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In this work, we introduce some common fixed points theorems type rational
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contractions on generalized Banach space. The provided theorem is a generalization and
an extension of many well-known theorems; we present a few examples to illustrate the

validity of the results obtained in the paper.
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INTRODUCTION

Banach showed and proved a crucial conclusion in
complete metric spaces, namely that each complete
metric space has a unique fixed point. Bakhtin and
Czerwik, as a generalization of metric spaces,
developed the notion of b- metric spaces in 1989
see [1], [2], and [3]. For the study of fixed points in
standard metric spaces or other generalized metric
spaces, many academics extended and confirmed
this theory; we recommend (Boriceanu], Bota et
al., Ding et al., Kir and Kiziltunc, Ozturk, and
Turkoglu). Many researchers, on the other hand,
have used rational type contractive conditions
(Mohammad and Pankaj, Sarwar and Rahman],
Xie et al., and Seddik, and Taieb see [4-12]. In this
work, we show and expand some common fixed-
point theorems that are also valid in generalized
Banach space; we also provide some specific
examples to show the veracity of our results.

A mapping F: X - X where (M,]|.]) is a
Banach space is said to be a contraction if there
exisets 0 < k < 1such that, forall x,y € M,
IFx — Fyl|l < kllx =yl (1.1)

KEYWORDS: fixed points, common fixed point, Banach space, Cauchy sequence, rational
contractions condition.
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Definition 1.1 [13]: If M nonempty is a linear space
havings > 1, let||. || denotes a functon from linear
space M into R that satisfies the following axioms:
1.Forallxe M ||lx||= O, |x|| = 0ifandonly
ifx = 0;
2.Forallx,y € M,lIx+yll < s[llx|l + llyll;
3.Forallx € M,a € R, ||ax || = |a| [|x |;
(M, | [Dis called generalized normed linear space.
If for s = 1, it reduces to standard normed linear
space.
Definition1.2 [13]: A Banach space (M, |.|]) is a
normed vector space such that M is complete under
the metric induced by the ||. ||.
Definition1.3 [13]: A linear generalized normed
space in which every Cauchy sequence is
convergent is called generalized Banach space.
Definition 1.4 [13]: Let (M, ||. || ) be a generalized
normed space then the sequence {x,,} in M is called
1. Cauchy sequence iff for each ¢ > 0, there
exist n(e) € N such that for all m,n = n(e)
we have ||x, — x|l < e.
2. Convergent sequence iff there exist x € M
such that for all ¢ > 0, there exist n(¢) € N
such that for every n > n(e) we have ||x, —
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x|l < e

MAIN RESULTS
Lemma 2.1. Let (H, ||. ||) be a generalized Banach
space with a real number s > 1, and F self-
mapping on H, assume that {u,} is a sequence in
H defined by u,,; = Fu, if
l[tn-tnsrll < @ ltty—g — unll, forall nen,
where a« € [0,1), sa<1. Then {u,} is a
Cauchy sequence and is a converge to some u* €
H as n— +oo.
Proof: let p > 0 we have,
”un—un+p” < sflluy —
+ ”un+1 - un+2” .. ]
< S”un - un+1”
+52 [”un+1 - un+2”
+ ”un+2 - un+3” +... ]
<s ”un — Up+1 ”
+ s? ”un+1 — Up42 ”
+s3 ”un+2 — Up+3 ” +oee
by using (1.1), we have
”un—un+p” < San”un — Up1ll
+ s%a™*? lun+1 — uns2ll
+s3a™*? lunstz — unssll +-..
< (1 +sa+ (sa)®+-)sa™ ||[ug — uqll

1
< —

by taking the limit as n — 400, we obtain. That
|un—tn4pll = 0, (because sa < 1).

Then {u,} is a Cauchy sequence in (H, ||. ||). Since
(H,|I-1D is a generalized Banach space, {u,} is a
converges to some u* € H asn — +oo.

