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INTRODUCTION

Firstly, the concept of fuzzy sets is introduced by
Zadeh in 1963, [10]. More researchers concept on
fuzzy metric space, can be found in Kramos and
Michalek [6]. Grabiec in [4] provided conclusive
evidence for basic space which is called fuzzy
metric spaces and contraction theory. Additionally,
George and Veramani in [3] extended the concept
of fuzzy space by using the t-norm. Some authors
have investigated fuzzy fixed-point theorems such
as Sojaei [9], George and Veramani in [3] also
Grabiec [4], Kramosil and Michalek [6] and
Sharma[8]. In [5], The Banach fixed point has been
studied by applied a context of words on fuzzy
metric space. In [7], the fixed point studied on
intuitionistic fuzzy metric spaces. In [1] the
complexity analysis sport to contractive maps with
some important results in fuzzy quasi-metric
spaces are provided. In [2,4] the concept of
intuitionistic related to fuzzy quasi-metric spaces
with application that explain the fixe point theorem
have been provided in details

The aim of this paper focused on the fixed point of
intuitionistic fuzzy quasi metric space, so we are
depended on two metrics for each concept of
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dx(f, g) and D«(f, g) on complicity space X have been studied and presented in details depended
on (0,1]-fuzzy contractive map. The illustrative example is proposed to explain the present results

KEYWORDS: Polycyclic Aromatic Hydrocarbons; leaf Plants.
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My (f,gt) and Ny(fgt), for each f, g€
Xandt> 0.
BASIC DEFINITION

Definition(2.1),[1]:
Consider the following space

— (7. .y o-n 1
X={f 1w (0,0): Bie 27" 75 < oo}
Such that w defined as the set of integers with
sign nonnegative and d,, isthe quasi metric on X
given by

2 AN . _ 1

d:(f,9) = Te0 2™ (G =
where V that is proved or zero

In order of defined (2.1) we develop the as
following definition.

1

VO

Definition(2.2):

The complexity intuitionistic fuzzy quasi metric
defined as follows:

The auxiliary functions for f,§ € X, t >0, and
defined a continuous function a; , @, : X =» X as

a (f):f’ ay(§) =g

a6y =y gk (L
Dy(f,§,t) =Xk=n?2 (G f(k))VO),aIso
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27 (Gos ~ )V

V(@ frt) = Xieen F) (k)

where t € (n, n+1] such that n € N, and t the time
between two algorithm£, § provided
f(k)# gGk) #0 fork=n - oo,

Remark(A2.3):

Foreach f,g € X and t > 0 we have
D.(f.4,0)

< 37027 (G — 7 V)= (. 4) , also
V(3. £, 0)

> 5027 (G = 539 VO= du(f, ) , also

In particular, for each f,§ € X and t €(0, 1] , we
have

Du(f,§,) = dx(f, ) also Vx((4,f,1) = dx(g, ).
MAIN RESULTS

Lemma(3.1):

For each f,G,h €X and t , s >0 it follows
1.D,(f, g, t +s) < D,(f,h,t) + Dy(h,g,s) also
2.V, (g, f,t+5s) =V ((g,ht) + Ve (b, £, 0.

Proof:

Lette[n,n+l]ands € [m, m+l]J withn me w.
Then t+s €[n+m,n+m+l] or t+s €[n+m+l,
n+m+2]. Hence

Dy(f, G, t+5) < X pem 27 (5= — +)VO0)

: l gty fK)
< Xinem2 7" (G~ 7V
o okl L
© kel 1
=Dy(h,t) + Dy(g, b s). Also
N o gkl L

0 kL

- e 1
Y enim 27" ((?(—k) - ﬁ)VO)
o o 1 1
o i 1
+ Yiem 27" ((@ - ﬁ)VO)

=V ((h, g,t) + Ve G B, ©).

