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In this work, new Kkinds of separation axioms using w, open sets, some results, properties,

Received
09/03/2022

examples, and the relationship between these concepts have been given to support our work.

KEYWORDS: w-open, pre-open, regular, and normal spaces

Accepted
28/03/2022

Published
25/09/2022

INTRODUCTION

In our work the definitions of w,-Ti,i=0, 1, 2, 3, 4
are defined by using wp- open set. We also offer
some notions by utilizing wp- pen sets and studying
some of their facts. Throughout this paper (x, t) or
X is always a topological space. The intersection of
wp closed sets containing A we call it wp closer of
A. the largest wp open set contained in A we call it
wp interior of A. There are more researches about
w-open set [1-5].

wp-OPEN SETS AND SOME RESULTS

Definition 1 [6, 7]: A set A taken from space X
called preopen set if A < int(cl(A)).

The researchers in our introduction define w-open
set as follows:

Definition 2: The set A taken from space X we call
it w- open if we find open set U containing any
point x in A such that U-A=countable.

Definition 3 [8]: A set A taken from space X, we
call it wp open if for every point x belongs to A we
have a preopen set U containing X, in which
U-A=countable.

So a subset F of space X is wp closed if X-F is wp
open.
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Remark 1: Every open set is wp-open set but the
converse maybe not true.

Example 1: In the indiscrete space (R, Tind) the set
of whole rational numbers is wy-open but not open

Lemma 1: A subset U of space X is w,-open if and
only if every point in U is an w,,-interior point.
Proof:

Suppose U is w,-open,then it is w,-neighborhood
to each of its points. So every point is an  w,-
interior point.

Conversely, since U = U,y {x} and every point
has w,-open set V, such that x € V, € U then
U=U,ey{V;} and the union of w,-opensetsis w,-
open so U w,-open set.

Definition 4: The space X will be named:

1- w, Ty —space if for different elements x,,y at X,
we find w,open set W in X containing x but
not y or vice versa.

2- w,Ty-space if for different elements x,y in X,
there are w,, open sets W;, W, in X such that x €
Wy, yeW,andy € W,,x & W,.

3- w, T, —space if for all different elements x,y
inX, there are w,open sets have no mutual
point W,, W, in X such that x € W, and y € W,.
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Example 2: Let X= {1, 2, 3} and 7= {0, X, {1},
{3}, {1, 3}}, so (X, 1) is w,Ty-space and, w,T;-
wy, T,-space, but neither T; nor T,-space.

Remark 2:

1-If (X, 7) is T;-space, that it is w,T;-space where
i=0, 1, 2.

2-1f (X, 1) is w, T,-space, then itis w, T; and w, Ty~
spaces.

Example 3:
1- The indiscrete space (Z,Ting) IS wpTp-
space, w,T; and  w,T,-space but not

T, , T;and T,-space.

2- The co-finite topological space (R,T.of) IS
wy,To-space and w,T;-space, but not w,T,-
space.

Proposition 1: Suppose Y be an open subspace of

space X, if W is pre-open in X, then WN Y is pre-
openinY.

Proof: Since W is pre-open in X, then W < W so

WAYcW AnY=W nY)  cWnY) cWnY)'

(since Y is open)
cWAAY)Y "Y' =WnNnYANY)

 thereforeW N Y < W A Y ).

Proposition 2: If Wis w, — open in a topological
space( X, t,) and( Y, ty) is a partial open set of X,
then WNY is w, — open set inY,.

Proof: Setxe WNY,soxe€W withx €Y,
hence there is pre —open Gin X, withx € G
and G-W be countable, but (G-W)NY<S(G-W),
thus (G-W)NY is countable, and (G-
W)NY=(GNY)-(WNY) will become countable,
where GNY is preopen set in Y (by propositionl),
we get WNY is w,0pen setinY.

Corollaryl: If M is wy,-closed in
the space (X, u) with (Y, uy) is subspace from X,
then MNY is wyclosed setinY.

Definition 6: A function f from space X into space
Y we call it pre**open function when image of all
preopen set at X is preopen setat Y.
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Lemmal: If f: (X,7x) — (Y, 1y) is bijective pre-
**open function, then the image of all w,open set
at X is w,open setatY.