Theorem (2.1): Let H be a generalized Banach
space with||.[land let F,Q:H - H be two
mappings on H fulfilling the condition:

llx=l
Fx — < g v
IFx = Qyll < a X

+b ly—Fx|lllx—Qyll +c IIx—Q)’II(1+IIx—FxII), 2.1)
1+ [|x=Qyl| 1+ [lx=yl|

For all x,y € H,and a,b and c are real number.
Then F and Q have a unique common fixed point,
where:

s = 1,(a+2€s<1)andcs<%.

Proof: We define a sequence {u,,} in H such that,
Upyr = Fu,, Uy, = Quuuq, foralln € N.
(2.2)
If, u, = u,4, forall n € N, and let n = 2z,
then u,, = u,,,q1 as well as the (2.1) with x
Uy, and y = u,,,4, We have,

| Uzz41. — Uzze2 |l = |[Fzz — Quazyq ||

Uppq |

n

61

luzz+1—Fuazlllluzz—Quaz+4ll
[[uzz—Quaz+1ll+ 1

| Uzz.—Uzz+. Il
1+ |[uzz+1—Fuzzl|

luzz=QuUaztq [(1+][uz—Fusz|l)
1+ [[uzz—Uzz+1.|l
luzz—uzz+1ll b

1+ [[uzz+1—Uzz+1]l
||u22+1_u22+1||||u22_u22+2||_I_ c
luzz—uzz421l+1
luzz—U2z+2 /(1 +]1U2z—Uzz+1])
1+ [[uzz—uUzz+1ll

by

luzz41 — Uzzeall < clluzz — Uzzy2ll,
condition (2) of the definition (1.1)

|Uzze1 — Upze2|l S C[S]lUuzz — Uzzeq]l

+ |[Uz41 — Uzz42ll]
= ¢S ||Ugz41 — Uzz42]l]
luzz41 — Unzs2ll < cSlluzz — Uzz4q|], Which is a

.. 1
contradiction, (because cs > 5)

luzz41 — Uzz42ll = 0 =
Uzz+1 = Uzz42,

Thus, we have u,, = Uy,41 = Uyz4o. BY (2.2), it
means u,, = Fu,, = Qu,, , that is u,, Is a
common fixed point of F and Q.
Now, if u, # u,,, forallmn € N, and letn
2z + 1, z € N.
(I) We will show that {u,} is a Cauchy sequence,
By (2.2) with x = uz,, ¥y = Uzz41,
we have,

|Uzz41 — Uzzez|l = |[Fzz — Quazal|

2z Uzzall
1+ [[uzz+1—Fuzll

+b luzz+1—Fuaz|llluzz—QuUzz+1]l
luzz—Quzz+1ll+ 1
luzz—Quaz+1 |(1+|luz,—Fuz,ll)
1+ [[uzz—Uzz+4ll
lu2z—uzz+1ll

+c

1+ [|[Uzz+1—Uzz+1ll

+b [[Uzz+1—Uzz1l[U2z—Uzz+2]|
luzz—uzz+2|l+ 1
luzz—tzzq2 (14U ~Uzz41]])

1+ [[uzz—Uzz+1ll

+c
then

|uze1 — Upzezll < alluzz — Uzziqll

+ ¢ |luzz — Uzz42ll,
by condition (2) of the definition (1.1).

luoze1 — Upzizll S alluzz — Uzziqll
tc[slluz, — Uzzall + [Uoze1 — Unze2ll]
= alluzz; — Upz4all + cSlluzz — Upziql|

+ ¢s [[uzz41 — Uzza2]l
(a +cs)

1-cs

|Uoze1 — Unzezll < luzz — Uszeall,
(a +cs)

1-cs

where
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Thus, we obtain that, by using Lemma (2.1) and
taking limit n » cowe get {u,} is a Cauchy
sequence in (H,||.|]), and is a converges to some
u* €H as n— +oo, we get (II) we'll show
that Fu* = Qu* = u".

