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The aim of this paper is to study Z-transform to solve non-linear difference equations, after
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converting them to linear difference equations by one of the conversion methods. This is because
the z-transform cannot be directly applied to the nonlinear difference equations.
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INTRODUCTION

Transformation is a very powerful mathematical
tool so using it in mathematical treatment of
problem is arising in many applications. The idea
of Z-transform back to 1730 when De Moivre
introduced the concept of "generating functions" to
probability theory [1]. In 1947 a transform of
sampled signal or sequence defined by W.
Hurewicz as a tractable way to solve linear
difference equations. The transformation named
"Z-transform" by Ragazzini and Lotfi Zadeh in the
sampled-data control group at Columbia
University in 1952. Z-transform is transformation
for discrete data equivalent to the Laplace
transform of continuous data and it is a
generalization of discrete Fourier transform [2].
Z-transform is used in many areas of applied
mathematics as digital signal processing, control
theory, economics and some other fields [3].
Difference equation are models of the world around
us [4, 5]. From clocks to computers to
chromosomes, processing discrete objects in
discrete steps is a common theme, and are the
discrete equivalent of differential equations and
arise whenever an independent variable can have
only discrete values [6]. The Difference equations
used in situations of real life, in various sciences
population  models, genetics, psychology,
economics, sociology, stochastic time series,
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combinatorial analysis, queuing problems, number
theory, geometry, radiation quanta and electrical
networks.

Recently there has been a great interest in studying
nonlinear difference equations [7] and one of the
reasons is a necessity for some techniques, which
can be used in investigating equations arising in
mathematical models describing real-life situations
in population biology, economy, probability
theory, genetics, psychology, sociology, and so
forth. Some nonlinear difference equations,
especially the boundedness, global attract,
oscillatory and some other properties of second
order nonlinear difference equations have been
investigated by many authors see [8, 9, 10]. We
need to study nonlinear equations of difference
because almost all biological processes are
nonlinear. In this paper, we use the Z-
transformation to solve nonlinear difference
equations. This paper consists of several sections,
the first section includes the introduction, the
second section contains Z-transfer and the third

section includes the conversion of nonlinear
difference equations into linear difference
equations.

Z-transform

Definition:

Let {u;} be a sequence of numbers such that u;, =
0 for k < 0, The Z-transform of this sequence is
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the series Z(uk)zZ,?zoz—k,Where Z is the
transform variable.

A Table of Properties of Z-transform.
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Converting nonlinear difference equations
into linear difference equations.
There are several ways to convert:
a. The first form of nonlinear difference equation
homogeneous in uy [11] can be expressed in the
following form:

f (uk+1,k) =0, @1)

Uy

If the nonlinear function £ is a polynomial function
of wuy41/uy, then equation (a.1) can be written as

n

[ [we-amr=0, @2

i=1
Where wy, = uy,1/ug, A;(k) is a known function
of k, and n is the order of the polynomial function
of wy. the solution to each of the linear equations

wy — A;(k) =0, (a.3)

52

Uger —Ai(Dwy =0 (a.4)
Provide a solution to equation (a.1).
b. The second form of nonlinear difference
equations
Consider the special class of nonlinear difference
equations [12]

(Ur4n)" U tn-1)7? - ()" = f(k),  (b.1)
Where the y; are constants and f(k) is a given
function. This nth-order, nonlinear equation can be
transformed into an nth-order linear equation.

We can solve equation (b.1) by taking the
logarithm of equation:

Yilogugin + V2 loguygin_q + -+

Vn+1loguy = log f (k) (b.2)
And define
x, = logu, and g(k) = log f (k). (b.3)

Thus , x; satisfies the following linear ,
inhomogeneous nth-order equation with constant
coefficients:
Y1 Xk+n TY2Xgin-1 T "+ Vns1Xk
=gk). (b.4)

c. The third form of nonlinear difference equations
is of the Riccati type [13].

Up+1Ug + DrUi+1 + QU + 7 = 0.

