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 الخلاصة
في هذا العمل، نقدم بعض نظريات النقطة الثابتة الشائعة من نوع الانقباضات المنطقية على فضاء باناخ المعمم. النظرية المقدمة 

هي تعميم وامتداد للعديد من النظريات المعروفة. و نقدم بعض الأمثلة لتوضيح صحة النتائج التي تم الحصول عليها في هذا 

 العمل.

 

INTRODUCTION 
Banach showed and proved a crucial conclusion in 

complete metric spaces, namely that each complete 

metric space has a unique fixed point. Bakhtin and 

Czerwik, as a generalization of metric spaces, 

developed the notion of b- metric spaces in 1989 

see [1], [2], and [3]. For the study of fixed points in 

standard metric spaces or other generalized metric 

spaces, many academics extended and confirmed 

this theory; we recommend (Boriceanu], Bota et 

al., Ding et al., Kir and Kiziltunc, Ozturk, and 

Turkoglu). Many researchers, on the other hand, 

have used rational type contractive conditions 

(Mohammad and Pankaj, Sarwar and Rahman], 

Xie et al., and Seddik, and Taieb see [4-12]. In this 

work, we show and expand some common fixed-

point theorems that are also valid in generalized 

Banach space; we also provide some specific 

examples to show the veracity of our results.   

A mapping 𝐹 ∶  𝑋 →  𝑋 where (𝑀, ‖. ‖) is a 

Banach space is said to be a contraction if there 

exisets 0 ≤  𝑘 < 1 such that, for all 𝑥, 𝑦 ∈  𝑀, 

‖𝐹𝑥 −  𝐹𝑦‖  ≤  𝑘‖𝑥 − 𝑦‖.               (1.1) 

Definition 1.1 [13]: If 𝑀 nonempty is a linear space 

having 𝑠 ≥ 1, let ‖. ‖ denotes a functon from linear 

space M into 𝑅 that satisfies the following axioms: 

1. For all 𝑥 ∈  𝛭  ‖𝑥 ‖ ≥  0, ‖𝑥 ‖ =  0 if and only 

if 𝑥 =  0; 

2. For all 𝑥, 𝑦 ∈  𝛭, ‖𝑥 + 𝑦 ‖ ≤  𝑠 [‖𝑥 ‖  +  ‖𝑦 ‖]; 
3. For all 𝑥 ∈  𝛭, 𝛼 ∈  𝑅, ‖𝛼𝑥 ‖ =  |𝛼| ‖𝑥 ‖;  
 (𝑀, ‖. ‖)is called generalized normed linear space. 

If for 𝑠 =  1, it reduces to standard normed linear 

space. 

Definition1.2 [13]: A Banach space (𝑀, ‖. ‖) is a 

normed vector space such that 𝑀 is complete under 

the metric induced by the ‖. ‖. 

Definition1.3 [13]: A linear generalized normed 

space in which every Cauchy sequence is 

convergent is called generalized Banach space.  

Definition 1.4 [13]: Let (𝑀, ‖. ‖ ) be a generalized 

normed space then the sequence {𝑥𝑛} in 𝑀 is called  

1. Cauchy sequence iff for each 𝜀 >  0, there 

exist 𝑛(𝜀)  ∈  𝑁 such that for all 𝑚, 𝑛 ≥ 𝑛(𝜀) 

we have  ‖𝑥𝑛 −  𝑥𝑚‖ < 𝜀.  

2. Convergent sequence iff there exist 𝑥 ∈  𝑀 

such that for all 𝜀 >  0, there exist 𝑛(𝜀)  ∈  𝑁 

such that for every 𝑛 ≥  𝑛(𝜀) we have ‖𝑥𝑛 −
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 𝑥 ‖  <  𝜀. 

MAIN RESULTS  
Lemma 2.1. Let (𝐻, ‖. ‖) be a generalized Banach 

space with a real number 𝑠 ≥  1, and 𝐹 self-

mapping on  𝐻, assume that {𝑢𝑛} is a sequence in 

𝐻  defined by 𝑢𝑛+1  =  𝐹𝑢𝑛   if 
    ‖𝑢𝑛−𝑢𝑛+1‖ ≤ 𝛼 ‖𝑢𝑛−1 − 𝑢𝑛‖, for all   𝑛 ∈ 𝑁,        

where 𝛼 ∈  [ 0 , 1 ), 𝑠𝛼 < 1. Then {𝑢𝑛} is a 

Cauchy sequence and is a converge to some 𝑢∗  ∈
𝛨 as n→ +∞. 

Proof: let 𝑝 >  0 we have,  

    ‖𝑢𝑛−𝑢𝑛+𝑝‖ ≤ 𝑠[‖𝑢𝑛 −  𝑢𝑛+1‖ 

+ ‖𝑢𝑛+1 −  𝑢𝑛+2‖ + … ] 

             ≤ 𝑠‖𝑢𝑛 −  𝑢𝑛+1‖ 

+𝑠2 [‖𝑢𝑛+1 −  𝑢𝑛+2‖ 

+ ‖𝑢𝑛+2 −  𝑢𝑛+3‖ +… ] 

               ≤ 𝑠 ‖𝑢𝑛 −  𝑢𝑛+1 ‖  
+ 𝑠2  ‖𝑢𝑛+1 −  𝑢𝑛+2 ‖ 

+𝑠3 ‖𝑢𝑛+2 −  𝑢𝑛+3 ‖ + ⋯… 

by using (1.1), we have  

‖𝑢𝑛−𝑢𝑛+𝑝‖ ≤  𝑠𝛼𝑛‖𝑢𝑛 − 𝑢𝑛+1‖ 

+ 𝑠2𝛼𝑛+1  ‖𝑢𝑛+1 −  𝑢𝑛+2‖  

+𝑠3𝛼𝑛+2 ‖𝑢𝑛+2 −  𝑢𝑛+3‖ +… 

          ≤ (1 + 𝑠𝛼 + (𝑠𝛼)2 + ⋯ ) 𝑠𝛼𝑛 ‖𝑢0 − 𝑢1‖ 

≤  𝑠𝛼𝑛 1

(1−𝑠𝛼)
 ‖𝑢0 −  𝑢1‖, 

by taking the limit as 𝑛 → +∞, we obtain. That   

‖𝑢𝑛−𝑢𝑛+𝑝‖  = 0, (because 𝑠𝛼 < 1). 