By condition (2) of the definition (1.1), and the
condition (2.1), we have

lu® = Fu|| < s[l|u” = uzn+2ll

+ [[uzn+2 — Fu™|[]
= s|lu” — ugp2ll + S||Ifu* = Qugp 4l
< S ”u* _ u2n+2” +S ”u _u2n+1||

1+ |lugns1—Fu*||
sh luznt1=Fu|l[llx"—Quzpn4ll

lu*—Quan41ll+ 1
[lu* = Quan i1 |(1+|[u"—Fu™|))

1+ [[u*—uzn+1ll

+sc

By take the limitas n — +oo, we get,
[|lu* = Fu*|| < 0, thus Fu* = u".
Similarly, we get,
lu® = Qu|| < s[llu” — uzn+4ll
+ lluzn+1 — Qu'll]
= s U’ = Uznsall + s||Fuz, — Qu||
llu” —uanll
1+ [[u*=Fuzqll

< s ||lu"—uypeall +sa +sb

lu”—Fuzn|llluzn—Qu||
luzn—Qur||+1

luzn—Qu”l|(1+||uzn—Fuznll)

1+ [[u”=uznll
lu® = Qu|l = sc [ju” — Qu||
Since sc < 1 (because +2sc < 1), hence ||lu* —
Qu*|| = 0, thus Qu* = u".
Thus u* is a commn fixed point of F and.
(11I) Now we will show that F and Q have a
unique. Common fixed point.
Assume that u*, v* € H such that u* # v* are
common fixed points of F and Q, by (2.1), we have

+sc

* * — * *
lu* —v'|| = [|Fu” — Quv7||
* * * * * *
< g =l +b [l —Fu” || [[uw —Qv"||
T 1t v-Fr| llu*=Qu*|l+ [lv*~Fu|
4 o IwmeviG -kl
1+ Jlu*—v*||
_ o, e I —v"|
ST 1w 1+ [l —u’|
I —v"|
=@a+c) ———

[lu*" =v*|| < (a+o)||u" — v, which is
contradiction, since 0 < a + ¢ < 1, we note,
[lu* —v*|| = 0, thus u* = v™.

Remark 2.1: We will take an example that fulfills
the condition (2.1) in the theorem (2.1).

Example2.1.LetH = {u,i ,j}, with|.]|: H X
— [0,40) be a mapping that satisfies the
following condition (2,1) forall x,y € H , ||x —
y || = 0,wherex = vy,
3
lu—jl =1 —ul=,
=il =lli=jll=7.
Then (H,||.|]) be a generalized Banach space with
a real number s = é > 1. Consider mapping
F,Q:H — H, define by

F(u) = u, F(i)=u,F(j) = u,
Qu) =u QM) =j,00)) =u.
Let =%,b = 2 andc =%,a + 2sc < 1,now

we'll verify the condition (2.1).

It has the following case to,

||[Fx* — Qy*|| = 0 the condition (2.1) holds.
||Fx*—Qy*|| # 0, we showed that following
cases:

Casel.x = u,y = i, we can get,

1
IFx — Qyll = —; then

1 1
1 1 " nen 1 —)(1+0)
ES?X 41 + 2 X (01)+§X—(0)1
1+Z 1+ﬁ 1+Z
a llx=yll
1+ |ly—Fx|| ( )

—Fx||||x— xX— 1+||x—Fx
+b ly—Fx|||[x—Qyl| + [lx—QuII(1+]| Il ’

1+ |lx—Qyl| 1+ [lx—yl

Therefore, the condition (2.1) holds .
Case2. x = i,y = i,wecanget ||[Fx —Qy|l =
i , then,

1 -(-) 1 ()( )
— X —

< =X +
10 2 1+ E 8 1+ 0
lx—=Il ly—Fx||llx—Qyl|
1+ |ly-Fx|| 1+ |lx—Qyl|
—QY|l(1+]|x—F -
+ ¢ D @NAHFAD e condition (2.1) holds.
1+ [[x=y|

Case3. x = j, y = i,wecanget [|[Fx—Qy]||
— then,
10

1 1

1 1 > -(0)
—<—X—2+-+2x4
1+Z 1+ 0

10 2

1
ERY (0)(1"'11—0)
8 1+E
lle=Il ly—Fx|lllx—Qyll
1+ [[y—Fx|| 1+ [lx=Qyll
+c llx—Qy|l(1+]|x—Fx||)
1+ [lx-y
the condition (2.1) holds.
Then F and Q have a has unique common fixed

point,

=a
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(F(u) = u = Qu).