Let Up = Yht1 Pk-
Yk

expression into Equation (c.1) yields the linear
equation

V2 T [Ak = Pr+1]Vie+1 + [ — Drrlyi
=0, (c.2)

Through this substitution, we obtain the equation
of the linear differences that can be solved using
the Z-transform.

Then solutions of Equation (c.1) are obtained from
the relationship between u and y.

d. The four form of nonlinear difference equations

Uperr = f (), (d.1)

(c. 1)

Direct substitution of this

This technique is based on Lie's transformation
group.
To convert equation (d.1) into a linear equation, we
follow the following:
Let's begin by assuming that a solution & (u) of the
functional equation

df

D¢(f(w) = O (d.2)

Is known for some constant D. Then we define a

new dependent variable y by
dy 1

o (d.3)
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For u belonging to an open interval I in which &(u)
is different from 0. Using the chain rule , we have

d d d
Sy(rw) = 2 (ra) L w

_ 1 45
"Gy (vEeE3)
_ D Ee @)
- s‘(u)d (by Eq.(d.
-p¥
=D 7 . (byEq.(d.3))

Now we integrate to obtain

y(f(w) =Dy(w) +C,
or

y(ugs+1) = Dy(uy) +C,

Which is a linear equation of first order with
constant coefficients. After the conversion, we can
apply Z-transform, as shown in the following
examples.

APPLICATION
Example 1. Consider the nonlinear difference
equation

Uz, — dupquy, — S5u = 0. (E.1)
Now, we will convert the nonlinear difference
equation to linear difference equation

We are going to take w;, = ufi“ (E.2) and plug
k

it into the equation (E.1)
wi—4w, —5=0

wi =5 (E.3)
Or
Wy = — (E.4)

We will substitute the equation (E.3) and (E.4) into
equation (E.2)

u

5 — k+1
Ug
Or
u
_q = Ykt
U
Upy+1 — Suk =0 (E 5)

Or

Up+1 + Up = 0 (E6)

The equations (E.5) and (E.6)are linear difference
equations [14]
We will take Z-transform of equations (E.5)
Z{ug41} —5Z{w } =0
Where u, =1
zZ{u} — zuy — 5Z{uy}
=0

(z—=5)Z{w} =z

z
Z{w} = P

VA
— 7-1
Ui = YA {Z — 5}
U = 5k.
We will take Z-transform of equations (E. 6)
Z{ug1} + Z{w } =0
Where u, =1

zZ{u,} — zug + Z{u}
=0
(z+1D)Z{w} =z

VA
Ad =

we=2" {z j— 1}

U = (—1)k
Example 2. Consider the nonlinear difference
equation
U +ufp =0 (e. 1)
Now, we will convert the nonlinear difference
equation to linear difference equation
If we set x;, = loguy, then x;, satisfies the eq (e. 1)
[2xk+1+2xk =0 ]—2
X1+ 2, =0 (e.2)
Where x, =1
Now, can be taking Z-transform of eq (e. 2)
Z{x} + Z{x } =0
zZ{xy} — zxo + Z{x;} = 0
(z+1)Z{x} =z

VA

7 =

bl z+1

X = 27—}
k z+1

X = (_1)k

Since x;, = loguy,
w, = eV,
Example 3. Consider the nonlinear difference
equation
ulk + Du(k) + 2u(k + 1) + 4u(k) + 9
=0. (E.1)
Let

k+1
u(k) = % —2 (E.2)

We will substitute the (E.2) into the equation (E.1)
y(k+2)+2y(k+1)+y(k) =0. (E.3)
Where y, =1
Now, can be taking Z-transform of eq (E. 3)
Z{k+2} + 2Z{ys1} + Z{y} = 0,
22 Z{y} — 2%yo — zy(1) + 22Z{y,} — 2zy,

+ Z{yx} =0,

[©NoId

Noncommercial 4.0 International License.

Copyright © 2021 Al-Mustansiriyah Journal of Science. This work licensed under a Creative Commons Attribution

MNjS


http://creativecommons.org/licenses/by-nc/4.0/

Hussain et al.

