Al-Mustansiriyah Journal of Science

ISSN: 1814-635X (print), 1ISSN:2521-3520 (online)

Volume 33, Issue 2, 2022 DOI: http://doi.org/10.23851/mjs.v33i2.1036

Weibull Reliability Estimation of (3+1) Cascade Model

Ahmed Mezher Marir”, Nada Sabah Karam

Department of Mathematics, College of Education, Mustansiriyah University, Baghdad, IRAQ

Article Info

Received
04/07/2021

Accepted
09/12/2021

Published
30/06/2022

“Correspondent contact: ahmedmezher1402@gmail.com

ABSTRACT

In this paper presents the R reliability mathematical formula of (3+1) Weibull Cascade model.
The reliability of the model is expressed by Weibull random variables, which are stress and
strength distributions. The reliability model was estimated by six dissimilar methods (ML, Mo,
LS, WLS, Rg and Pr) and simulation was performed using MATLAB 2012 program to compare
the results of the reliability model estimates using the MSE criterion, the results indicated that
the best estimator among the six estimators was ML.
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INTRODUCTION

Many researches have been performed on
reliability estimation R =p(X>Y) in the
field of strength and stress models. The
Cascade is a special kind of stress-strength
model. Cascade redundancy is a hierarchical
standby redundancy in which a standby unit
with different stress substitutes for a system.
When a system unit fails, it is replaced by a
standby unit and the stress changed k Times
the previous stress. In a previous study Karam
and Khaleel (2019) presented a study of (2+1)
Cascade model, which the model consists of
two main components and one redundancy
standby[9]. In this paper, we assumed that the
(3+1) of Cascade with (U,,U,,U;andU,)
Units ,in which three units U;,U,,Us; and U,
are work and the unit U, is a standby unit .
Assume that X;,X,,X5,X, denote the unit
strengths (U, ,U,,Us and U, ) respectively and
Y:,Y,,Y;,Y, indicated the enforcement of
stress. Here , if the active unit U; is a failure
then the standby component U, is activated,
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where X, = mX; and Y, = kY;, if the active
unit U, is a failure then the standby component
U, is activated , where X, = mX, and Y, = kY,
and if the active unit R; is a failure then the
standby component R, is activated , where
X, =mXsand Y, =kY; Where "k" and "m
" denote the stress and strength attenuation
factors respectively, such that 0 <m <1 and
k>1 Reddy (2016) [15] presents of R =
p(X >Y) by discussing model stress — strength
of a cascade , assuming all the parameters are
independent and following Weibull stress-
strength distribution in one parameter and
calculating first four cascade reliability for
different stress-strength values. Mutkekar and
Munoli  (2016) [13], (1+1) exponential
distribution cascade model is derived with the
common effect of the force and stress reduction
factors. Kumar and Vaish (2017) [12],
discussed that Gompertz distribution is stress
and that strength is power distribution
parameters. Karam and Khaleel (2018) [9]
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derived a special (2+1) stress-strength
reliability cascade model for the distribution of
Weibull. Khaleel and Karam (2019) [10]
discussed the reliability of the (2+1) cascade
inverse distribution Weibull model, reliability
can be found when reverse Weibull random
variables with unknown parameters scale and
known shape parameter are distributed with
strength-stress and used six different
estimations mothed to estimate reliability.
Karam and Khaleel (2019) [8], expression for
model confidence is found when strength and
stress distribution are generalized in reversed
Rayleigh random variable Rayleigh, derived
from mathematical formulas for Reliability to
Special (2+1). Khaleel (2021) [11], (3+1)
exponential distribution cascade model is
derived with the common effect of the force and
stress reduction factors.

Suppose, for the four units (three basic and one
redundant standby), the random strength-stress
variables of the four units j =1,2,3,4 each
independently and identically distributed of the
parameter scale f;, i =1,2,3,4 and scale u;,
j=1,2,3,4.