Definition(3.2):

1: M(x,y,t) + N(x, y,t) <1 forall t > 0;

2: M(x,y, 0)=0;

3: x=yifand only if M(X, y, t) = M(y, x, t) = 1 for
allt>0;
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4: M(X, y, t) A M(Y, z,8) <M(x,z,t+s) forallt, s
>0

5: M(x, y,- ) : [0, ©) — [0, 1] is left continuous;
6:N(x,y,0)=1;

7:x =y ifand only if N(x, y, t) = N(y, x, t) = 0 for
allt>0

8: N(X, ¥, t) VN(y, z, ) > N(x, z,t + s) forall t, s >
0;
9: N(X, ¥,-) : [0,00) — [0, 1] is left continuous.

Theorem(3.3):
For each Dy(f g,t) and V,(§,ft) € XxXx

[0, )
t £ A _
eogan  Mx(8.00=0

Let My (f,§,t) =
A 2o\ — 1-V(@.f) ~ 2 Y =
and N.(§, f, t) -m Ny(g.f,0)=1

whenevert> 0. Then (M, , N, , A, V)

IS a intuitionistic fuzzy quasi metric on X,

t the time between two algorithm, £,§ where A
denotes the continuous t- norm and V denotes the
continuous t- conorm given by aAb = min{a,b} and
aVb = max{a,b}

Furthermore foreach f,g € X,

My (4,0 = Mg, (£ g, 1) Also

Ny (4,5t = Nq (g,5t) . Whenever ¢ >1 where
(M, , N, , \, V) is satisfy the following

a

From My, (f, §,t) =
dx(f.9)

t+ dx(f'gz

Forall f,g e Xandt >0 . Thus by remark(2.3)

We have that .

My(£g,t) = Mg (£gt) , also Ny(g,5t) =

Ng (4,Ft) whenever t € (0,1] also M,(F, §,t)

> Mgy, (£ g,0) also

Nx(& ft) < Ng (g, 1) whenever t > I. Next we

show that (M,, , N, , A, V) is a intuitionistic fuzzy

quasi metric on X.

1: Since M, (f, g,t) =land Ny (§,ft)=0

t ~ 7 —
m , also Ndx(g,f, t) =

Then clearly

M, (£ §,t) + Ny (g,ft) <lforallfg €X
andt>0
2: Letf § €X such that

M, (£ g,t) = My (g,ft)=1, also
Dx(t,g,1) = Dx(g,£1) =0

By remark (2.3) dy(f, §) = dy(§,) =0
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Sof=4g

Moreover given f € X and t > 0 then M (£.f,t) = |
because D,(f,ft)=0

3: Let f, g, h € Xandt, s > 0 we want to show that
M. (f, gt +5) 2 j‘ifx(f: h,t) /\AMx(’Al,gA, s)
Assume that M,.(f,h,t) < M,(h,g,s)

Then tD,(h,§,s) < sD.(f,h,t) . So by using
lemma. (3.1) which show one is used we get
tD(f,.g,t +s) < tD,(f ht) + tD,(h G, s)
<t+sD.(f ht)

Therefore M, (f,§.t +5)
t+s t

t+s+ Dy(f.g,t+s) — t+ Dyx(f R t) =M. (f,h1)
4: when t, =ty , there is an m, such that
Dy (f,§,tm) = Dx(f, g, t) forall

m = m, and thus
lim My (f, 9, tn) = Mx(f, 3, 1)
5: Let f,§ € X such that
N,(G,f.t) = Ny(f,g,t) =0 forall t> 0 and
hence
Ve(3,f,0) =Ve(f, R, 0) = 1 )
By remark (3.4.10) d,(f, §) = dy(g,f) =0
Sof=g
Moreover given g € X and t > 0 then N,(g,4,t)
=0 because V,.(g,g,t) =1
6: Letf, g,h eXandt,s >0 we want to show
that
Ny (g, Et+5s) < Ni(§,ht) V Ny(hfs)
Assume that Ni(g,h,t) = N,(h,f s)
Then tV,(hfs) =sV,(g,ht) . So by using
lemma(3.1). And the above Inequality we obtain
tV. (g, f.t +5) = tV.(g,ht) + tV (b, f,s) = t +
sVe(g,h 1)
Therefore N,(§,f,t+s)=