Proof: If H is an w,open set at X, and y € f(H),
so thereisx € X so that f(x)=y (because fis
bijective), since it isy € f(H), thenx=f"1(y) €
f Y f(H))=H (f is one to one), hence x € H
which is w,0pen, thus we have preopen set W at X
where x € W and W-H will be countable, so f(W-
H) be countable subset in Y, however f(W-
H)=f(W)-f(H), since f(W) is preopen atVY
(because of f is pre”“open function), with x € W,
so f(x)=y € f(W), therefore f(H ) is w,0pen set
inY.

Proposition 3: A property of spaces which is w,T;-
space, i= 0, 1, 2 is open hereditary property.
Proof: Take Y is a subspace of w,Tyspace X and
x,y as distinct points in Y, hence x, y are distinct
points in X which is w, Ty-space, so there is w,open
subset W in X such thatx € W,y ¢ W. We have
wny is wp-0pen subset of
Y(since f is bijective), ( by lemma 1) with x €
wWnNY,y¢ WNY (because x €W and x €Y
buty & W), therefore Y is w,T,-space, which
means w, Tp-space is hereditary property.

Proposition 4: Set f is function of X into Y be
homumorphism then whether X w,, T;-space then Y
is w,T;, where i =0, 1, 2.

Proof: To prove Y is w,T,-space, whenever X is
wTy-space and y,, y, are distinct points inY, then
there are distinct points x4, x, in X with f(x;)=y;,
f(x2)=y, (since f is a bijective function), so there
exists wy,-open subset W of X with x; € W and
x, & W (because X is wT,-space) there is open set
G containing x with G-W=countable. So f(G- W)=
f(G) — f(W) is countable. f(G) € f(G) then f(G) =
(f(®)° < f(g)° then f(G)is preopen set
so f(W) is wyopen set f(x,)=y, € f(W)

and f(xz)=y, & f(W),
where f(W) will be w,open partial set of Y,

therefore Y is w,Tospace.
By same method, we can prove the other part.

Proposition 5: A topological space (X,ty) is
w,T;-space if and only if any singleton subset {x}
of X is wy,-closed subset of X.
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Proof:  Suppose any singleton subset {x} of
X is w,-closed subset of X for any x € X, and
let x, y be distinct points in X, so {x}¢, {y}° are w,-
open sets containing y,x respectively, so X is
wy, T1-space.

Conversely, let X be an w, T;-space, to prove {x} is
wp-closed subset of X, that means to prove {x}° is
wyopen partial set from X. Let y € {x}°,soy # x
and there is w,open setW atXsuch that y €
W,x ¢ W,soy € W < {x}¢, thus {x} is w,-open
set, therefore {x} is w,-closed, but x is arbitrary
point in X, that means every singleton subset of X
IS w-closed.

Proposition 6: A topological space (X,ty) is
wTospace iff cl, ({x}) # cly,,({y}) for each
distinct points x and y in X.

Proof:  Suppose cl,,, ({x}D#cl,,({y}) with
different elements x and y in X, so there is at least
one element exists in one of them and not in the
other, say a € cl, ({x}), a¢&cl,,({y}), and
suppose x €& cl,, ({y}), because if x € Cly, D
then clwp({x}) c

Cla, (clly (0D )=eLu, (D), thena € cl,,, ({x}) €
cly,({y}and that is a contradiction, therefore x €
X-cly, {y}, now X -Clyy, ({y}) is wy,-open set
containing x but not y, that implies X is w,Ty-
space. Conversely, if X is w,T,-space and x,y are
distinct points in X, so there is w,-open set U of X
with x € U and y € U, then X-U is w,-closed set
contains y but not x, from definition of Cly, €5%))
we get, cl,,({y}) S X-U, which meansx &
Clw, {y}) but xe Clo, ({x}), so that

cl, (D2l (VD).

Definition 7: Any space X called
1- wpregular space for any point x € X and with

M closed at X and x € M, there is no mutual
points of w,-open sets W;, W, in X at which x €
Wiand M € W,.

2- wy,"-regular space if for any point x € X with
all wyclosed subset M of X with x € M, so we

38

have sets W, W, € 7, with W, nW, =@ in
whichx € Wy and M € W;.