Weibull Dlstrlbutlon [5]
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Then natural logarithm function for equation (19)
can be written as;

n a-1
a"p" (Hn) e‘ﬁz?ﬂxiﬂ

i=1

InL =In

InL = nlna + ninf + (a — 1) ; Inx; — [)’; x;® 20)
To minimize, natural logarithm in equation (20),
must compute the great endings by taking partial
derivative with respect to unknown scale
parameter £, then will get as:

dinL n
B B

i=1

xi“ (21)

Equating partial derivative to zero, thus the right-
hand side of (21) will be:

n

n a —
- [_? — ; x*=0 (22)
The maximum likelihood estimator for g is
given by:
A n
- B = T oxe (23)

In the same way above, let y;,v,,¥3, ..., Ym @
random sample have W (e, 1) distribution with
the sample size m , then the maximum likelihood
estimator of unknown scale parameter u ; says
Amr)y; IS:
m

;'n=1 y;i©
Now, suppose that
x1~W(a,B1) , x;~W(a,B>)
, x3~W(a, B3) and  x,~W(a, B,)
are strengths r.v.'s with the samples sizes n, ,n, ,
n; and n, respectively, where (B1,82,83,84)
are the unknown scale parameters and suppose
that y,~W(a, 1) , y,~W(a, 1) , ys~W(a,u3) and
va(a, uy) are the stresses r.v.'s with samples sizes
my,my,mg and m, respectively , where
(U1, Uz, U3, g)  are unknown scale parameters .
By using the same way , the maximum likelihood

estimators (B, B2, B3, Ba) and  (py, pa, 3, Ha)
are:
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(25)
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Zﬁil Yo, ”
Substituting (25) and (26) in (18) , the maximum
likelihood estimator for reliability R ; I?(ML) ;
invariability will be as :
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3.2 Moments Estimation Method (Mo):

To derive method of the moments estimator
parameters of WD, assume that X, =
1,2,3,..,n random sample have W(a,pB)
distribution with the sample size n, first step the
mean population of W (a, #) , obtain by equation

(4):[4]

1 1
E(X) =—11"(1 +—>

i “
The second step equating mean sample with
corresponding the mean population, then will get
as:

(27)

(28)

Z?: X 1 1
"= (1) (29)
ﬂa
Then the moment estimator of S says ﬁ(Mo) is:
1 a
r(l+=
Baoy = % (30)
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In the same manner, the moments estimator of
unknown scale parameter u ; says fyo) ; I:

y

a

A

Hmmo) = (31)

Now, by using the same technique, the moments
estimators of the unknown scale parameters

(.31»,32».33 ) and ( [, o, 3 ) are:

1
X 1+
Bswmo) = ( 2 ) ,6 =1234 (32)
and

) 1\

r(l1+=
Asmo) = ( > ) ,§=1234 (33)

Substitution (32)-and (33) in (18), the moments

estimator for reliability Ry,,; says I?W(MO);
approximately will be as:
RW(MO) = Rl(MO) + RZ(MO)
+R3m0) + Raqmo)
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+ K@ ke
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N ke 3 N )

_(ﬁ3(M0) me t ﬂ3(M0)) (ﬂ3(M0)(1 + W) + Hz(Mo))

3.3 Least Squares Estimation Method (LS):

In this method, used the minimize equation to
reduce the non-parametric (F) and parametric
(F) distribution functions.[1]

The minimizing following equation: [6]

5= (Fe) - FG)

X:,X,,X5,...,X, be a random
W(a,B) distribution with the

(35)

Suppose that
sample have

44

sample size n. The procedure attempts to
minimize the following function with respect to «
and B will getas:

S = Y (Fo) = (1-ePxi))’
i=1

To obtain the formula of F(x;); use the equation

()

F(x)) =1—e P — In(1-F(x)) = Bx*

On the other hand, since F(x;) is unknown, it
better to use  F(xy) as follows F(xg)) = P;

(36)

@37)

and P; is the plotting position where:

Pi=——i=12,...n (38)
n+1

Here x, is the i: the order statistics of the

random sample of the size n from WD.