Theorem (2.2): Let H be a generalized Banach
space with ||.|| and let F,Q:H - H be two
mappings on H fulfilling the condition:

- S s
IFx — Qy]| < a 1221+ 1Qy=yliFx=x|

1+ 110y —Fxl|
o JE= I+ Iy—Fxllx—Qyl+1lx-yI lQFx~Fx
Fay-ylly—rall
FQy-ylllly—Fx
+c——————+d|x—-Qy|, (2.3)

s+ [QFx=yl|
for all x,y € H,and a,b and c are real number.
Then F and Q have a unique common fixed point,
where:
s=21,0<a+b+2ds<1l)and (0 <a +
b+ d<1).
Proof: We define a sequence. {u,,} in H such that

Ups1 = Fuy,, Upiy = Quuq, forall n €
N. (2.4)
If, u, = uy4q, for all n € N, and let n =

2z, thenu,, = u,,., as well as the (2.4) with
X = Uy, andy = u,,,, We have,

U241 — Uzzazll = [[Fuz; — Qugzaqll
<a luzz=Uzz+1ll + |QU2z+1—Uzz+1|l|IFUzz—Uzz||

1+ [|Quaz+1—Fuzzll

+b ([[lu2z—u_(2z+ 1) ||+ lu.(2z+ 1) —
(Fu) 2z|||lu2z— [Qu) _2z+1)| +
lu2z—u_(2z+ 1) ||||Q [(Fu) 2z—

Fu2z|1)/(1+ || [Qu) _2z+ 1) — Fu_2z|))

[IFQUaz+1—Uzz+1llU2z41—FUzzll
S+ ||QFuzz—uzz41|l

+ d ||uz; — Quazeqll

+c

[lluzz — Upzeqll +
_ luz42 — UpzrqlllUuzz41 — Unzll]

1+ |[uzze2 — Uzzeall
+b ([lu2z—u z+1) ||+ lu.z+1) -

u(2z+ 1) |[lu2z—u_(2z+2) || +|llu2z—
uz+D || lu.z+2)—u_2z+1D|])/
A+ JJuz+2)—u_(2z+1)|)

+c [[uzz+3—Uzz+1lllU2z41—U2z41 |

S+ |[uzz+2—Uzz41ll
+ d |[uzz — Uzz2ll
< ds [|luzz — Uzzsall + l[Uzz41 — Uzze2ll]
(1 — ds)lluzzer — Uzz42ll < 0, which s
contradiction we have, limitn — oo||uy,,1 —

Upz+2]l = 0.
Hence uz,11 = Usz42-

Thus, we have u,, = uy,11 = Uy,4o. By (2.3), it
means u,, = Fu,, = Qu,,, thatis u,, isacommon
fixed point of F and Q.

Now, ifu, # u,,, foralle N,andletn = 2z +
1, z € N.