3- w,""-regular space if for any point x € X with
all w,closed subset M of X with x € M, so we
have wjopen sets W;, W, in X,with Wi N
W, = @inwhichx € Wy and M € W,.

Remark 3:

1) Regular space is wy,regular but the couverse is
not true.

2) Every w,- regular space is w,-regular.

3) Every w,- regular space is w,"-regular.

Example 4:
1- X={1,2,3}, 7= {® X{1}} , we have t°¢=

{X,0,{2,3}}.S0 X is not regular but it is w,-
regular.

2- Let X= {1, 2, 3}, T = indiscrete so (X, Tinq ) is
regular, w,"*-regular, and w,-regular space, but
not w,"-regular.

Example 5: The co-finite supra topological
space(Z,rcof) is w,-regular and w,"™*-regular
space while it is neither w,*-regular, nor a regular.

Theorem 1: A space (X,7) be wy,"regular
spaceiff for all pointx in X with
all w,neighborhood K to x, having neighborhood
W in X of x with cl (W) C K.

Proof: If X be w,"-regular space, let x € X and K
be a w,-neighborhood to x, so there exists w,open
set E atX andx € E € K, hence E° is w,-closed
setatX and x & E, but X is w,"regular, thus we
have two different sets open W,B at X with x €
W,E€ € B, then W is neighborhood to x and W <
B¢, where B€ is closed set in X, therefore cl (W)<
cl (B¢)= B¢, which means cl* (W) < B¢.... (1),
and since E€ € B then B¢ C E€‘=E € K.....(2).
From (1) & (2) we have, cl (W) €SB CECK =
cl (W) € K;

Conversely, Setx € X and M is wy,closed set at X
with x € M, so x € M which is wy,-open setin X,
then M¢ is w,neighborhood tox, so we have
neighborhood W atXto x such thatcl (W) C
M€ (from,,hypothesis), since W is the neighborhood
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to x, then there will be open set W, in X with x €
w,cw, from cl(W)cS M® we get MC

(cl (W))C, thus (cl(W))C is open subset of X and
since WNW =@, then W; N (cl (W)) =0 (because
W, €W and because W CScl(W), so
(cl“(W))C C W°€), so for all point x in X with
all w,closed setM inX wherex ¢ M there

is disjoint open sets Wy, (cl (W))° such that x €
W, and M < (cl (W))¢, that implies X is
wy,"regular,

Proposition 7:

Every open subspace of wp regular space is wp
regular.

Proof:

If Y be subspace of an w, regular space X, take M

asaclosed setatY and g as any point at Y such
that g¢M, so there is closed set M" in X
such that M equal M'NY, it obviosq & M,
because if opposite, we get geM NY that equal M
which is a contradiction, so g € M, but X is o,

regular, so that there are two w, open sets W, B

inX with g € W , M'CB, with WNB=@, thus
WNY,BNY are w, open inY, inwhichq €

wny and M'NY=McBNY and
wNY)NBNY)=(WNB)NY =@NY thatequal @,
soY is w, regular space,

Lemma 2:

Let f: X — Y be a homeomorphism function if A
is preopen in X, then f(A) is preopenin Y.

Proof:

Set A is preopen in X then AC int (cl(A)) so by
take f for two sides then f(A) < f(int (cl (A))
.....(1) but is continuous , thenf (cl (A)) <
clf(A) by take interior for two sides we get
int(f (cl (A)) € int(cl (A)) ...... (2) so by (1)
and (2) we have f(A) < int (cl (A)) that is f(A) is
preopenin.

Lemma 3:

Let f from X into Y be homeomorphism then if G
is preopen and G €Y, then f~1(G) is also preopen
in X.

Proof:
Since G is pre-open at Y so G € G° then by take
f~1 for both sides we have [ }G)c
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fUG)=f T (G)sofHG)s 7 (6)°
so f~1(G) is preopen in X.

Lemma 4:

Let f from X into Y be
homeomorphism function if A be w, open and
A c X ,then f(A) w,open and f(A) € Y.