Hence for the WD, to obtain the LS estimates S
of the parameter S can be define following the
function from equation (36):

S(@B) = ) (i — By

Where ¢; = —In (1 - F‘(x(i)))

—In(1-p;)

By taking the derivative equation (39) with
respect to the parameter  and equating result to
zero:

05(a,B) ~ VR
B = Z 2(q;i - :Bx(i))(_x(i)) - ; aix@)

(39)

=1 (40)
+BZX(l) =
Then the least squares estimator of  B; says
BLs), will get as:
5 i1 X"
Lot Ui O 41
IB(LS) ?:1x(i)2a ( )

In the same way, the least squares estimator of
unknown parameter u; says fi.s); is:

2L 1q13’(1)

XL Y

Where G(y(J)) ——, j=
qy=—n(1- G(Y(J))) = —l"(l - P)

Now, by using the same way, the last squares
estimator of the unknown scale parameters
(ﬁli ﬁZ' 33) and (:ul' Uz, .MS) are.

n
Zl; 1 ql(g 8(18)

ns 2a
2‘5 1 6(15)

H(Ls)

.., mand (42)

5= (43)

Bsws) = 1,2,3,4

and
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Substitution (43) and (44) in (18), the last squares

estimator for reliability Ry, says
approximately will be as:

,6 =1,234 (44)

ﬁs(Ls) =

R\W(LS);

Risy = Rigs) + Raus)
+R_3(LS) + Ryus)
_ Aas) ] [ Aaws) ]
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Weighted Least Squares Estimation
Method (WLS)

This method reflects the behavior of random
errors in the model and it can be used with the
functions that are either linear or nonlinear in
parameters. It works by incorporating extra
nonnegative weights or constants associated
with all data point into the fitting criterion. The
size of weight shows the precision of the
information contained in associated

(ﬁ 31LS) M@ i

observation. The method of weighted last
squares can be wused in minimizing the
following equation [3]:
0= wi(Fe) - FG) (46)
i=1
Where:
W= 1
L Var[”(f(i))]
= w Ji 1,2, ..,n (47)

in—i+1)
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Let a random sample (xq,x5,X4,...,Xx,) Sizé n
take from have W (a,f) distribution. The
procedure attempts to minimize the following
function with respectto « and £ will get as:

Qa,p) = Z wi () - (1- e—ﬁxﬂ))z
As steps ihzlequations (37) and (39) will get as:

(48)

Q@) = ) Wilai - pxfy)’ (49)
i=1

By taking partial derivative to the equation (49)

with respect to £, and equating result to the zero

we obtain:

EJQ( 9Q(a,B)
— Zzwm Bty (—x(5)

- —ZWL%X@) +ﬁZWX(1) =

(50)
The weighted least square estimator of f; says
BwLs):
5 Y Wiqix
Bwis) = S O (51)

L Wixs
In the same technique, the weighted least squares

estimator of unknown scale parameter u; says
A(WLS); is:
A )_Zgnl W4,y
WLS) —
Wy(,l)
Where W, = ———=
(’ Va)rz[(G(ym))]
m+1)°(m+ 2 L
= Jom—j + D ,]—1,2,....,m. (52)
Now, by using the same way, the weighted least
squares estimators of the unknown scale

parameters (B, B2, B3) and (i, 4z, 13) are:
Zi56=1 Vl/i(;qi(;xg(is)

Bswis) = —m ,6=1234 (53)
Zi; 1Wla 5 (i5)

and
v wioaj vE

fsaris) = o 02020 5 -123,4 (54)

%jgms WisY5" (i)
Substitution (53) and (54) in (18), the weighted
least squares estimator for reliability Ry,; says
Rwwusy; approximately will be as:

= §1(WL5) + ﬁZ(WLS) + ﬁ3(WLS) + ﬁz}(WLS)
Aiwis) ]

R W(WLS)

By wis) T AawLs)

N HaowiLs) ] [ HzwiLs) ]
Bowrsy + Rowisy) [Bswisy + Bzwis)
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+

a

k 5 k«
(ﬁl(WLS) me t H1(WL5)) (ﬁl(WLS) (1 + _) + Hl(WLs))
% :uZ(WLS) ] [ ﬁ3(WLS) ]
:ﬁZ(WLS) + #Z(WLS) ﬂB(WLS) + ﬁ3(WLS)
Aiws)