Dy (G, t+5) D(gRt) ~
t+s+ Dy(g.f t+s) — t+Dy(ght) Ny(g,h 1)

h,
7:1f t, - t,, there is an n, such that V,.(g, f, t,,)
=V (g.f,1)
For all n, = n and thus
lim N (g, f,tn) = Nx(G, £, 0.

Remark(3.4):

Foreach f,ge X and t €(0, 1] we have
D(f, 4, tm) =de(f ).

Therefore M, (f, g,t) = My (f,g,t) . Also

Ve(d, f, tn) = dy(§, f) . Therefore

Nx(grfr t) = Ndx(g;f; t)

For all f,ge X and t €0, 1], where
(Mg, ,Nq_,/\,V) is the intuitionistic fuzzy quasi
metric induced by d,

Definition(3.5):

Let (X, M, I, ®, Q) be intuitionistic fuzzy quasi
metric space and f: X — X a self map it is said that
Is a fuzzy contractive map if there exists k € (0, I)
Such that M(f(a; (®)),f(ay(®)) 1)

— M(ay(@)a2() 1)
M(aq(@).az2(®) )+ k(1-M(a1 (@),a2(®).t))

R (f(a1(@)) , f(az(@)) . 1)

— k(1-M(a;(@).az2(®),t)
M1 (0),a2(@),t)+ k(1-M(a1(@),a2(@) b))
Forall a; (@), a,(®) € Xandt > 0.

Definition(3.6):
Let (X, I , 9N, ®, ®) be intuitionistic fuzzy quasi
metric space and f: X — X a self map it is said that

is f'is an (0.1] fuzzy contractive map if there exists
k € (0,1) such that

M(f(oy (@) , flaz(@)) , 1) =

My (@),%2 (@) 1)
Mo (@),02(@),0)+ k(1-M(a1 (@),02 (@) ,1))

R (f(oq (@) , faz (@) , 1) =

k(1-M(xq (@),02(@) ,H)
M(a1 (@),02(@) 1)+ k(1-M(t1 (@),02(@) 1) ’
for all oy (®), ay(®) € Xandt> 0

also

also

Theorem(3.7) :

Let (X,d) be a quasi metric space and let
(X, , N, ®, ®) be intuitionistic fuzzy quasi metric
space on X satisfying ,

EUE(O(l((D) ) ((D) ' t) =

t

also
t+ d(a1 (@),02 (@)

_ d((xl(ﬁ)).az ((D))
N (@), (@), )= t+ d(a1(@),02(®))

1. Asequence {C,} in X is a Cauchy sequence.

in the quasi metric space (X, d®)
Also (X, d!) if and only if it is Cauchy sequence,
in the intuitionistic fuzzy quasi metric space
X, M N, 0, ®)
2. A map X - X is (0,1] intuitionistic fuzzy
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contractive if and only if it is contractive map
in the quasi metric space (X ,d) .

Proof (1):

Let {C,} be a Cauchy sequence in (X, d®) also
(X,d") . flxt e (0,).

Lete € (0,)) witht>1—calsot<¢.

There exists n, € N such that ,

d*(a(@n) , a(Gm)) < € also d'(a(@n), a(Gm)) >

1—¢ foralln,m>=n,.
So My (a(Cn) , a(Cm)) 1) > é > 1 — e also,

4, (a(Cn) , (), 1) < é < eforalln,m
=1,
So {¢,} is a Cauchy sequence in
(X, My, N, O, ®)
Reciprocally if {¢,}, is a Cauchy sequence in the
intuitionistic ~ fuzzy  quasi  metric  space
(X, smidx Ny, ®, ®) given e € (O,%) there
exists ny € N such that .

a, (@(Gn) , a(Cn)) H>1-e also

ﬁx(a(zn) ,a(Cy), ) < eforalln,m > n,

1
1—¢ al
S0 @ @y L€ also

d®(a(@n) ,a(Cm))
AT forall n,m > n,.

