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The purpose of this paper is present some operators by using polynomials operators of type
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Gn(f, %), gn(f, %), Ly (f) and My (),

approximation of unbounded functions by algebraic polynomials in L, , (X),X =[0,1] , by

to get the degree of best one- sided multiplier
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INTRODUCTION

We will review some researchers who have studied
approximation of unbounded functions and who
have obtained important results in this field. In
(2015), Zaboon [1] studied the Approximation of
unbounded functions in locally—global space. In
(2014) Jassim and Alaa [2] estimated the degree
best one sided approximation unbounded functions
by some discrete operater in L, , -space. Also
Babenko et al. [3] estimated the rate of best one-
sided approximation of characterstic polynomials.

Definition(1)[4]
A series Y ,a, Iis called a multiplier
convergence if there is a sequence

{Pn In=o suchthat ¥ o a, , ¢, < oo andwe will
say that {¢,, } is a multiplier for the convergence.

Definition(2)[4]
For any real valued function f if there is a sequence
{@n In=o such that:

50

T(f, 8)p,p,, s Jae ddasl 2 [0,1]

Jyf @n (x) dx < oo, then we say that ¢, is a
multiplier for the integral.

Definition(3)
Let L,, (X),X=1[0,1], p €[0,1) be the space

of all real valued unbounded functions f, such that
S, f @n (%) dx < o whitunder the norm ||f|l,,.¢,,

=y If on () 1P)P  xeX

Definition(4) :
forf€L,, (X),X=1[01],6 > 0we will define

the following concepts

L 0, 8 = ) < 6 I CE+D) = F@) Il
is the multiplier modulus of continuity of function
f

2- w(f,8)pe, = llwe (f,0,8)llpg,, PE
[0,0),k € N ,§ > 0 is the multiplier averaged
modulus of smoothness of f of over k ,where k
modulus smoothness for f is defined:

[SNoie)

Noncommercial 4.0 International License.

Copyright © 2022 Al-Mustansiriyah Journal of Science. This work is licensed under a Creative Commons Attribution

NS


http://creativecommons.org/licenses/by-nc/4.0/
mailto:Raadfhassanabod@gmail.com

Hassan et al.

Best One Sided Multiplier Approximation of Unbounded Functions by Polynomials Operators

2022

_ Sep K .

= 1L ST, 85 KN 0Dy,

[x -2, x +2 ]} where A (f, x) = €
§<=0(’l_‘)(—1)k-1 fa-Sain)x+ 2 ex the

k'™ symmetric difference of the function f .

Definition (5):[7]

The degree of best one — sided approximation of f
IS

En(f): Inf{ ” Pn — qn”LPﬂPn x) - Qn (X) = f (X)
< pn (¥}

Also The degree of best approximation of a
function f € Lp(X) is define by

E,(f )p=inf{|[ f - pn”Lp ‘P €FR}
Definition (6)

The degree of best one — sided multiplier
approximation of f is

E,(f) o, n=inf { || pp, — qn”LPﬂI)n x) - In (x) <
f ¥ =<p, (0}

Also The degree of best multiplier approximation
of a function f € Lp, y,(X) is define by

E (f Yo, bp=inf L || f — p"”Lp,lpn x) - Pn €EF}
Let us consider the following step function

_(0ifxe€ [—1,0]}
H(x) _{1if x € [0,1]
Fix two sequences of polynomials {p,}, {g9.}, €

P,,such that

prn(x) < H(x) < go(x), x € [a,b] a=0, b=1
and Cp, = llpn — gn llp,p, > OWhen n — oo,
we constructed a sequence of polynomial operators
as following :
fE€Lpy, X),X=1[0,1],n €N, t € X we defined

Gn(f,)= fen(0) + [, Pax —t) (fon) (t)dt
+f, gn(t-x) (fon) (t)dt

Gn(f, )= (fn)(0) +[, gn(t -x) (fpn ) () d ¢
+ [, Palx—t) (fon) (t)dt

, where (f, )’ (x) =max {0, (f@, ) (x), (fon)
(x) =max {0, - (fe,)(x) }

Definition(7):[5]

For a function f € R[0,1],h€ (0,1) and x €
[0, 1], set

La(F) = [, 1f (1 = Bx + hs) — w(f , (1 —

h)x + hs,h)]ds and

51

1

Ma(f) = f [f (1= W)x + hs) — w(f , (1 — h)x
0

+ hs, h)]ds
Definition(8):
letf € L,, (X),X=1[01], h € (0,1),we define

Ln(F) = [, 1 fon (1 — W)x + hs) — w(f @, (1 —
h)x + hs,h)]ds and

M) = [ [fon =)+ hs)
0
—w(fe,,(1 —h)x + hs,h)]ds

Definition(9): [5]
For a function f € R[0,1],h€ (0,1) and x €
[0, 1], set
An,h(fr x) = gnlLpn(f, x)]
Gn[Mh(fr X)]
Definition(10):
let f € Ly, (X),X =1[0,1], ,we define
An,h(f' x) = gn[Lh(f' x)] and Bn,h(f' x) =