Then {𝑢𝑛} is a Cauchy sequence in (𝛨, ‖. ‖). Since 

(𝛨, ‖. ‖) is a generalized Banach space, {𝑢𝑛} is a 

converges to some 𝑢∗  ∈ 𝛨 as 𝑛 → +∞. 

Theorem (2.1): Let 𝛨 be a generalized Banach 

space with‖. ‖and let 𝐹, 𝑄: 𝛨 → 𝛨 be two 

mappings on  𝛨 fulfilling the condition: 

    ‖𝐹𝑥 − 𝑄𝑦‖  ≤  𝑎  
‖𝑥−𝑦‖ 

1+ ‖𝑦−𝐹𝑥‖
  

+ 𝑏 
‖𝑦−𝐹𝑥‖‖𝑥−𝑄𝑦‖

1+ ‖𝑥−𝑄𝑦‖
 + 𝑐 

‖𝑥−𝑄𝑦‖(1+‖𝑥−𝐹𝑥‖) 

1+ ‖𝑥−𝑦‖
,    (2.1) 

For all 𝑥, 𝑦 ∈ 𝛨, and 𝑎, 𝑏 and 𝑐 are real number. 

Then 𝐹 and 𝑄 have a unique common fixed point, 

where: 

𝑠 ≥  1, (𝑎 + 2𝑐𝑠 < 1) and 𝑐𝑠 <
 1 

2
 . 

Proof: We define a sequence {𝑢𝑛}  in 𝛨 such that, 

    𝑢𝑛+1  =  𝐹𝑢𝑛, 𝑢𝑛+2  =  𝑄𝑢𝑛+1, for all 𝑛 ∈  𝑁.

                              (2.2) 

If, 𝑢𝑛  =  𝑢𝑛+1 for all 𝑛 ∈  𝑁, and let 𝑛 =  2𝑧, 

then 𝑢2𝑧  =  𝑢2𝑧+1 as well as the (2.1) with 𝑥 =
 𝑢2𝑧 and 𝑦 =  𝑢2𝑧+1, we have, 

‖ 𝑢2𝑧+1. − 𝑢2𝑧+2.‖ = ‖𝐹𝑢2𝑧 − 𝑄𝑢2𝑧+1.‖   

≤ 𝑎  
‖ 𝑢2𝑧.−𝑢2𝑧+1.‖ 

1+ ‖𝑢2𝑧+1−𝐹𝑢2𝑧‖
 + 𝑏 

‖𝑢2𝑧+1−𝐹𝑢2𝑧‖‖𝑢2𝑧−𝑄𝑢2𝑧+1‖

‖𝑢2𝑧−𝑄𝑢2𝑧+1‖+ 1
 

+ 𝑐 
‖𝑢2𝑧−𝑄𝑢2𝑧+1‖(1+‖𝑢2𝑧−𝐹𝑢2𝑧‖)

1+ ‖𝑢2𝑧−𝑢2𝑧+1.‖
 

=  𝑎
‖𝑢2𝑧−𝑢2𝑧+1‖ 

1+ ‖𝑢2𝑧+1−𝑢2𝑧+1‖
+  𝑏 

‖𝑢2𝑧+1−𝑢2𝑧+1‖‖𝑢2𝑧−𝑢2𝑧+2‖

‖𝑢2𝑧−𝑢2𝑧+2‖+1
+  𝑐 

‖𝑢2𝑧−𝑢2𝑧+2‖(1+‖𝑢2𝑧−𝑢2𝑧+1‖)

1+ ‖𝑢2𝑧−𝑢2𝑧+1‖
             

  ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤ 𝑐‖𝑢2𝑧 − 𝑢2𝑧+2‖, by 

condition (2) of the definition (1.1) 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖≤ 𝑐[𝑠‖𝑢2𝑧 − 𝑢2𝑧+1‖  

+ ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖] 
                           = 𝑐𝑠 ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖] 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤  𝑐𝑠‖𝑢2𝑧 − 𝑢2𝑧+1‖, which is a 

contradiction, (because 𝑐𝑠 >  
1

2
 ) 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ = 0 ⟹ 
𝑢2𝑧+1 = 𝑢2𝑧+2, 

Thus, we have 𝑢2𝑧  =  𝑢2𝑧+1  =  𝑢2𝑧+2. By (2.2), it 

means 𝑢2𝑧 =  𝐹𝑢2𝑧 = 𝑄𝑢2𝑧  , that is 𝑢2𝑍 is a 

common fixed point of 𝐹 and 𝑄.  

Now, if 𝑢𝑛  ≠  𝑢𝑛+1  for all 𝑛 ∈  𝑁, and let 𝑛 =
 2𝑧 +  1, 𝑧 ∈   𝑁. 
(𝛪) We will show that {𝑢𝑛} is a Cauchy sequence, 

By (2.2) with  𝑥 =  𝑢2𝑧, 𝑦 =  𝑢2𝑧+1,   

we have,  

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ = ‖𝐹𝑢2𝑧 − 𝑄𝑢2𝑧+1‖   

≤  𝑎  
‖𝑢2𝑧−𝑢2𝑧+1‖ 

1+ ‖𝑢2𝑧+1−𝐹𝑢2𝑧‖
  

+ 𝑏 
‖𝑢2𝑧+1−𝐹𝑢2𝑧‖‖𝑢2𝑧−𝑄𝑢2𝑧+1‖

‖𝑢2𝑧−𝑄𝑢2𝑧+1‖+ 1
  

+ 𝑐 
‖𝑢2𝑧−𝑄𝑢2𝑧+1‖(1+‖𝑢2𝑧−𝐹𝑢2𝑧‖)