Proof:

Set A be w,open at X to prove f(A)is w,open atY
,lety € f(A) then, x = f~1(y) € fF1(f(A)) = A
but A is w,, open set then there exists preopen set G
in X containing x such that G — A = countable so
f(G-A) = countable since f is bijective but f(G-A) =
f(G) — f(A) but f(G) is also preopen set by above
lemma , then f(G) — f(A) = countable , then f(A) is
also w,, open set.

Lemma 5:
Let f be a homeomorphism function then the
inverse image of w,open set is also w,open.

Proposition 8:

1- The property of space X being w,regular is
topological property.

2- The property of space X we call it w,"regular
is topological property.

3- A property of space X we call it w,**regular
is topological property.

Proof:

1- Suppose (X,7y) is wyregular, with f is
homeomorphism function from atopological
space Xinto a topological spaceY, letM be closed
inY and q is arbitrary pointinY inwhichq ¢ M ,

so there is pointp € X withf(p)=q, we
getf~1 (M) is closed at X
(because f is continuous function) and

f7Hq)=p & f (M), butXis an wyregular
space, so there are two w,open sets W, B in X
wherep € W, f~1(M) € B, withWNB=@, so
f)=qefWw)  withf(f'(M))=Mc
f(B) where f(W),f(B) are w,0pen sets inY
(by lemma *x),

likewise f(W)Nf(B)=f (WNB)=f(8)=0,
henceY is wyregular, therefore the property
space X being wyregular is topological
property.
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2- If f: X - Y is a homeomorphism function and
X be w, regular space to prove Y is also w,
regular, let g € M be w, closed setin Y and q ¢
M then p=f~1(M) is w,closed in X by (lemma
4) and Xisw,, regular space, then we have two
open sets H, K with p € Hand f~1(M) € K and
HNK=0,q =f(p) € f(H) and M = ff~1(M)
c f(K) also f (H) and f (K) will be also open sets
sincef is homeomrphismand f (H) n f (K) =f
(HNK)=f(@)=0 thenY is w, regular space.

3- Prove by the same context.

Theorem 2:

A topological space (X, ty) is wyregular iff for
every x € X and for all open set
Uin X contained x, there is wyopenV in X
with x € Vel (V)SU.

Proof:

Suppose X is w,regular space, set x € Xand U is
an open in X such that x € U, soU¢ be closed
in X that not containing x, but Xis wyregular
space, so there are two wy,open sets V, W with x €
v,uccw and VNW=@, so VcW¢ thus
cly,, (V)< clwp(Wc)Z we ... (1), and since U¢ C
W, then W€ c U... (2), from (1) and (2) we get,
x€EVC clwp(V) C W° c U, which means x €
Vecl,,(V)<SU.

Conversely, let M be closed inX and x is arbitrary
point inX withxé& M, so M¢ is open
in X containing x, then from a hypothesis there
is wyopen set Vin X inwhichx e V < cl,, (V) S
M€, since cl,, (V)€ M€, hence M¢‘=Mc
(clw,(V))C (since cl,, (V) is wyclosed set,
s0 (cl5 (V) is w,open set), and since V <
clg (1), hence VN(cly, (V))¢=@. Therefore, there

are two w,o0pen sets V, (clg(V))C in X such that
xeV,Mccl, (V) and VN (cl,, (V))=0,
then X is wyregular space.

Definition 8:

A topological space (X, ) we call it:-
1- w, T3space if it be w,regular T;-space.
2- w, " T3-space if it is w,*regular T; -space.
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3- w, " T3-space if it is w,**regular space and supra
T;-space.

Example 6:
The discrete topological space(R,tp) IS wy, wp”
and w,, " T3-space.

Remark 4:
1- Every w,T3-space is w, regular.

2- wyregular space need not

(R, Tina)-
3- w,T;-space need not be w, regular(R, T..r).

be T,-space

Example 7:
(R,Ting) is wyregular and w,T,-space but neither
wyregular nor w, T3-space.

Definition 9 [4]:

If X is space we called X to be Excluded space, if
Te,={U:UCS X, x, € U, forsomex, € X} U {X}
Excluded space is neither T1 nor regular space.

Definition 10 [4]:

Set X be space we called X is Included space if
tm={U:Uc X, x, €U, for some x, € X} U {0}
Included space is T1 but not regular so it is not Ts.