Gn[Mh(f' x)]

Definition(11)[6]:

let Xo = L, (X) and X; = W, and X; € X,
,define the k-function in L,, (X) — space that

K. (f,6)p = infgewy {IIf —gll* 6" llg"llp . 6
>0}

Now ,will be introduce K -fountained of function
f €Ly, (X) suchthat

K; (f' 6 )Z,(pn = infgew{,
g™ llp,p, » 6 >0}
Definition (12):

let f € Ly, (X),X =[0,1], we define
I(f.x) = [, f ¢n(s)ds

Auxiliary results:

Lemma(1):[5]
let f € L, (X),X =1[01]then

In(f, %), G, (f,x) € P, such that

In(f) = f(x) < Gu(f)
Lemma(2): f € L, , (X),X = [0,1],then

max  {llf - g.(f) llpgn - If = Ga(F) llpp,} <

Callf I,
Proof:

Gn(f,0)= fr(0) + [, Pa(x —t) (fo,) (t)dt
+[, gn(t-x) (fon) (t)dt

—gn(f,0)==f0n(0) = [, Pa(x =) (Fn ) (1)
dt

—Jx gn(t-x) (fon) (t) dt

and  Bpp(f,x) =

{llf_gllp,(pn+ 6"




Al-Mustansiriyah Journal of Science
ISSN: 1814-635X (print), ISSN:2521-3520 (online)

Volume 33, Issue 2, 2022

DOI: http://doi.org/10.23851/mjs.v33i2.1082

f‘pn(x) - gn(f: x) =f(pn(x) - (f(pn)(o)

[ Ha(t = %) (Fon)y (Odt + [ Ho(t —x (Fpn)"
(t)dt

= 7 (o) Odt+ [ [py (£ = x) (Fon)' (Dt -
gn (t = %) (fn) (O]dt

= [} [Hat—x) (fon) ©-pn (t—2)
(Fon) O+ gn (€ — x) (Fn)' ®]clt

= [ [(Ha(t = %) —pn (£ = %)) (Fon)'® )+ gn
(¢ — %) — Ho(t — x) (Fpn) (®]clt

<[ [gn (€= %) — pn (t — x] (o) (Dldt
Lety=t—x ,ift=1 then y=1-x
ift=0 then y=-1

=} (g2 ) = B (fo)' (v +2)ldy
If = Gn F Ol < J3 [J° on

P.O] (fon) (y+x)ldy " dx
By holder’s inequality ,we have

<[, (L2 lgn )= B dy T”
U en) 0+ 0)F g ) — P dy dx
Letz=x+y,ify=1—xthen z=1
ify=—x then z=0

< ([ 9 )= B 1dy P[] Ifen)
@F (7, [9. @) — B.(]1dy) dy

< (L 9. 0) = PON1dY TP [ Ifen) ()P
dz

< ([2, [9n 0 = BT AWV IIf

< lgn = Palluerny 1 'llpg,

Lemma(3): f € Ly, (X) ,X = [a,b],, a=0,b=1,
O0<h<1

, x € [0,1], then

Max{ 1Ly (f) llpp,»
Tk(fr h)p,(pn

Proof: From definition (7) we have L,(f) =
[ fon (1= Dx + hs) — o(fy, (1 — h)x +
hs, h)]ds and

mm=j

0

) —

”Mh,(f)”p,(pn }S

Slw

[fon (1 —h)x + hs)
—o(fen,(1 —h)x + hs,h)]ds

Then

Ly’ (F,2)= i [ fon (1= h) x + hs) — w( fon
(1 —nh)x+ hs, h)lds

52

L' (f, ) = == [ fon (1—h) x+ h) —fo,
(1=h)x)]-==

[0 (fon (1-h)x+h h)] - (fe,.(1-h)
x, h)]

=2 [0 (fPn (1 —h) 2) — == [0 (f@n (1 — h)
X +h,h)

+ 2[00 (fpn (1= h) x + )]

=2 (fon (1= h) x, h)]

Taking nom two the sided , we get

1Lw" () g < == Nl (f (1= h) x, B < ==
T (f.h )p,(pn

Sine

My (f,2) = J; [ fou (L —h)x+hS) - (fon
(1—=h)x+hs, h)]ds

My (f) = == [fon [(1—h) x+h)— fo, (1 -
h) x)]+

2 [0 fon (1—h) x +h,h) - @ fg, (1—h)
x, h)]