Z-transform Solution for Nonlinear Difference Equations

2021

{(z2+2z+ 1}Z{y,} = 2z> — 2z + 2z
Z{y,} _ z _ z
Z z2+2z+1 (z+D(z+1)
A B

_Z+1+Z+1

e o
z+1 z+1

yir = A(=1)¥ + kB(—1)¥

The general solution of the Riccati equation is
A=DF + Bk + D(—1)**
u(k) =
A(—1)* + Bk(—1)*
_T1-Ctk+D
1+ Ck
_ —3-CBk+1)

1+ Ck
Where C is arbitrary.

-2

Example 4. Consider the nonlinear difference
equation

Uz, — 3Upyquy — 4ul = 0. (E.1)
Now, we will convert the nonlinear difference
equation to linear difference equation

We are going to take w;, = % (E.2) and plug
k

it into the equation (E.1)
wi—3w,—4=0

wy = 4 (E.3)
Or
w, =—1 (E.4)

We will substitute the equation (E.3) and (E.4) into
equation (E.2)

u
4 = k+1
Uk
Or
u
_q = Yk
Uy
Uk+1 — 4‘uk =0 (E 5)
Or
uk+1+uk =0 (E6)

The equations (E.5) and (E.6)are linear difference
equations. We will take Z-transform of
equations (E.5)

Z{up1} — 4Z{w} = 0

Where u, =1
zZ{ w,} — zuy — 4Z{u;}

=0

(z-MZ{u} =z

z
Z{ug} al—
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Z
— 7-1
Up = Z {Z — 4}
Ug = 4‘k.
We will take Z-transform of equations (E. 6)
Z{ug1} + Z{w } =0
Where uy, =1

zZ{w} — zuy + Z{u,}
(zj-(i)l)Z{ug} =z
Z{w} =771
we=2"" {z i 1}

u, = (—1)k,

Example 5. Consider the nonlinear difference
equation
u(k +1) = au(k)(1 —uk)). (E.1)
Where a is a constant and f(u) = au(1 — u),
From equation

f

d
DE(f@) = £ 7 (W
We have

Df(au(l — u)) =¢(w)a(1 — 2u).

The form of this last equation suggests that we try
a linear expression for & —say,
¢(u) = cu+ d. We obtain
—Dcau? + Dcau + Dd

= —2acu? + (ac — 2ad)u + ad.
Equation coefficients leads to
D=a=2 and c=-2d

Letc = —1and d = %; fromequation & =_——
2 du &)
dy 1
du 1’
—Uu +7

Therefore, we take

/-3

_1 -y
u—z e 7.

Or

Now we substitute the last expression into
ulk+1) = 2u(k)(1 - u(k))

To obtain

1 1
5 e V(k+1) — Z(E — e Ykt (=¥l 4 E)
Or
e Yk+1) — 9o=2y(k)
Or
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y(k + 1) = 2y(k) + In2.
Where y, = 1
We will take Z-transform of equations (E. 2)

Z{ Y41} = 2Z{yx} + InZ{2}.
zZ{yi} — zyo — 2Z{y} = In
{Z—Z}Z{yk}=lnziz+z

VA
Z{yk} = m'F In2

y(k) = C2% + In2,
And finally

(E.2)

z—2

uk) = 3 (1 — )
Example 6. Consider the nonlinear difference
equation
Ukyr = Uy (e.1)
Now, we will convert the nonlinear difference
equation to linear difference equation
If we set x;, = loguy, then x;, satisfies the eq (e. 1)
[ 2xk41 =% ] +2

(e.2)

Xjer1 ~ 5 Xk = 0

Where x, = 1
Now, can be taking Z-transform of eq (e. 2)

Z{xp41} — %Z{xk} =0

1
ZZ{xk} — ZXg — EZ{Xk} =0

(z —%)Z{xk} =z

Z =—

tacd z+1

Xk =12 { 1}
z=3

N

5= ()

Since x;, = loguy,
k

U = e(%) .

CONCLUSIONS

In this paper, we discussed how to solve nonlinear
difference equations using Z-transform, but it turns
out that nonlinear difference equations cannot be
solved directly by Z-transform. For this reason, we
present methods for converting nonlinear
difference equations into linear difference
equations that can be solved directly by Z
transformation.
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