(1) We will show that {u,, } is a Cauchy sequence,
by (2.4) with x = u,,, y = u,,,; We have

|Uzz41 — Uzzaz|l = |[Fuzz — Quazall
[uzz — Uzzeall + 1QuUzz41 — Upziall
”Fu'ZZ B uZz”]

<a
1+ [[Quaziq — Fug,ll
lluz, — upziall + lluzz41 — Fugll
”uZZ - Qu22+1” +
Uy, — U Fu,, — Fu
+b ” 2Z 22+1””Q 2Z 22”

1+ [|Quazsq — Fugll

|1FQuaz+1—Uzz+1|lllU2z+1—Fuzzl|
S+ ||QFuzz—uUzz+1|l

+ d |luz; — Qugz4ll
[”uZZ - u22+1” +
_Mugzes = uppaallllugz g — Uy, |l

1+ [[uzz42 — Uzzaqll
[lluzz — Uzzeqll

+[Uzz41 — UzzeallllUzz — Uzzez|l
Hluz, — Upzpall Nuzzir — Uzziall]
14+ |lugzez — Upzall

+c

+b

luzz43=Uzz1ll lU2z41—U2z41]l

+c

S+ || uzz42—Uzz41]l
+ d [[uzz; — Upzyall
< a Jugz —Ugzpall + b [uzz — Upzyall

+ ds[lluz; — Ugzeall + [Uzz+1 — Uzze2ll]

= alluz; — Ugzqll +b U2z — Uzzall
+ dslluy; — U4l

+ ds ||uzze1 — Unzsall

(1 — ds)llugzer — Ugzgall <

luzz — Upzall

(a+ b +ds)

(a + b+ ds)
luzz41 — Upzaall < Ta—as) lluzy — uzzeall, let
__(a+b+ds)
T (-ds)

|Uzze1 — Unzizll SV U2z — Uzziall,
where0 <y < 1

(0 <a+ b+ 2ds<1).
Using Lemma (2.1) and taking limit n— co we get
{u,} is a Cauchy sequence in (H,]||.||), and is a
converge to some u* € H asn — 400, we get
(I1) We will show that Fu"™= Qu* = u",
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By condition (2) of the definition (2.1), and the
condition (2.3), we have
lu® = Fu™|| < s[l[u” = uzn42|l
+Huzns2 — Ful]
= S|lu” — Uznq2ll + SIIFU" — Quapn44l|

Sl o
+sa lu"—uznt1ll + |QU2n+1 —Uzn+all[FU"—u”||

1+ ||[Quant+1—Fu*|

+sb

IFQu"—u"|[llu”—Usn44ll

+sc

S+ |luzns2—u*|
+ d ||luzn — QU7

by take the limit as, n — 400, we get

lu" —Qull = d|lu” — Qu7|l

Sinced < 1,hence||u* —Qu*|| = 0,thusQu* =
u”.

Thus u* is a common fixed point of F and Q.

II1) Now we will show that F and Q have a

[”u*_u2n+1||+||u2n+1_Fu*””u*_Qu2n+1” +”u*_u2n+1””QFu*_Fu| ||H|que common fixed pOInt

1+ [|Quan+1—Fu*||

IFQuUan+1—Uzn+1lllluznss—Fu'|l
S+ [[QFu*—uzn41ll

+sd [[u” — Quapn4ll
= s [[u” — uzp42ll

+sc

lu"—uznall + luzn+2—UonsallIFu*—u’||
1+ [lugns2—Fu*||

+sa

+sb

Assume that u*, v° € H such that u* # v" are
common fixed points of F and Q, by (2.3), we have

lu" —v*|| =|[Fu’ — Qv
lw*=v*|| + [|Qu* —v*||||[Fu*—u™||
<a +b
1+ ||Qv*—Fu*||
lw*—v*||+]lv* —Fu*||||lu"—Fu||+|[u*—v*|| | QFu" —Fu*||
1+ ||Qv*—Fu*||

IFQu™—v*|l|[v"—Fu’|| . *
w el d - gv'|

S | e [l et 0 1 27 |

[ ~tuznsalHiwznsa =Fu I ~uznsall Hw —uznsalliiw’ =Fusll] | p I =0 ll+v" -l —w i vl =)