=2 [0 (fn (1= h) 2, h)+ == [ (fn (1 -
h) x, h)]

— =2 [0 (fn (1 —h)x, h)

=20 (fon (1—h)x, h)]

Taking norm two sidrd , we get

I -h
My Fllpp, < == oo (fn, (1 -
1-h
h) X, h”p,(pn < T T (fvh )p,(pn
’ ’ 1-h+1-h
M (Fllpp,t L () lpp, < -
2
(fah )p,cpn < ET (fah )p,cpn
Max{  ILa' (1) llpgne  IMn (Fllpp, IS 2

T (f, h)p,(pn
Lemma(4): Let f € L, , (X), X = [0,1],then we
have

Ly(f,x < f(x) < Mp(f)

Proof: since

My (f) = j [Fom (1= B)x + hs)

— o(fe,,(1 —h)x + hs,h)]ds
fx) = Mp(f,x)
[ font-  fon(1—h)x+s) -
o(fey,(1—h)x +s,h)]ds <0
= f(x) = Mp(f,x) <0
= f(x) < Mp(f,x)

_1
“h
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La(f, %) = [ fon (1 — W)x + hs) —
w(fe,,(1—h)x + hs,h)]ds

Ln(f ) = fG) =5 Ji' fon (1—h)x+hs) -
w(fe,,(1 —h)x + hs,h)]ds

<0
Since : L (f,x) — f(x) <0
Lp(f,x) < f(x) ceeennnnn.. 2

from 1 and 2, we get
Lp(f,x) < f(x) < Mp(f)
Lemma (5):

letn e N,h€e(01)and f €Ly, (X),X=1[0,1]
, then we have

Then An,h(fr x) < f(x) < Bn,h(f: x)

M: An,h(f) and Bn,h(f) € IP)n

From lemma’s 1 and 4 , we get

Apn(f) = ﬂn Ln(H) = Lp(f) = f)
Also

flx) < Mh(f) < G (MR (f))
=Bpn(f)eeieiinnn.

from4 and 5, we get

An,h(frx) < f(X) < Bn,h(fJ X)
Theorem 1:
Forf € L, (X),X =[0,1], L,(f) and M, (f) €

Lyo, (X),1<p<o ,then

i-max {llf - Ln(f) llpp, s If = Mp(F) lIpp, b <
m T (f, h)p,(pn

- |IMp(f) = Ln(f) llp,p, }

Tk(fr h)p,(pn

proof: since f(x) < M (f)

fx) = Lp(f) < Mp(f) - Ln(f)

hlf (x) - Lp(f)] < h[Mp(f) - Ln(f)]
(hllf ) = Ln(f) llp,p,)P

(hlIMp(f) = Ln(F) llp,0,)°

=2° [1( [ o(fon,(1—R)x +s,h)ds)° dx
< 2R [1 [ w(f@n, (1= h)x +s,h)ds dx
Let(1-h)x+s=y=dy=(1—-h)dx

2T e (L dyds
Iy Jy @P(f.y.h)dyds
. Zif:” P (FR ) g = 2 7 (F 1)
4g%ﬁr0mwﬂ

hlIf ) = La(F) I, <

........... now ,since 3

Ly(f) = —Ln(f)

2

AN

2D hp/ct

2 h

p
1-h1/p T

(f.h Vpon

(1-n/p

53

My (f) — f < Mp(f) —Ln(f)
RIM(F) - £(O) 15,

(RIML(F) = La(H) 1B, )P
=2 [ [" @ (fn (1-h) x+s, h)ds) dx

< 227/ [T [ WP(f@, (1-h) x+s, h)ds dx

)p

IA

/
= ZEC M wP(fy k) dyds
- Zifz/% fo fo wP(f,y,h) dyds= Zii‘:m P
(fih )pgn
thp

= TP (fh)p(pn :[ (- h)l/p (f h) ]P(Pn
wmmf@m%Jprvmmn
RIMAC) = £(O) g, < [ o T (F 1) T,

from 2 and 3 , we get
IIMh(f) O llppn* NLn(f) = £(0) llpg,,
(1- h)l/p T (f h)P Pn

Max ML () = £(0) lIp,g, *
IL,(F) = FO) llpp, 3= Clo AT (fiM)pe,
Theorem(2):

Let f €Ly, (X),X=
Cl ht (fhpe,
Proof:E (f) ,,, < IMr(f) = Ln(f) llpg,=
IMp(f) = Lp(F) = F + f llpo,