1+ ‖𝑢2𝑧−𝑢2𝑧+1‖
 

=  𝑎  
‖𝑢2𝑧−𝑢2𝑧+1‖ 

1+ ‖𝑢2𝑧+1−𝑢2𝑧+1‖
  

+ 𝑏 
‖𝑢2𝑧+1−𝑢2𝑧+1‖‖𝑢2𝑧−𝑢2𝑧+2‖

‖𝑢2𝑧−𝑢2𝑧+2‖+ 1
  

+ 𝑐 
‖𝑢2𝑧−𝑢2𝑧+2‖(1+‖𝑢2𝑧−𝑢2𝑧+1‖)

1+ ‖𝑢2𝑧−𝑢2𝑧+1‖
,               

then 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤ 𝑎‖𝑢2𝑧 − 𝑢2𝑧+1‖   

+ 𝑐 ‖𝑢2𝑧 − 𝑢2𝑧+2‖, 

by condition (2) of the definition (1.1). 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤  𝑎‖𝑢2𝑧 − 𝑢2𝑧+1‖  
+𝑐[𝑠‖𝑢2𝑧 − 𝑢2𝑧+1‖ + ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖] 
 =  𝑎‖𝑢2𝑧 − 𝑢2𝑧+1‖ +  𝑐𝑠‖𝑢2𝑧 − 𝑢2𝑧+1‖ 

+ 𝑐𝑠 ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖  ≤  
(𝑎  + 𝑐𝑠 ) 

1−𝑐𝑠
‖𝑢2𝑧 − 𝑢2𝑧+1‖, 

where 
(𝑎  + 𝑐𝑠 ) 

1−𝑐𝑠
 =  𝛾. 
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Thus, we obtain that, by using Lemma (2.1) and 

taking limit 𝑛 → ∞ we get {un} is a Cauchy 

sequence in (𝛨, ‖. ‖), and is a converges to some 

𝑢∗  ∈ 𝛨 as 𝑛 → +∞, we get (𝛪𝛪) we'll show 

that 𝐹𝑢∗ =  𝑄𝑢∗ = 𝑢∗. 

By condition (2) of the definition (1.1), and the 

condition (2.1), we have  

‖𝑢∗ − 𝐹𝑢∗‖ ≤  𝑠[‖𝑢∗ − 𝑢2𝑛+2‖  
+ ‖𝑢2𝑛+2 − 𝐹𝑢∗‖] 

= 𝑠‖𝑢∗ − 𝑢2𝑛+2‖ +  𝑠‖𝐹𝑢∗ − 𝑄𝑢2𝑛+1‖ 

≤  s ‖𝑢∗ − 𝑢2𝑛+2‖ +𝑠 𝑎  
‖𝑢∗−𝑢2𝑛+1‖ 

1+ ‖𝑢2𝑛+1−𝐹𝑢∗‖
  

+𝑠 𝑏 
‖𝑢2𝑛+1−𝐹𝑢∗‖‖𝑥∗−𝑄𝑢2𝑛+1‖

‖𝑢∗−𝑄𝑢2𝑛+1‖+ 1
  

+𝑠𝑐 
‖𝑢∗−𝑄𝑢2𝑛+1‖(1+‖𝑢∗−𝐹𝑢∗‖)

1+ ‖𝑢∗−𝑢2𝑛+1‖
. 

By take the limit as 𝑛 → +∞, we get,  

‖𝑢∗ − 𝐹𝑢∗‖ ≤  0, thus 𝐹𝑢∗ = 𝑢∗. 

Similarly, we get,  

‖𝑢∗ − 𝑄𝑢∗‖ ≤  𝑠[‖𝑢∗ − 𝑢2𝑛+1‖  
+ ‖𝑢2𝑛+1 − 𝑄𝑢∗‖] 

=  𝑠 ‖𝑢∗ − 𝑢2𝑛+1‖ +  𝑠‖𝐹𝑢2𝑛 − 𝑄𝑢∗‖ 

  ≤   𝑠 ‖𝑢∗ − 𝑢2𝑛+2‖ +𝑠 𝑎  
‖𝑢∗−𝑢2𝑛‖ 

1+ ‖𝑢∗−𝐹𝑢2𝑛‖
 +𝑠 𝑏 

‖𝑢∗−𝐹𝑢2𝑛‖‖𝑢2𝑛−𝑄𝑢∗‖

‖𝑢2𝑛−𝑄𝑢∗‖+1
  

+𝑠 𝑐 
‖𝑢2𝑛−𝑄𝑢∗‖(1+‖𝑢2𝑛−𝐹𝑢2𝑛‖)

1+ ‖𝑢∗−𝑢2𝑛‖
 

‖𝑢∗ − 𝑄𝑢∗‖ ≤  𝑠𝑐 ‖𝑢∗ − 𝑄𝑢∗‖ 

Since 𝑠𝑐 < 1 (because +2𝑠𝑐 < 1 ), hence ‖𝑢∗ −
𝑄𝑢∗‖ =  0, thus 𝑄𝑢∗ = 𝑢∗. 

Thus  𝑢∗ is a commn fixed point of 𝐹 and.  

(𝛪𝛪𝛪) Now we will show that 𝐹 and 𝑄 have a 

unique. Common fixed point. 

Assume that 𝑢∗ , 𝑣∗ ∈  𝛨  such that 𝑢∗ ≠ 𝑣∗  are 

common fixed points of 𝐹 and 𝑄, by (2.1), we have  

‖𝑢∗ − 𝑣∗‖ = ‖𝐹𝑢∗ − 𝑄𝑣∗‖ 

   ≤  𝑎
‖𝑢∗−𝑣∗‖ 

1+ ‖𝑣∗−𝐹𝑣∗‖
 + 𝑏 

‖𝑢∗−𝐹𝑢∗‖‖𝑢∗−𝑄𝑣∗‖

‖𝑢∗−𝑄𝑣∗‖+ ‖𝑣∗−𝐹𝑢∗‖
 

+ 𝑐 
‖𝑢∗−𝑄𝑣∗‖(1+‖𝑢∗−𝐹𝑢∗‖)

1+ ‖𝑢∗−𝑣∗‖
 

    =  𝑎  
‖𝑢∗−𝑣∗‖ 

1+ ‖𝑣∗−𝑢∗‖
  + 𝑐 

‖𝑢∗−𝑣∗‖ 

1+ ‖𝑣∗−𝑢∗‖
 

     =  (𝑎 + 𝑐)  
‖𝑢∗−𝑣∗‖ 

1+ ‖𝑣∗−𝑢∗‖
   

‖𝑢∗ − 𝑣∗‖ ≤  (𝑎 + 𝑐)‖𝑢∗ − 𝑣∗‖, which is 

contradiction, since 0 ≤   𝑎 +  𝑐 <   1, we note,   

‖𝑢∗ − 𝑣∗‖ =  0, 𝑡ℎ𝑢𝑠 𝑢∗ = 𝑣∗. 

