𝑤)
. 

Thus 

𝑧(𝑤)

=
𝑑𝑛+1∑ 𝑎𝜅

∞
𝜅=𝑛+1 𝑤𝜅+1

2 + 2∑ 𝑎𝜅
𝑛
𝜅=1 𝑤𝜅+1 + 𝑑𝑛+1∑ 𝑎𝜅

∞
𝜅=𝑛+1 𝑤𝜅+1

, 

and 

|𝑧(𝑤)| ≤
𝑑𝑛+1∑ |𝑎𝜅|

∞
𝜅=𝑛+1

2 − 2∑ |𝑎𝜅|
𝑛
𝜅=1 − 𝑑𝑛+1∑ |𝑎𝜅|

∞
𝜅=𝑛+1

. 

Now one can see that 
|𝑧(𝑤)| ≤ 1, if and only if 

2𝑑𝑛+1∑ |𝑎𝜅|
∞
𝜅=𝑛+1 ≤ 2 − 2∑ |𝑎𝜅|

𝑛
𝜅=1 , 

which implies that 

∑|𝑎𝜅|

𝑛

𝜅=1

+ 𝑑𝑛+1 ∑ |𝑎𝜅|

∞

𝜅=𝑛+1

≤ 1. (16) 

Finally, to demonstrate the inequality in 14, it 

suffices to show that the left-hand side of 16 is 

constrained above by ∑ 𝑑𝜅|𝑎𝜅|,
∞
𝜅=1  which is 

equivalent to 

∑(1− 𝑑𝜅)|𝑎𝜅| + ∑ (𝑑𝑛+1 − 𝑑𝜅)|𝑎𝜅|

∞

𝜅=𝑛+1

𝑛

𝜅=1

≥ 0. (17) 

The inequality proof in 14 is now complete by 

using equation 17. 

To prove inequality 15, we set 

(1 + 𝑑𝑛+1) (
𝑓𝑛(𝑤)

𝑓(𝑤)
−

𝑑𝑛+1
1 + 𝑑𝑛+1

) 

1 + ∑ 𝑎𝜅
𝑛
𝜅=1 𝑤𝜅+1 − 𝑑𝑛+1∑ 𝑎𝜅

∞
𝜅=𝑛+1 𝑤𝜅+1

1 + ∑ 𝑎𝜅
∞
𝜅=1 𝑤𝜅+1

=
1 + 𝑧(𝑤)

1 − 𝑧(𝑤)
, 

Where: 
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|𝑧(𝑤)|

≤
(1 + 𝑑𝑛+1)∑ |𝑎𝜅|

∞
𝜅=𝑛+1

2 − 2∑ |𝑎𝜅|
𝑛
𝜅=1 − (1 + 𝑑𝑛+1)∑ |𝑎𝜅|

∞
𝜅=𝑛+1

≤ 1. (18) 

This last inequality in 18 is equivalent to 

∑|𝑎𝜅|

𝑛

𝜅=1

+ (1 + 𝑑𝑛+1) ∑ |𝑎𝜅|

∞

𝜅=𝑛+1

≤ 1. (19) 

Finally, we can observe that the left-hand side of 

the inequality in 19 is bounded above 
∑ 𝑑𝜅|𝑎𝜅|,
∞
𝜅=1 we have completed the proof of (15), 

which concludes the proof of Theorem 5.1. 

Neighborhoods for the Class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌, 𝑚, 𝑉, 𝐶, 𝑑) 

In this section, we define the 𝛿 − neighb𝑜rhood of 

a function 𝑓(𝑤) and establish a relation between  

𝛿 − neighb𝑜rhood and 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑, 𝛾) 

class of a function. 

Definition.6.1. A function 𝑓 ∈ ∑𝜌 is said to be in 

the class 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑, 𝛾) if there exists a 

function 𝑔 ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑) such that 

|
𝑓(𝑤)

𝑔(𝑤)
− 1| < 1 − 𝛾, 0 ≤ 𝛾 < 1. (20) 

Following up on previous works on neighborhoods 

of analytic functions by Goodman [12], Shinde et 

al [13] and Ruschweyh [14]. We defined the 𝛿 − 

neighborhood of a function 𝑓 ∈ ∑𝜌 by 

𝑁𝛿(𝑓)

=

{
 
 

 
 𝑔 ∈ ∑𝜌: 𝑔(𝑤) = 𝑤

−1 +∑𝑏𝜅𝑤
𝜅

∞

𝜅=1

∑𝜅|𝑎𝜅 − 𝑏𝜅| ≤ 𝛿

∞

𝜅=1 }
 
 

 
 

(21) 

Theorem .6.1. If  𝑔 ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑) and  

𝛾
= 1

−
𝛿(3 + [(𝐶 − 𝑉)|𝑑| + 𝑉])(2 + 𝜌)𝜍

(3 + [(𝐶 − 𝑉)|𝑑| + 𝑉])(2 + 𝜌)𝜍 − 𝜌𝜍(3)𝑚(𝐶 − 𝑉)|𝑑|
. (22) 

Then 𝑁𝛿(𝑔) ⊂ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑, 𝛾). 

Proof. Let 𝑓 ∈ 𝑁𝛿(𝑔). Then we find from (21) that 

∑𝜅|𝑎𝜅 − 𝑏𝜅| ≤ 𝛿

∞

𝜅=1

, 

this implies that the coefficient of inequality 
∑ |𝑎𝜅 − 𝑏𝜅| ≤ 𝛿. (𝜅 ∈ 𝑁).∞
𝜅=1  

Since 𝑔 ∈ 𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑), we have 

∑ 𝑏𝜅 <
𝜌𝜍(3)𝑚(𝐶−𝑉)|𝑑|

(3+[(𝐶−𝑉)|𝑑|+𝑉])(2+𝜌)𝜍
.∞

𝜅=1  So that 

|
𝑓(𝑤)

𝑔(𝑤)
− 1| ≤

∑ |𝑎𝜅 − 𝑏𝜅|
∞
𝜅=1

1 − ∑ 𝑏𝜅
∞
𝑘=1

≤
𝛿((3 + [(𝐶 − 𝑉)|𝑑| + 𝑉]))(2 + 𝜌)𝜍

(3 + [(𝐶 − 𝑉)|𝑑| + 𝑉])(2 + 𝜌)𝜍 − 𝜌𝜍(3)𝑚(𝐶 − 𝑉)|𝑑|
= 1 − 𝛾. 

Provided 𝛾 is given by (22). 

Hence, by Inequality 20, 𝑓 ∈
𝐻𝜌,𝑚
𝜍 (𝜍, 𝜌,𝑚, 𝑉, 𝐶, 𝑑, 𝛾) for 𝛾 given by (22), which 

completes the proof of Theorem. 

CONCLUSIONS 
This study looked at some basic features of 

geometric function theory and presented a new 

linear operator. As a result, various conclusions 

about coefficient estimates, closure theorems, 

convolution properties, partial sums, and 

neighborhoods were reached. 
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