Hence d(a(q,),a(ly)) < li_s < 2¢ also,
d'(a(@n), a@Gm)) <1-—<1-2¢,foralln,m

> ny, , we conclude that {¢,} is a Cauchy
sequence in (X, d!) also (X, d3).

Proof (2):
Letf: X — Xandk € (0,1). Then we have that for

all t € (0,1] then,
Moy (@) 02 (@) £
Moy (@) 02 (@) D+ k(1-M(aq (@) ,az(@) D))

_ t
" t+k d(oy (@) ,02 (@) also,

— K(1-M(ay (@) &2 (@) 1)
M(a1 (@) 0z (@) D+ KA-M(aq (@) ,a2(@) 1))

kd(ay (@) ,az(®))

t+k d(a (@) ,az(@)) -

For all a;(®),a,(®@) €X and t >0 .
And iUt?(f(Otl(@)) o flop(w)) ) =

, also

t+d(f(a1 (@)).f(ez (@)

__d(i(@; (@) fay(@)))
Mo (@) M2 (0N D =5 o s o @)y

Therefore ,
d(f(oy (@) , f(az(®)) ) <k d(y (@) , 0z (®))

if and only if
M(ay (@) a2 (@) 1)
M(a1 (@) 0z (@) D+ k(1-M(ay (@) ,az(@) 1))
<M(f(oy (@), f(oy (@)) , 1), also
d(f(oy (@) , f(az(@)) ) = kd(a; (@), oz (®))
if and only if

k(1-M(a;1 (@) ,az(@) 1)
M(aq (@) 0z (@) D+ k(1-TM(as (@) ,az(@),1)
2 N(f(oy (@), flaz(@)) , 1) .
for all a;(®),a,(®) € X. This show that f is an
(0,1]- intuitionistic fuzzy contractive map on
X, , N ,®, ) if and only if it is a contractive

map on the quasi-metric space (X, d).

Theorem(3.8):

Let (X,dy), is bicomplete quasi metric space and

(Mg, ,Ng, ,A,V) be intuitionistic fuzzy quasi

metric on X such that

t

Mg, (1 (@) , 02 (@), 1) = 0 ) ) , also
_ x (X1 (®),02(®

t € (0,1].

If f:X — X is intuitionistic a fuzzy map which is

contractive , then f has a unique fixed point.

, with

Proof :

Let Mg, (a; (@) , z (@), )= :

t+ dx (o (@),02(®)) a

nd,

dx (a1 (®@),07(®))
t+ dx (o (@),az(®))

Ng, (o1 (@), az (@), 1) = , implies

that
Mg, (a1 (@) ,02(®),1) _
Mg, (a1 (@) 0z (®),)+k(1- Mg, (a1(@) 0z (®),1))

t
and

t+d(oy (@) @z (@)
k(Ng, (o1 (@) ,02(@),1)
1- Ng, (a1 (@) 05 (), +k(Nq, (e1 (@) 02 (@),))
d(a; (@), 05 (@)
t+d(aq (@) ,az(®))

since

t
t+k d(a1 ((D),(Xz (G))) -

k € (0,1) then
t

i@ @ @) 0
kd(a1(®),0(2(®)) — dx(a1(®).a2(®))
t+kd(0(1(®),0(2 ((D)) t+dx(0(1(®),0£2(®))

Mg, (f(ay (@), f(az (@), 1) =

And
(@ (@) (@)
Ng, (fly (@), faz (@), 1) = t+ dxﬁl?ﬁ)).fzza()m))