Remark 2.1: We will take an example that fulfills 

the condition (2.1) in the theorem (2.1). 

Example 2.1. Let 𝐻 =  { 𝑢 , 𝑖  , 𝑗 },  with ‖. ‖ : 𝐻 × 

𝐻 → [ 0 , +∞ ) be a mapping that satisfies the 

following condition (2,1) for all  𝑥 , 𝑦 ∈  𝐻  ,  ‖𝑥 −
𝑦 ‖ =  0, where 𝑥 =  𝑦,  

‖𝑢 − 𝑖 ‖ = ‖𝑖 − 𝑢 ‖= 
 1 

4
, 

‖𝑢 − 𝑗 ‖ = ‖𝑗 − 𝑢 ‖= 
 1 

10
, 

‖𝑗 − 𝑖 ‖ = ‖𝑖 − 𝑗 ‖= 
 1 

2
 . 

Then (𝐻,‖. ‖) be a generalized Banach space with 

a real number  𝑠 = 
 4 

3
  ≥  1. Consider mapping  

𝐹, 𝑄: 𝐻 →  𝐻 , define by  

𝐹(𝑢) =  𝑢, 𝐹(𝑖) = 𝑢, 𝐹(𝑗) =  𝑢, 
 𝑄(𝑢) = 𝑢, 𝑄(𝑖) = 𝑗, 𝑄(𝑗) = 𝑢 . 

Let  = 
1

 2 
, 𝑏 =  2  and 𝑐 = 

1

 8 
, 𝑎 + 2𝑠𝑐  < 1 , now 

we'll verify the condition (2.1). 

It has the following case to,  

‖𝐹𝑥∗ − 𝑄𝑦∗‖ =  0 the condition (2.1) holds.  

‖𝐹𝑥∗ − 𝑄𝑦∗‖ ≠  0, we showed that following 

cases: 

Case 1. 𝑥 =  𝑢, 𝑦 =  𝑖, we can get,  

 ‖𝐹𝑥 − 𝑄𝑦‖ = 
1

 10 
, then  

1

 10 
 ≤ 

1

 2 
 × 

1

4

 1+ 
1

4
 
 + 2 × 

1

4
(

1

10
)

 1+ 
1

10
 
 + 

1

 8 
 × 

(
1

10
)(1+0)

 1+ 
1

4
 

=

 𝑎
‖𝑥−𝑦‖ 

1+ ‖𝑦−𝐹𝑥‖
 

+ 𝑏
‖𝑦−𝐹𝑥‖‖𝑥−𝑄𝑦‖

1+ ‖𝑥−𝑄𝑦‖
+  𝑐

‖𝑥−𝑄𝑦‖(1+‖𝑥−𝐹𝑥‖)

1+ ‖𝑥−𝑦‖
, 

 Therefore, the condition (2.1) holds . 

Case2. 𝑥 =  𝑖, 𝑦 =  𝑖, we can get  ‖𝐹𝑥 − 𝑄𝑦‖ = 
1

 10 
 , then,   

1

 10 
 ≤ 

1

 2 
 × 

0

 1+ 
1

4
 
 + 2 × 

1

4
( 

1

2
)

 1+ 
1

2
 
 + 

1

 8 
 × 

(
1

2
)(1+ 

1

4
)

 1+ 0 
 =  𝑎  

‖𝑥−𝑦‖ 

1+ ‖𝑦−𝐹𝑥‖
 + 𝑏 

‖𝑦−𝐹𝑥‖‖𝑥−𝑄𝑦‖

1+ ‖𝑥−𝑄𝑦‖
  

+ 𝑐 
‖𝑥−𝑄𝑦‖(1+‖𝑥−𝐹𝑥‖) 

1+ ‖𝑥−𝑦‖
 , the condition (2.1) holds.  

Case3. 𝑥 =  𝑗, 𝑦 =  𝑖, we can get  ‖𝐹𝑥 − 𝑄𝑦‖ = 
1

 10 
, then,  

1

 10 
 ≤ 

1

 2 
 × 

1

2

 1+ 
1

4
 
 + 2 × 

1

4
(0)

 1+ 0 
  

+ 
1

 8 
 × 

(0)(1+ 
1

10
)

 1+ 
1

2
 

  

= 𝑎
‖𝑥−𝑦‖ 

1+ ‖𝑦−𝐹𝑥‖
 + 𝑏 

‖𝑦−𝐹𝑥‖‖𝑥−𝑄𝑦‖

1+ ‖𝑥−𝑄𝑦‖
  

+ 𝑐 
‖𝑥−𝑄𝑦‖(1+‖𝑥−𝐹𝑥‖) 

1+ ‖𝑥−𝑦‖
,  

the condition (2.1) holds.  

Then 𝐹 and 𝑄 have a has unique common fixed 

point,  
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(𝐹(𝑢) =  𝑢 =  𝑄𝑢). 