A wis)Prwes) ]

|Brwrs) + Bawis)

fowis)Bawis)
17 kT k@
_(ﬁz(WLs) met Hz(WLs)) (32(WL5) (1 + ) + liz(WLs))
Asws)
X

:B3(WLS) + Az wis)
4 Arwis) ] [ Aaws) ]
|Biawrs) + Bawes) | LBaawis) + Baqwis)

(55)

BawLs)BawLs) ]

(ﬁs(WLS) ma+H3(WLS))(ﬁ3(WL5)(1+ )+H3(WLS))

Regression Estimation Method (Rg):
Regression is conceptually the simple method for
examining functional relations among variables.
The relations is expressed in form of an equation
or the model connecting the response variable "Y"
and one "X" or more expository variables. The
simple true relations can be approximated by the
standard regression equation:

Zzi=a+byu; +e (56)

Where (z;) is the dependent variable, (u;) is the
independent variable and (e;) is error random
variable independent.

Assume that x;, x5, ...., x,, random samples have
W (a, B) with the sample size n.

Taking the natural logarithm to CDF [14], obtain
by equation (5):

F(x;)) =1 — e Px®

(1= F(x)™" = ef"

In[(1 = F(x)7'] = Bx*

Estimating F(x;) by P; in equation (38)

In[(1 = P)7'] = Bxp“© (57)
Comparing the equation (57) with equation (56),
we get:

z; = Ln[(1 - P)7"]
Where; i =1,2,...,n

Where b can be estimated by the minimizing
summation of the squared error with respect to
b,then we get :

,a = O,b = ﬁ,ui = X(i)a
(58)

n iz Zil; — Nim1 Zi Ni=1 Ui (59)

n i, (u)? — Bz, u)?
By substation (58) in (59)
says B(rgy; IS :

b=

, the estimator for g;

B(Ry)
n
= (1) % Inl(1 - P)7]
i=1
n n
—ZX(i)a ZLH (1 - P)
i=1 i=1

= (n z”: [x(o [Z X(0) ] (60)
i=1

In the same way, the regression estimator of
unknown scale parameter p; says fi(gg); is:

f(rg)
m

= (mZy(]) In [(I—P) ]

Zl’(n ZLn[(l—P) )
- (mib’(n“]z - il’(n“] )

As in equation (58) where:
z=mn[(1-p)"]
a=0,b=p,uy=yy"
s j=12,..,m
Now, by using the same way above, the regression
estimators of the unknown scale parameters

(ﬁpﬁz,ﬁs) and (uy, o, pu3) are:

(61)

:BS(Rg)
ng
-1
= (Tlé* Z x(g(is)“ ln [(1 —_ PiS) ]
ig=1
ng ng
- Z X" Z Ln [(1 - Pl-s)_l])
is=1 ig=1
ns ns 2
. a 2 a
* (s Z [x,s(is) |- Z 3(15) ‘ )
ig=1 ig=1
,6 =1,2,3,4 (62)
and
fsrg)
5
1
= (ms Z Yé(is) In [(1 P]a) ]
js=1
mg mg
a -1
- Z Y5(;5) Z Ln [(1 - Pj,g) ]) (63)
js=1 js=1
mg
= (ms Z [y‘s(ls) ] lz }’5(16) ‘
Jjs=1 Jj&=1
,6 =1,2,3,4

Substitution (62) and (63) in (18), the regressmn
estimator for reliability Ry,; says
approximately will be as:

Ry (rgy;
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Ry(rg) = Ritrg) * Rarg)
+R3rg) + Rarg)

_ Hi(rg) ] [ Ha(rg) ]
- _ﬁ](@) + farg) ) Batrg) + farg)
H3(rg)

:ﬁ3(Rg) + ﬁS(Rg)

fi(rg)Prrg)
_(ﬁuRg) 7];0: + farg) (51(Rg) (1 +

% fa(rg) ] [ Hs(rg)
Barg) + fa(rg)) B3 rg) + fiarg)
farg)

i)