Example 8:

To show that (R,z;,,) is w,Ts since it is T1 space
now let {2} € X (since 1 € {2} i.e. R-{2} S,pen R
50 {2} = (R-{2})¢ S, jpseqa R) and 3 € Rwith 3 ¢
{2}, since {1,3} S,pen RSOt is wy0pen, T.p. {2}
is wyopen , 2 € {2}, 3 {2} < R containing 2, {2}
={2} 2y =0={2} £ {2} ie. w,0pen.

The following scheme is helpful.

Proposition 9:
For all w,T3space be w, T,-space.

Proof:

Suppose(X,t,) is a wyTsspace, let x,y any
different points in X, we haveX is T;space
(from definition of w,Tsspace), so {x} is closed
and yé&{x}, since Xis wyregular so there are
wpopen sets W, B with {x}<W, y€eB also WNB
equal @, since x € {x} € w, therefore X is w,T,-
space.
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Proposition 10:

1- Every w,T3-space is w,T;-space.

2-Every w,"T3-space is w,T,-space.

3- Every w,, " T3-space is w, T,-space.

Proof:

1- As in proposition (9).

2- Set x, ye X and x, y are not equal, since X is
wy, Tsspace = X is Ty = [x] is closed in X, x
€ [X], [X] is closed , y & [X] so [X] is w, closed
but X is wyreguler so then exists two open sets
W, B such that [x] € W, y € B but every open is
wp,0pen so we have W,B is two w,0pen sets and
X € [X] € W, therefor X is w,, T,-space.

3- Similarly to the above proposition.

Definition 11:

A space X we call it w,normal if for every closed
two sets F; , F,in X then there exist two
different w,open sets H, K containing F1 , F
respectively.

Definition 12:

A space X we call it wynormal if for any two
wpclosed sets F1, F2, we have two different open
sets H, K containing F1, F> respectively.

Definition 13:

A space X we called it w,*normal if for any two
wpclosed sets Fi, Fan X, we have two
different w,0pen set H, K containing F1 and F>
respectively.

Remarks 5:
1- Every normal space is wpnormal but the

converse is not true.

2- Every wynormal is w,normal.

3- Every wpynormal is w,"normal.

4- Every wp'normal space is w,normal but the
converse not true.

Proposition 11:
A space X is w,normal if to each closed set F with

an open set U containing F there exist an w,open
set V, containing Fsothat F €V & w,cl(V) € U.
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Theorem 3:

A space X is wpnormal if f for all closed set F
with any set G containing F , there is an w,0pen
setVwithFcVc VcG.

Proof:

Set Fis any closed set and G is an open set with Fc
G, soG€is closed set and F N G°=@. But X is
an wpnormal, then we have w,open sets U, V
withG¢ cU,FcVandUnN V =@ so thatVc U°
s0 wycl (V) C wyel (UF) =U°....(1), since U is
wpclosed set, but G c U, thenU°c G ......(2) by
(1) and (2) we get wycl (V) c G therefore there
exists wyopen set V suchthat F c Vand w,cl (V)
cG.

Conversely. Let L and M be closed subsets of X
with LN M = @ so that L ¢ M®, so by hypothesis
there is an w,open set V with L c V and w,cl (V)
c M®so M c (wycl(V))alsoV N (wycl(V)) =0
then V with (w,cl(V))® are two different w,0pen
sets, with L ¢ V, M c (w,cl (V))", therefore, X'is
wpnormal space

CONCLUSIONS

In this paper, we introduce new types of separation

axioms via Wp-Open sets. In addition to this, we

get many results and the most important of which

are:

1. If Wis w, — open in atopological space( X, 7,)
and(Y,7y) is a partial set of X,
then WNY is w, — open setinY,.

2. A property of spaces which is w,,T;-space, i= 0,
1, 2 is hereditary property.

3. A space (X,t) be wy,"regular space if f for all
pointx inX with all w,neighborhood K to x,
having neighborhood W in Xofx with
cl (W) CK.

4. Atopological space (X, ty) is w,regular if f for
everyx € Xand for all open set
U inX containedx, there is wj,openV in X
withx € Vel (V)SU.

5. Aspace X is wynormal if f for all closed set F
with any set G containing F , there is
an wyopenset VwithFcVc V cG.
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