Theorem (2.2): Let 𝛨 be a generalized Banach 

space with ‖. ‖  and let 𝐹, 𝑄: 𝛨 → 𝛨 be two 

mappings on 𝛨 fulfilling the condition: 

    ‖𝐹𝑥 − 𝑄𝑦‖ ≤ 𝑎
‖𝑥−𝑦‖ + ‖𝑄𝑦−𝑦‖‖𝐹𝑥−𝑥‖

1+ ‖𝑄𝑦−𝐹𝑥‖
 

+𝑏
‖𝑥−𝑦‖ + ‖𝑦−𝐹𝑥‖‖𝑥−𝑄𝑦‖+‖𝑥−𝑦‖  ‖𝑄𝐹𝑥−𝐹𝑥‖

1+ ‖𝑄𝑦−𝐹𝑥‖
  

+ 𝑐 
‖𝐹𝑄𝑦−𝑦‖‖𝑦−𝐹𝑥‖ 

𝑠 + ‖𝑄𝐹𝑥−𝑦‖
 + d ‖𝑥 − 𝑄𝑦‖,    (2.3) 

for all 𝑥, 𝑦 ∈ 𝛨, and 𝑎, 𝑏 and 𝑐 are real number. 

Then 𝐹 and 𝑄 have a unique common fixed point, 

where: 

𝑠 ≥ 1 , (0 ≤ 𝑎 +  𝑏 +  2𝑑𝑠 < 1) and (0 ≤ 𝑎 +
 𝑏 +  𝑑 < 1).  

Proof: We define a sequence. {𝑢𝑛} in 𝛨 such that 

𝑢𝑛+1  =  𝐹𝑢𝑛, 𝑢𝑛+2 =  𝑄𝑢𝑛+1, for all 𝑛 ∈
 𝑁.          (2.4)                             

If, 𝑢𝑛 = 𝑢𝑛+1, for all 𝑛 ∈  𝑁, and let 𝑛 =

 2𝑧, 𝑡ℎ𝑒𝑛 𝑢2𝑧  =  𝑢2𝑧+1 as well as the (2.4) with 

𝑥 =  𝑢2𝑧  and 𝑦 =  𝑢2𝑧+1 we have, 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ = ‖𝐹𝑢2𝑧 − 𝑄𝑢2𝑧+1‖  

≤ 𝑎
‖𝑢2𝑧−𝑢2𝑧+1‖ + ‖𝑄𝑢2𝑧+1−𝑢2𝑧+1‖‖𝐹𝑢2𝑧−𝑢2𝑧‖

1+ ‖𝑄𝑢2𝑧+1−𝐹𝑢2𝑧‖
   

+𝑏 ( [‖𝑢_2𝑧 − 𝑢_(2𝑧 + 1) ‖ + ‖𝑢_(2𝑧 + 1) −

〖𝐹𝑢〗_2𝑧 ‖‖𝑢_2𝑧 −〖𝑄𝑢〗_(2𝑧 + 1) ‖  +

 ‖𝑢_2𝑧 − 𝑢_(2𝑧 + 1) ‖‖𝑄〖𝐹𝑢〗_2𝑧 −

𝐹𝑢_2𝑧 ‖] )/(1 +  ‖〖𝑄𝑢〗_(2𝑧 + 1) − 𝐹𝑢_2𝑧 ‖)  

+ 𝑐 
‖𝐹𝑄𝑢2𝑧+1−𝑢2𝑧+1‖‖𝑢2𝑧+1−𝐹𝑢2𝑧‖ 

𝑠 + ‖𝑄𝐹𝑢2𝑧−𝑢2𝑧+1‖
    

  + 𝑑 ‖𝑢2𝑧 − 𝑄𝑢2𝑧+1‖  

= 𝑎

[‖𝑢2𝑧 − 𝑢2𝑧+1‖   + 
‖𝑢2𝑧+2 − 𝑢2𝑧+1‖‖𝑢2𝑧+1 − 𝑢2𝑧‖] 

1 +  ‖𝑢2𝑧+2 − 𝑢2𝑧+1‖
 

 +𝑏 ([ ‖𝑢_2𝑧 − 𝑢_(2𝑧 + 1) ‖ +  ‖𝑢_(2𝑧 + 1) −

𝑢_(2𝑧 + 1) ‖‖𝑢_2𝑧 − 𝑢_(2𝑧 + 2) ‖  + ‖𝑢_2𝑧 −

𝑢_(2𝑧 + 1) ‖  ‖𝑢_(2𝑧 + 2) − 𝑢_(2𝑧 + 1) ‖] )/

(1 +   ‖𝑢_(2𝑧 + 2) − 𝑢_(2𝑧 + 1) ‖)   

  

+ 𝑐 
‖𝑢2𝑧+3−𝑢2𝑧+1‖‖𝑢2𝑧+1−𝑢2𝑧+1‖ 

𝑠 + ‖𝑢2𝑧+2−𝑢2𝑧+1‖
 

+ 𝑑 ‖𝑢2𝑧 − 𝑢2𝑧+2‖ 

≤ 𝑑𝑠 [‖𝑢2𝑧 − 𝑢2𝑧+1‖ + ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖] 

 (1 −  𝑑𝑠 )‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤  0, which is 

contradiction we have, limit 𝑛 → ∞‖𝑢2𝑧+1 −
𝑢2𝑧+2‖ = 0.  

Hence  𝑢2𝑧+1 = 𝑢2𝑧+2. 

Thus, we have 𝑢2𝑧 = 𝑢2𝑧+1 = 𝑢2𝑧+2. By (2.3), it 

means 𝑢2𝑧 = 𝐹𝑢2𝑧 = 𝑄𝑢2𝑧  , that is 𝑢2𝑧 is a common 

fixed point of   𝐹 and 𝑄.  

Now, if 𝑢𝑛  ≠  𝑢𝑛+1  for all ∈ 𝑁, and let 𝑛 =  2𝑧 +
 1,  𝑧 ∈ 𝑁. 