Prrg) + Ha(rg)
Parg)Parg)
7t #Z(Rg)) (ﬁZ(Rg) (1 +

= )+“2<Rg>)]

k<
(ﬁzmg)
f3(rg)
B3rg) T f3(rg)
ﬂl(Rg) ] ﬂZ(Rg) ]
Bi(rg) T A1(rg)) [P2(rg) T fa(rg)
A3(Rg)P3(Rg) ]
— kKX = 2NN
_(ﬁs(Rg) Wﬂ‘s(Rg))(ﬁs(Rg)(1+W)+#3(Rg))

(64)

Percentile Estimation Method (Pr)

The method was originally discovered by Kao

(1958 — 1959). In case of Weibull distribution, let

a random sample X;;i = 1,2,3,...,n withsize n

have W (a, ), it is possible to use this method to

obtain the estimator unknown scale parameter S,

which is obtain from the CDF, defined in equation

) [7]:

F(x;) =1— e Fx”

ln(l - F(xl-)) = —Bx;“*

1

_ —ln(l — F(xi)) a

T <—ﬂ ) (65)

If P;;i=1,2,..,n put the plotting position
instead of F(x;; a,B). Can be obtained by 99
minimizing

Z Ix(i) - (7_ln(1ﬂ_ pi))é (66)

By taking partial derivative to the (66) with
respect to S, and equating the result to zero we
obtain:

n

Z 2 [(x(z)) - (ﬁ)_%(— In(1 — pi))é]

i=1 e )
x (; (#) e )) (~In(1 - p))a =0

The percentile estimator of 8; says 8 becomes:

a

2
Z?:l(_l n(l - pi))a (67)
1
2 () (= In(1 = p))e
In the name way above, the percentile estimator of
the unknown parameter 3; says fi is:

Bor) =

E a
o = Fa(=In(1—p)))° . (68)
() (—In(1 - py))a

Now, by using the same manner, the percentile
estimators of the unknown scale parameter

(/31152,@’3) and ([?1,[?2,[?32 are:

2
R 2?5_ —In(1-p;))¥
:B:S'(pr) 1( 2 ) 1 , 5= 1,2,3,4- (69)
|2l ) (-n(1-pi, )
and
z a
Y8 (—in(1-p;))*
Asr) = |[—22 i) ;| 8=1234  (70)
_Zj(;:1(Y(J'5))(_l"(1_pj5))“

Substitution (69) and (70) in (18), the Percentile
estimator for reliability Ry,; says
approximately will be as:

Rpry = Ripry + Ragory
+tR3pry + Raer)

ﬁW(Pr);

_ Hipr ] [ ﬁz(Pr) ]
__ﬁl(Pr) + L1y LB2pry + A2epr)
.a3(Pr)

__BS(Pr) + Aspr)
ﬁl(P‘r)ﬁl(P‘r)
k*
_(Bl(Pr) me + Hl(Pr)) (ﬁl(Pr) (1 +

N liz(Pr) ] [
:.32 ) + Hapry

ﬁl(Pr)

2 )+u1(m)]

M3(Pr)

E3(Pr) + f3(pr)

:E1(Pr) + fipr)

/-iz(Pr)[?Z(Pr)
X R [ N ke
_(ﬁz(Pr) me T HZ(Pr)) (.BZ(Pr) (1 + ) + Hz(Pr))
x [ _ ﬁB(Prz
B3pry + fspry
+ /jl(Pr) ] /:zZ(Pr) ]
1Bipry + ey LB2pry + Bacpr)

ﬁ3(Pr)ﬁA3(Pr)
k¢ 5 k<
(B3(Pr) ma + M3(Pr)) (B3(Pr)(1 + me

) +liaen)]  (70)

THE EXPERIMENTAL STUDY

We simulate the outputs of all three estimating
methods by using MSE. Study of simulation is
replicated several times (500) so that the samples
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of three sizes (small, moderate and large) are
independently collected.