If My, (a1 (@),02(@),t)
Mg, (a1 (®),02(®),)+k(1-Mgq, (a1 (@),02 (@),)
de (f(al (G)), f( (06} (G)), t)

then

t
t+dy (a4 (@),f(az (@))
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Implies that d(f(oy (@), f(ay(®)) <
kd(a; (@), az(®))

Implies that t + d(f(oy(®),f(ay(®)) <t + k
d(ey (@), az(@))
Implies

t+k d(aq(@).az2())

t

>
that t+d(f(ay (@), f(az (@) —

Mg, (@1 (0),02(0),)
= May (0 (0,02 (@),0)+k(1- Mg (€7 (0),02(@),1)

Implies that My _(f(a; (@), f(a,(®),t)

de (0‘1 (@), ay (Q))

My, (,(0), ax(@) + k(1= My (1 (@), ax(@)) )
If

k(Ng, (f(ay (@), (0o (@), )
1= Ny (a1 (@), @2(@), ©) + k (Ng, (F(ay (@), f(oz (@), D)
> 1— Ng, (floy (@), f( oz (@), )
Implies that
d(f(ey (@), f(az(@)) = kd(oy (@), oz (@)
Implies that
t+ d(f(oy (@), f(ap (@) = t+ Kk d(oy (@), ap (@)

Implies that
k d(ay (@),az(®) kd(a(®)(®).az
t+d(f(og (@) flaz (@) — t+kd(ag(@)az(e))

k(Ng, (a1 (@), az(@)))
" 1— Ng (oq(®), (@) ) + k(Ng, (21 (@), 1z (@)))
Implies that Ng_(f(a; (@), f( az(®), )

< k(Ng, (0; (@), 2z (®)))

11— NdX (o (@), (@) ) + k(NdX (o (@), ay (CD)))
Hence, by the Banach fixed point theorem f has a
unique fixed point.

Example (3.9):

Let T be the recurrence equation of a Quicksort
algorithm given by:

T(l) 0,
T(n) = 222429 T(n)) , n>2.
We associate to T the functional ¥ : X— X given
by: (¥ (H) =T(l) and

2(n ) (n+l)

and

¥ ()= = fp_y for all n > 2. Next we
show that ¥ is a contractlon on the bicomplete

68

quasi-metric space (X, dy), with contraction
constant 1/2. We have:

dy (¥f (), wa(m)) =

Zn=1 27" <(wgl<n) B wf1<n)) VO) -

Bie2 2 (G~ e, )VO)
also d (¥ g(n), ¥ (n)) =

L2 Gy ~w)VO7

Yn=2 27" ((z(n D (n+l) fn—) 20D Gl 1)V0)

n n

d(Pf(n), ¥g(n)) <

-n (n+l) (fn—l Gn-1)
Zn 22 (( z(n—l) (n+l) g )(2(n—1) (n+l)f ))VO)

also

dy (Wf 00, ¥gm) < 3z, 27" (L=,
also

A5, PF () = Tz, 27 (=0

l

de (¥f (), wg(n)) <53
also

de (Y9, ¥f () = 5 55
d, (¥f (), ng(n))

-Zn 2 _"((ﬁ— K) 0) =

d(#G(n), ¥f () =

© 2" "((f“ 1V0)
-n gn‘fn
w227 (F2HV0)

1
2a g’ 21so

3,2 -”«———) 0)= ——

dm 2dyg(m)f(n)
So, by Theorem (3.7) we have that ¥ is an (0,1]
fuzzy contraction on the complexity intuitionistic
fuzzy quasi metric space (X, I, N, ® , ®) with
contraction constant 1/2, so by Theorem (3.8) we
conclude that W has a unique fixed point which is,
obviously, the unique solution to the recurrence
equation T
associated to the Quicksort algorithm.

CONCLUSIONS
The fixed point theorems studied on intuitionistic
fuzzy quasi metric space is efficient for studying

[©No1d
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the complexity of algorithm technique and solved
this problems with two complement fuzzy sets.
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