(𝛪) We will show that {𝑢𝑛} is a Cauchy sequence, 

by  (2.4) with  𝑥 =  𝑢2𝑧, 𝑦 =  𝑢2𝑧+1  we have  

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ = ‖𝐹𝑢2𝑧 − 𝑄𝑢2𝑧+1‖   

≤ 𝑎

[‖𝑢2𝑧 − 𝑢2𝑧+1‖   + ‖𝑄𝑢2𝑧+1 − 𝑢2𝑧+1‖
‖𝐹𝑢2𝑧 − 𝑢2𝑧‖] 

1 +  ‖𝑄𝑢2𝑧+1 − 𝐹𝑢2𝑧‖
 

+𝑏

[

 ‖𝑢2𝑧 − 𝑢2𝑧+1‖ + ‖𝑢2𝑧+1 − 𝐹𝑢2𝑧‖

‖𝑢2𝑧 − 𝑄𝑢2𝑧+1‖ + 
‖𝑢2𝑧 − 𝑢2𝑧+1‖‖𝑄𝐹𝑢2𝑧 − 𝐹𝑢2𝑧‖

]

1 +  ‖𝑄𝑢2𝑧+1 − 𝐹𝑢2𝑧‖
 

+ 𝑐 
‖𝐹𝑄𝑢2𝑧+1−𝑢2𝑧+1‖‖𝑢2𝑧+1−𝐹𝑢2𝑧‖ 

𝑠 + ‖𝑄𝐹𝑢2𝑧−𝑢2𝑧+1‖
 

   + 𝑑 ‖𝑢2𝑧 − 𝑄𝑢2𝑧+1‖  

= 𝑎

[‖𝑢2𝑧 − 𝑢2𝑧+1‖   + 
‖𝑢2𝑧+2 − 𝑢2𝑧+1‖‖𝑢2𝑧+1 − 𝑢2𝑧‖] 

1 +  ‖𝑢2𝑧+2 − 𝑢2𝑧+1‖
 

+𝑏

 [‖𝑢2𝑧 − 𝑢2𝑧+1‖ 
+‖𝑢2𝑧+1 − 𝑢2𝑧+1‖‖𝑢2𝑧 − 𝑢2𝑧+2‖ 

+‖𝑢2𝑧 − 𝑢2𝑧+1‖  ‖𝑢2𝑧+2 − 𝑢2𝑧+1‖] 

1 +   ‖𝑢2𝑧+2 − 𝑢2𝑧+1‖
  

 

         +𝑐   
‖𝑢2𝑧+3−𝑢2𝑧+1‖ ‖𝑢2𝑧+1−𝑢2𝑧+1‖ 

𝑠 + ‖𝑢2𝑧+2−𝑢2𝑧+1‖
 

+ 𝑑 ‖𝑢2𝑧 − 𝑢2𝑧+2‖ 

≤  𝑎  ‖𝑢2𝑧 − 𝑢2𝑧+1‖ + 𝑏  ‖𝑢2𝑧 − 𝑢2𝑧+1‖  

+ 𝑑𝑠[‖𝑢2𝑧 − 𝑢2𝑧+1‖ + ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖] 

=  𝑎‖𝑢2𝑧 − 𝑢2𝑧+1‖ + 𝑏  ‖𝑢2𝑧 − 𝑢2𝑧+1‖ 

+ 𝑑𝑠‖𝑢2𝑧 − 𝑢2𝑧+1‖ 

 + 𝑑𝑠 ‖𝑢2𝑧+1 − 𝑢2𝑧+2‖  

(1 −  𝑑𝑠 )‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤ (𝑎 +  𝑏 + 𝑑𝑠)  

‖𝑢2𝑧 − 𝑢2𝑧+1‖ 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤
(𝑎 + 𝑏+ 𝑑𝑠)  

(1− 𝑑𝑠 )
 ‖𝑢2𝑧 − 𝑢2𝑧+1‖, let  

𝛾 = 
(𝑎 + 𝑏+ 𝑑𝑠)  

(1− 𝑑𝑠 )
 

‖𝑢2𝑧+1 − 𝑢2𝑧+2‖ ≤ 𝛾  ‖𝑢2𝑧 − 𝑢2𝑧+1‖,                                         

 where 0 ≤  𝛾 <  1  
(0 ≤ 𝑎 +  𝑏 +  2𝑑𝑠 ≤ 1). 

Using Lemma (2.1) and taking limit n→ ∞ we get 

{𝑢𝑛} is a Cauchy sequence in (𝛨, ‖. ‖), and is a 

converge to some 𝑢∗  ∈ 𝛨 as 𝑛 → +∞, we get 

(𝛪𝛪) We will show that Fu*= Qu* = u*. 
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By condition (2) of the definition (2.1), and the 

condition (2.3), we have  

‖𝑢∗ − 𝐹𝑢∗‖ ≤ 𝑠[‖𝑢∗ − 𝑢2𝑛+2‖  
+‖𝑢2𝑛+2 − 𝐹𝑢∗‖] 

=  𝑠‖𝑢∗ − 𝑢2𝑛+2‖ +  𝑠‖𝐹𝑢∗ − 𝑄𝑢2𝑛+1‖ 

≤   𝑠 ‖𝑢∗ − 𝑢2𝑛+2‖  

+ 𝑠𝑎 
‖𝑢∗−𝑢2𝑛+1‖ + ‖𝑄𝑢2𝑛+1−𝑢2𝑛+1‖‖𝐹𝑢∗−𝑢∗‖

1+ ‖𝑄𝑢2𝑛+1−𝐹𝑢∗‖
 

+𝑠 𝑏 
[‖𝑢∗−𝑢2𝑛+1‖+‖𝑢2𝑛+1−𝐹𝑢∗‖‖𝑢∗−𝑄𝑢2𝑛+1‖ +‖𝑢∗−𝑢2𝑛+1‖‖𝑄𝐹𝑢∗−𝐹𝑢∗‖] 