Algorithm of Simulation

The simulation algorithms are written for
estimating R using MATLAB program, according
to the following steps:

1. The random sample

(11, X125 o) x1r1) , (xszzz’ ey erZ)' (x31, X32) - 'x3r3)
and

(J’11'3’12’ -"'YIvl)' (3’21'3’22' ---'3’21;2), (3’31'3’32' ---'3’31;3)

of size

(r1, 72,73, V1, V2, V3)
= (15,15,15,15,15,15), (45,45,45,45,45,45)

and (95,95,95,95,95,95) are generated from
Weibull distribution

2. Selected the values of parameters for 6
experiments (B, B2, B3, U1, Uz, Us) in the Table 1:

3. Parameters f;, B2, Bs, 1, Uy, HsWere estimated
(ML,Mo, LS, WLS, Rg and Pr) in equations:
(25), (26), (32), (33), (43), (44), (53), (54),
(62), (63), (69) and (70), respectively.

4. R was estimated in equations: (27), (34),
(45), (55), (64) and (71).

L ~
Yicq R

5. Calculate the mean by Mean =

6. The last stage is to use the "Mean square
Error" to assess the results of the seven
estimation methods:
L
1 ~ 2
MSE(R) = ZZ(Ri —-R)

i=1

Table 1. Values of parameters and Reliability, such that
a=0.1.

m |B1|B2|B3
0.1/1.8/1.8|1.8|1.2(1.2{1.2|0.1169

012 ]2 |2 (12|1.2/1.2]0.0970
0.1/1.8(1.8|1.8] 2 | 2 | 2 |0.2548
09/1.8(1.8|1.8 1.211.2]| 0.1346
091222 |2]|2)|2]0.2479
05/1.1(1.2|1.3 1.5/1.6|0.3171

Experiment| k

1 1.9
1.9
1.9
1.1
1.1
1.5

M1 | H2 | U3 R

o O B W DN

SIMULATION RESULTS:

After applying the previous steps of R for
sample size

(11,12, 13, V4, V5, v3): (15,15,15,15,15,15),
(95,95,95,95,95,95) and (45,45,45,45,45,45)

Table 2. Values MSE and Mean for 6 experiments.

Exp. Simple size Criterion ML MO LS WLS Rg Pr Best
otsisisiiy | ot | 000 | o | owst | sowy | oS | ous |
L[ ey | ot |-owos | oooir oo | eone | oo | oanis |
osomonsosn | o | oues | oas | oness | ooow |_goon | sos | LS
oisisssiois | e | oamis | ot | osois |ocon | gour | oows | WL
» [ s | e | oo |otois | aoon | oom | omos | goor | WL
esososmensn || oo | omow | ooms | oo | omor | sons |
otsisisiey | ot 000 | oo | ouss | oo | oo [ omss |
s [ s | s ot | oes | acon | wom | oono | oass |
osomonsosn | Mo | ouor | o |owoos |_oom |__aooe | 0ovo | WL
oisisssiois | Mo | oumt | oter | owos | ooow | goow | oont | WL
o [ s [ e[ omor o | own | sooie | soou | ooms | WL
essosmense | o | oo | omie | oom | oo | owor | sonig |
otsisisiey | ot oo | oot | ouss oo | oowo | omss |
s | s | s ot | ososr | aoos | woms | oo [ oy |
osomonsosn | o | omor | omst | oweos |_ooom |_aoos | oomo | WL
oisisssiois | Mo | omes | osios | owors |_ooow | gots | ooy | WL
o | s [t | omie [ oms [ oo | oowy [ omesr | ooon | W0
ososmonsssn [ | oo | omer | owon | oot | aoos | oons | WL
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ONCLUSIONS

These conclusions according to the simulation
study results:

1.

2.

R
[1]

(2]

(3]

[4]

(5]

We concluded from the Table 1.

I. With increasing value of parameter p,
reliability is decreasing.

. With the increasing value of parameter p,
reliability is increased.

. With the decreasing value of
reliability is increasing.

K/M,

With the increasing value of parameter 3
and parameter p, reliability is increased.

With the decreasing value of parameter 3,
the decreasing value of parameter p and
the increasing value of K/M, reliability
Is increased.

We concluded from the Table 2 the best
estimator for R is ML for 6 experiments and
different sample sizes.
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