1+ |[uzn2—Fur||

luzn+z—uzn+alllluznes—Fu'|l
s+ |QFu—uzpn44l|

+sc

+ 5d [[u” = Uznol|
Take the limitas n — 400, we get
lu* — Fu*|| < 0,
hence ||u* — Fu*|| = 0, thus Fu* = u”".
Similarly, we obtain

lu” = Qu|l < s[llu” — Uzn44ll
+ luznss — Qull]
= s |lu" = uzpall + 5 ||[Fuz, — Qu|l
< s f[u” = ugpnazll
+sa luzn—u"|l + llQu*—u*|||[Fuzn—tanll

1+ ||Qu*—Fuan|l

+ sb

[luzn—u"ll+llu”—Fuan|lluzn—Qu’|l +l[tuzn—u"[||QFU2n—Fuznll]

1+ [[Qu*—Fuay||
IFQu*—u™|||lu" —Fuan|l
S+ [[QFuzn—u|
*

+sd||uz, — Qu||
—_ *
=5 |[u” = Uzns2ll

* * *
[[uzn—u’|| + ||Qu™—u™||||uzn+1—Uznll

1+ || QU —Uzpn41 |

+ sc

+sa

+sb

luzn=uw* | +l1w* —uzpiq llllton—Qu*|l +lluzn—u*lllUzn+2—Uzn+1ll

1+ [lQu*—uzn+1ll

1+ ||[v*—u*||
1+ ||[v*—u*||
||v*—v*||||v*—u*|| + d ”u* _ U*”

S+ [Jlu*=v¥|
_ lu"=v™|l llu"=v™|l

1+ [ly*—u”| 1+ [[y*—u*||
+d ||u* —v7|
< a ||[u"=v*||+b|lu*—v
+d ||u* —v7|

lu" —vil<(a + b — d) |u" — v
(a+b—-4d) <1,

which is contradiction

Since0 < (a+b—-4d) < 1,

|lu* —v*|| = 0. ie.u” =v*

we proved that F and Q have a unigue common
fixed pointin H .

Remark2.2: The following are the corollaries of
Theorem?2.2.

Corollary (2.1): Let H be a Generalized Banach
spase with |.|| and let F,Q:H - H be two

mappings on H fulfilling the condition:

llx—yll + llQy—ylllIFx—x|l +b

||Fx — Qy|| < max{a

1+ |lQy—Fx|
llx—yll + lly—Fx|lllx—QyllI+]Ix—yIl lIQFx—Fx]|
Il il T IIHQy—FxII
FQy—ylllly—Fx
,c———————+d ||x — , (2.5
AR+ d Jlx - oy}, (25)
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for all x,y € H,and a,b and c are real number.
Then, F and Q have a unique common fixed point,
where:

s 21,0 <a+ b,2ds<1).

Corollary (2.2): Let H be a generalized Banach
space with |.|| and let F,Q: H - H be a two
mappings on H fulfilling the condition:

=y + 19y ~yllIFx—x]
Fx — <a
1Fx = @y L+ Qy—Fx|

+b llx=yll + [ly—Fx|lllx=Qyll+lIx=yIl [|QFx—Fx||
1+ [|Qy—Fx||
IFQy—ylllly—Fx|| (2.6)
s+ lIQFx=y| ' '
for all x,y € H,and a,b, and c are real number.
Then, F and Q have a unique common fixed point,

where:

s=21,0<a+b<1l).

Corollary (2.3): Let H be a generalized Banach
space with ||.|| and let F,Q: H -» H be a two
mappings on H fulfilling the condition:

||FX—Q}/|| < C”FQy_y””y_Fx”

s+ |QFx—y||
+dllx—Qyll, (27)
for all x,y € H,and a,b and c are real nhumber.
Then F and Q have a unique common fixed point,
where:

s =2 1,(2ds <1).

CONCLUSIONS

The development of the field of common fixed-
point theory depends on the generalization of the
Banach Contraction principle on in generalized
Banach spaces; we introduced some common
fixed-point theorems, including rational condition.
We provided examples to explain the theorem
(2.1). The common fixed-point contraction
mapping principle also has a local version
(Corollary (2.1), (2.2), and (2.3) as well as an
asymptotic version (Theorem 2.2).
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