1+ ‖𝑄𝑢2𝑛+1−𝐹𝑢∗‖
 

+𝑠 𝑐 
‖𝐹𝑄𝑢2𝑛+1−𝑢2𝑛+1‖‖𝑢2𝑛+1−𝐹𝑢∗‖ 

𝑠 + ‖𝑄𝐹𝑢∗−𝑢2𝑛+1‖
      

+ 𝑠 𝑑 ‖𝑢∗ − 𝑄𝑢2𝑛+1‖   

=  𝑠 ‖𝑢∗ − 𝑢2𝑛+2‖  

+𝑠𝑎  
‖𝑢∗−𝑢2𝑛+1‖ + ‖𝑢2𝑛+2−𝑢2𝑛+1‖‖𝐹𝑢∗−𝑢∗‖

1+ ‖𝑢2𝑛+2−𝐹𝑢∗‖
 

+𝑠𝑏 
[‖𝑢∗−𝑢2𝑛+1‖+‖𝑢2𝑛+1−𝐹𝑢∗‖‖𝑢∗−𝑢2𝑛+2‖ +‖𝑢∗−𝑢2𝑛+1‖‖𝑢∗−𝐹𝑢∗‖] 

1+ ‖𝑢2𝑛+2−𝐹𝑢∗‖
 

+ 𝑠 𝑐 
‖𝑢2𝑛+3−𝑢2𝑛+1‖‖𝑢2𝑛+1−𝐹𝑢∗‖ 

  𝑠 + ‖𝑄𝐹𝑢∗−𝑢2𝑛+1‖
     

 + 𝑠𝑑 ‖𝑢∗ − 𝑢2𝑛+2‖   

Take the limit as 𝑛 → +∞, we get  

‖𝑢∗ − 𝐹𝑢∗‖ ≤  0,  

hence ‖𝑢∗ − 𝐹𝑢∗‖ =  0, thus 𝐹𝑢∗ = 𝑢∗. 

Similarly, we obtain  

‖𝑢∗ − 𝑄𝑢∗‖ ≤  𝑠[‖𝑢∗ − 𝑢2𝑛+1‖  
+ ‖𝑢2𝑛+1 − 𝑄𝑢∗‖] 

=  𝑠 ‖𝑢∗ − 𝑢2𝑛+1‖ + 𝑠 ‖𝐹𝑢2𝑛 − 𝑄𝑢∗‖ 

≤   𝑠 ‖𝑢∗ − 𝑢2𝑛+2‖  

+𝑠 𝑎  
‖𝑢2𝑛−𝑢∗‖ + ‖𝑄𝑢∗−𝑢∗‖‖𝐹𝑢2𝑛−𝑢2𝑛‖

1+ ‖𝑄𝑢∗−𝐹𝑢2𝑛‖
 

+ 𝑠𝑏 

[‖𝑢2𝑛−𝑢∗‖+‖𝑢∗−𝐹𝑢2𝑛‖‖𝑢2𝑛−𝑄𝑢∗‖ +‖𝑢2𝑛−𝑢∗‖‖𝑄𝐹𝑢2𝑛−𝐹𝑢2𝑛‖] 

1+ ‖𝑄𝑢∗−𝐹𝑢2𝑛‖
 

+ 𝑠𝑐 
‖𝐹𝑄𝑢∗−𝑢∗‖‖𝑢∗−𝐹𝑢2𝑛‖ 

𝑠 + ‖𝑄𝐹𝑢2𝑛−𝑢∗‖
 

+𝑠𝑑‖𝑢2𝑛 − 𝑄𝑢∗‖   

= 𝑠 ‖𝑢∗ − 𝑢2𝑛+2‖  

+𝑠 𝑎  
‖𝑢2𝑛−𝑢∗‖ + ‖𝑄𝑢∗−𝑢∗‖‖𝑢2𝑛+1−𝑢2𝑛‖

1+ ‖𝑄𝑢∗−𝑢2𝑛+1‖
 

+𝑠 𝑏 

‖𝑢2𝑛−𝑢∗‖+‖𝑢∗−𝑢2𝑛+1‖‖𝑢2𝑛−𝑄𝑢∗‖ +‖𝑢2𝑛−𝑢∗‖‖𝑢2𝑛+2−𝑢2𝑛+1‖ 

1+ ‖𝑄𝑢∗−𝑢2𝑛+1‖
 

+𝑠 𝑐 
‖𝐹𝑄𝑢∗−𝑢∗‖‖𝑢∗−𝑢2𝑛+1‖ 

𝑠 + ‖𝑢2𝑛+2−𝑢∗‖
      

+ 𝑑 ‖𝑢2𝑛 − 𝑄𝑢∗‖,  

by take the limit as, 𝑛 → +∞, we get 

‖𝑢∗ − 𝑄𝑢∗‖ ≤   𝑑 ‖𝑢∗ − 𝑄𝑢∗‖ 

Since 𝑑 <  1, hence ‖𝑢∗ − 𝑄𝑢∗‖ =  0, thus 𝑄𝑢∗ =
𝑢∗. 

Thus  𝑢∗ is a common fixed point of 𝐹 and 𝑄. 

(𝛪𝛪𝛪) Now we will show that F and Q have a 

unique. common fixed point. 