IA

<

[0,1], 1then E (f) D,.Pn

S Wf=Mn(F) llpg, - If = Ln(f) lIpp,

From theorem 1, we get
<Cnhr (f’h)p,<pn

Lemma(5):

let fEL,, (X),X=[01],n€N,he(0]1),

Then max{||f — Apn(f) ||p,(p71 If -
Bun(D L,

q;ﬁﬂ)vmmn

Proof: [|f = Ann(P N, = If = 4nn(H) -

Lp(f) + Lh(f)”p,(pn < If = La(Pllp,p, +

|Ln(F) — An,h(f)llp,¢n

From theorem 1 and lemma 2 , we get

—2 !
< @ T Fipgy * % 1Ly (f) llp,g,, from
lemma 3 we get

2 3
= a-mip © (fiM)p,g, * %n [ET ) h)p,(pn]
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3xn

If = 4w O, < G+ 5T (Fihpen
Now

1= Ban ) = I~ Ban (M) 4
Mh(f)”p'(pn < lf-Mn(Dllpp, + | M, (f) —
Bn‘h(f)llp,<pn

From theorem 1 and lemma 2 , we get

—2 !
= © (fiM)pgn * %u 1My (f ) llp,,, from
lemma 3 we get

2 3
< o T W * % |27 (Fi 1),

3xn

If = 4nn D1, < GG+ T Fhdpgn

Theorem 4 :

let f € Ly, (X), X =[0,1], Then E (f) pp,, <(
4

(1-h)t/P

+8 Xy
h

T(fh)pon < C (@h<y)t (fih)pg,

Proof: E (f) o, < |[Ann () — Bun(F) “p,%
=[|4nn () = BanD+f = f 1,
< IF =4l . *+ 1F-BusO 1,

From lemma 5, we get
4

6 Xpn _
=(am * : )T (FM)pe,= C (0 hocy)T
(f Mp.pn
Lemma 6:

Let f € LPrQDn X)) ,X= [0,1] Vn,z(f) —

I(An(f’)) + 0.0f —1(A,(f)] and for__r>
2 Var (F) = 1 (Vapa (F)) + Al f =
I(Vyr-1(f"))] then

IF =V O, < @71 Mg, o Xn=
”pn_gn ”p,(pn - 0whenn — o

Proof: The proof by induction,

ifr =2 | f—Via()=F -1 (f") — Aulf -
1(An ()]

Ul f = VazPgul” ) = (11 F ~

I (F )] = Anlf = 1A (F ) onl? dx)
If =Va2 P, = If =10 () = Anlf =
G,

By lemma 2, we get

Xp ”(f - I(An(f,)) ,”p,qon =Xp ”(f’ -

NGO

By lemma 2 ,we get

) [[F2 ]| =@ |f@ |
P.Pn

Suppose that 2 < k <r is true

f=Var-1(O=F =1y (F) = Aulf —

1 (Var(F))]

(S IF = Vara (DI@n @ dx)% = (f, |t -

[Vr () = 2 [f = 1 (Vo (F)) J0a)| )’
If = Vora O, = ||F = 10007 =

Inlf =1 (e EON |

By lemma 2, we get

< @ellf =10, = I1F -
(O,

By lemma 2, we get
<, (ocn)r”f(r+1)”p’(pn — (Ocn)r+1||f(r+1)||p’<pn

Theorem (5) :
Letf €L,, (X),X=1[01],

fewy then|[f=Vr (D, <t(f6)pg,
Proof:

sinc [lg=Vr (@) [|,, < 8711 llp,p, we have
lf=Var L, = ML =Var (DI () )P

< (J, (f = glPon)dx)” + (f, (Jg -

Vn'r(«g)|p§0n(x)dX)5 ++
(fx |[Vnr(g) _V11,r(f)](pn(X)|P d x)l/p

=Nf =g llp.e, + l9—Vr (9 ”p.rpn +
Vair (O)=Voor (D, <

P.Pn

“f -9 ”p,(pn
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+5T”gr”p,(pn + ”Vnr(g _f) ”P.(Pn = ”f -9 ”p,(pn

#6719 Ly, + MICG = ) llpg,,
=1 +MIG =) lpp, +87 119 g,
S Kr(f; ST) S Tn(f!6 )PKPn

Theorem(6) :

Letf € L,,, (X),X=1[01], Then
E(f)po, <

T (f .0 )pgn

Proof: By theorem 5, we have

E (f) D,Pn <C En(f)p,(pn < ”f_V;lr(f) ”IMPn
< CP) ta(f18 Dpgn

CONCLUSIONS
From this research, we can get the following:

We obtained some results and found a degree of the
best one-sided multiplier approximation of
unbounded functions: f € Ly, (X)-space, X =
[0,1] ,1 <p < 0,6 > 0,using polynomials of
type  Go(f, %), gn(f,%),Ly(f) and My(f), by
means of averaged multiplier modulus of
smoothness of f, 7, (f, 8)p,y,,-
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