Assume that 𝑢∗, 𝑣* ∈  𝛨  such that 𝑢∗ ≠ 𝑣* are 

common fixed points of 𝐹 and 𝑄, by (2.3), we have  

‖𝑢∗ − 𝑣∗‖  = ‖𝐹𝑢∗ − 𝑄𝑣∗‖ 

 ≤  𝑎 
‖𝑢∗−𝑣∗‖ + ‖𝑄𝑣∗−𝑣∗‖‖𝐹𝑢∗−𝑢∗‖

1+ ‖𝑄𝑣∗−𝐹𝑢∗‖
 + 𝑏 

‖𝑢∗−𝑣∗‖+‖𝑣∗−𝐹𝑢∗‖‖𝑢∗−𝐹𝑢∗‖+‖𝑢∗−𝑣∗‖‖𝑄𝐹𝑢∗−𝐹𝑢∗‖

1+ ‖𝑄𝑣∗−𝐹𝑢∗‖
 

+ 𝑐 
‖𝐹𝑄𝑣∗−𝑣∗‖‖𝑣∗−𝐹𝑢∗‖ 

𝑠 + ‖𝑄𝐹𝑢∗−𝑣∗‖
 + 𝑑 ‖𝑢∗ − 𝑄𝑣∗‖   

= 𝑎
‖𝑢∗−𝑣∗‖ + ‖𝑣∗−𝑣∗‖‖𝑢∗−𝑢∗‖

1+ ‖𝑣∗−𝑢∗‖
  

+𝑏 
‖𝑢∗−𝑣∗‖+‖𝑣∗−𝑢∗‖‖𝑢∗−𝑢∗‖+‖𝑢∗−𝑣∗‖‖𝑢∗−𝑢∗‖

1+ ‖𝑣∗−𝑢∗‖
 

+ 𝑐 
‖𝑣∗−𝑣∗‖‖𝑣∗−𝑢∗‖ 

𝑠 + ‖𝑢∗−𝑣∗‖
     + 𝑑 ‖𝑢∗ − 𝑣∗‖   

=  𝑎  
‖𝑢∗−𝑣∗‖ 

1+ ‖𝑦∗−𝑢∗‖
 + 𝑏 

‖𝑢∗−𝑣∗‖ 

1+ ‖𝑦∗−𝑢∗‖
   

+ 𝑑 ‖𝑢∗ − 𝑣∗‖ 

≤  𝑎  ‖𝑢∗ − 𝑣∗‖ + 𝑏 ‖𝑢∗ − 𝑣∗‖   

+ 𝑑 ‖𝑢∗ − 𝑣∗‖ 

‖𝑢∗ − 𝑣∗‖ ≤ (𝑎 +  𝑏 −  𝑑 ) ‖𝑢∗ − 𝑣∗‖ 

 (𝑎 +  𝑏 −  𝑑 )  < 1, 

which is contradiction 

Since 0 ≤   (𝑎 +  𝑏 −  𝑑 )  <   1,  

‖𝑢∗ − 𝑣∗‖ =  0.  i.e. 𝑢∗ = 𝑣∗   

we proved that 𝐹 and 𝑄  have a unique common 

fixed point in 𝛨 . 

Remark2.2: The following are the corollaries of 

Theorem2.2. 

Corollary (2.1): Let 𝛨 be a Generalized Banach 

spase with ‖. ‖  and let 𝐹, 𝑄: 𝛨 → 𝛨 be two 

mappings on  𝛨 fulfilling the condition: 

‖𝐹𝑥 − 𝑄𝑦‖ ≤ 𝑚𝑎𝑥{𝑎
‖𝑥−𝑦‖ + ‖𝑄𝑦−𝑦‖‖𝐹𝑥−𝑥‖

1+ ‖𝑄𝑦−𝐹𝑥‖
+ 𝑏 

‖𝑥−𝑦‖ + ‖𝑦−𝐹𝑥‖‖𝑥−𝑄𝑦‖+‖𝑥−𝑦‖  ‖𝑄𝐹𝑥−𝐹𝑥‖

1+ ‖𝑄𝑦−𝐹𝑥‖
  

, 𝑐 
‖𝐹𝑄𝑦−𝑦‖‖𝑦−𝐹𝑥‖ 

𝑠 + ‖𝑄𝐹𝑥−𝑦‖
 + 𝑑 ‖𝑥 − 𝑄𝑦‖}, (2.5) 
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for all 𝑥, 𝑦 ∈ 𝛨, and 𝑎, 𝑏 and 𝑐 are real number. 

Then, 𝐹 and 𝑄 have a unique common fixed point, 

where:  

𝑠 ≥  1, (0 ≤ 𝑎 +  𝑏 , 2𝑑𝑠 < 1).  

Corollary (2.2): Let 𝛨 be a generalized Banach 

space with ‖. ‖  and let 𝐹, 𝑄: 𝛨 → 𝛨 be a two 

mappings on  𝛨 fulfilling the condition: 

‖𝐹𝑥 − 𝑄𝑦‖  ≤  𝑎  
‖𝑥−𝑦‖ + ‖𝑄𝑦−𝑦‖‖𝐹𝑥−𝑥‖

1+ ‖𝑄𝑦−𝐹𝑥‖
  

+ 𝑏
‖𝑥−𝑦‖ + ‖𝑦−𝐹𝑥‖‖𝑥−𝑄𝑦‖+‖𝑥−𝑦‖  ‖𝑄𝐹𝑥−𝐹𝑥‖

1+ ‖𝑄𝑦−𝐹𝑥‖
  

+𝑐 
‖𝐹𝑄𝑦−𝑦‖‖𝑦−𝐹𝑥‖ 

𝑠 + ‖𝑄𝐹𝑥−𝑦‖
,         (2.6) 

for all 𝑥, 𝑦 ∈ 𝛨, and 𝑎, 𝑏, and 𝑐 are real number. 

Then, 𝐹 and 𝑄 have a unique common fixed point, 

where: 

𝑠 ≥  1  , (0 ≤ 𝑎 +  𝑏 < 1 ).  

Corollary (2.3): Let 𝛨 be a generalized Banach 

space with ‖. ‖  and let 𝐹, 𝑄: 𝛨 → 𝛨 be a two 

mappings on  𝛨 fulfilling the condition: 

‖𝐹𝑥 − 𝑄𝑦‖  ≤  𝑐 
‖𝐹𝑄𝑦−𝑦‖‖𝑦−𝐹𝑥‖ 

𝑠 + ‖𝑄𝐹𝑥−𝑦‖
 

+ 𝑑 ‖𝑥 − 𝑄𝑦‖,     (2.7) 

for all 𝑥, 𝑦 ∈ 𝛨, and 𝑎, 𝑏 and 𝑐 are real number. 

Then 𝐹 and 𝑄 have a unique common fixed point, 

where:  

𝑠 ≥  1  , (2𝑑𝑠 < 1).  

CONCLUSIONS 
The development of the field of common fixed-

point theory depends on the generalization of the 

Banach Contraction principle on in generalized 

Banach spaces; we introduced some common 

fixed-point theorems, including rational condition. 

We provided examples to explain the theorem 

(2.1). The common fixed-point contraction 

mapping principle also has a local version 

(Corollary (2.1), (2.2), and (2.3) as well as an 

asymptotic version (Theorem 2.2). 
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